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Abstract

In this thesis, we took a look at networks, and more specifically, at networks that change over
time, whether those are networks in the distributed algorithms sense of the word, or the graph
algorithm sense.

In distributed algorithms, we looked at two main problems. First, the broadcast problem: given
n agents, each agent is tasked to forward a (unique) message to every other agent. Agents
collaborate and can copy and forward all messages they have received up until that point.
Broadcast is achieved when one agent has successfully broadcast its message to everyone else.
We studied the case where the communication network is controlled by an adversary, under
the condition that the graph is rooted in every round of communication. We show that the
adversary can delay broadcast for at most [(1 + ﬂ)nw rounds, improving on the O(n loglogn)
previous upper bound [68], and asymptotically matching the ~ 1.5n lower bound [129].

We then looked at the stochastic version of the problem: here, the adversary — parametrized by
k where k = 0 signifies that the adversary has no control, and k£ = n that the adversary has full
control — can choose parts of the graph, and the graph is then completed stochastically. Here,
we are able to look at a stronger version of broadcast: instead of having n messages trying to
be broadcast in parallel, we can assume that only one message needs to be broadcasted. We
show the bound ©(k + logn).

Then, we looked at undecided states dynamics in population protocols: given a population of
n agents, where each initially holds an opinion among k different ones. In each round, two
agents are chosen uniformly at random, and can interact. If they have different opinions, they
forget their opinions and become undecided. If one of them is undecided while the other has
an opinion, they undecided agent copies they opinion of the decided one. The question is then,
how many interactions does it take for the whole population to share the same opinion? We
show a Q(knlog Vi ) lower bound for any k = 0( N ) This is tight for any k < na=e,

klogn logn
where € > 0 can be any small constant, matching the known O(knlogn) upper bound for
k=0 (55) 9]

Finally, in dynamic algorithms, we study the minimum cut problem: we are given a graph,
whose vertex set we want to partition into two subsets such that the number of edges crossing
from one subset to the other is minimized. Then, the graph can be updated via edge insertions
or deletions, and we must update the solution without recomputing everything from scratch.
We present an exact fully-dynamic minimum cut algorithm that runs in n°) deterministic
update time when the minimum cut size is at most 2°0°6”*™“") for any ¢ > 0, improving on
the previous algorithm [89] whose minimum cut size limit is (logn)°V). Using sparsification
and randomization techniques, we are able to extend this to all values of the minimum cut in
weighted graphs, at the cost of a (1 + o(1))-approximation ratio.
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CHAPTER

Introduction

It is two in the afternoon. You are sitting in your office. Your smartphone is in your pocket,
or on your desk. It is wirelessly connected to the nearest cell phone tower via your favourite
cellular network technology, say 5G. Other people around the world also have cell phones, each
connected to a tower. The towers are then connected to data centers which form the backbone
of the cellular network technology. You can represent this with a graph: every phone, antenna,
or data center is represented by a node, and every direct connection between two of them is
represented by an edge. You'd need a lot of ink to draw that out.

It is now nine in the evening. You are back home, and are thinking again about that graph.
However, your home is far away from your workplace, so the antenna your phone connects to
is probably different now than it was earlier in the day. Your graph has changed over time. It
is dynamic.

It is probably time to relax, however, and forget about graphs. You go on your favourite social
media, say Mastodon. There are people you follow and others who follow you. It looks like
you cannot really avoid it: there is a graph again. Nodes are the different accounts, and there
is an edge between two accounts if one follows the other. This graph is directed. It is also
dynamic, and you have direct power over it: you just followed someone new. There is now a
new edge in the graph.

Ten. You go make yourself a cup of tea. You plug in the kettle. That's also a graph, isn't it?
The graph of all electrical appliances and the electricity grid. You turn the kettle on. Well,
you try to. It doesn't work. It looks like somewhere along the cable to the power outlet you're
using, there is a failure. Thankfully, your electricity grid is resilient, and you can just use
another power outlet.

Eleven. You go to sleep. You reflect on all the graphs you saw today, and how they are all
changing over time. They seem to be everywhere. Maybe studying them would make for a
nice PhD topic.



1.

INTRODUCTION

Understanding specific structural properties of dynamic networks is challenging, but they are
efficient ways of communication.

1.1 Broadcast in the heard-of model

Here is one way to model a network that changes over time: consider that time is discrete, call
every time step a round, and show, at each round, the snapshot of the graph at that particular
point in time.

In this model, we look at a fundamental problem: Broadcast, where a node of the network
has a message it wants to forward to everyone, possibly by forwarding it through intermediate
nodes. This problem has been widely studied in different models [81].

A natural question arises: how many rounds does Broadcast need for it to happen, in the worst
case? Well, it depends on the restrictions we impose on our graph: if the graph can be empty
all the time, then Broadcast can be delayed indefinitely. If the graph is complete, then it takes
one round. The interesting question is then to understand the tradeoff between restrictions
and speed of Broadcast.

We model the restrictions by classes of graphs: Assume you have a set A of available graphs,
and in each round, an adversary, whose goal is to delay broadcast as much as possible, can
choose a graph independently from all other rounds. How long can such an adversary delay
broadcast? Different classes of graphs lead to different Broadcast times [46, 47, 34, 129, 68].

In Chapter 3, we look at the class of graphs that is the least restrictive but still leads to
broadcast: Trees. Indeed, if the graph is allowed to be disconnected, there is no hope of
broadcast. In fact, we go one step further, by slightly modifying the definition of broadcast,
we only look at directed rooted trees, with edges directed away from the root. Here, starting
the message transmission from only one node does not guarantee broadcast, as this node
could be the leaf at every round. However, if a different message starts at every node, and we
declare Broadcast once one of those messages has reached everyone, then one can guarantee
broadcast again.

While this definition of Broadcast might seem overly complicated, it turns out to be the exact
definition one needs to better analyze Consensus, another very fundamental problem. Indeed,
Broadcast time in this form is proven to be a lower bound for Consensus [68].

In Chapter 4, we look at the variant where the adversary is stochastic, that is, the graph
is chosen partially by an adversary, partially at random. We do a smooth analysis: using a
parameter k, we can model a wide range of regimes where the adversary has no control over
the graph (k = 0), to a regime where the adversary controls most of the graph (k ~ n).

1.2 Relative majority in population protocols

Another way to look at a dynamic network, in the setting where the network is a series of
interactions between individual nodes, is to simply list the interactions one by one, one after
the other. This is exactly what population protocols [13] looks at: given n different agents,
at each time step, two agents are able to interact, update their state (or internal memory),
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then go their separate ways. The point of population protocols is to think that every agent is
a mobile agent with very limited memory, like ants! moving around, possibly erratically, and
interacting when they meet. Their goal is to solve a problem together, when each of them runs
a simple algorithm locally, the same algorithm running for every agent: we call this algorithm
the protocol.

There are two main questions when it comes to population protocols: The first is, for a given
problem, what is the optimal space complexity protocol to solve the problem? In that case, we
assume that every edge appears infinitely many times. The second question is to find to the
time it takes to solve a problem. Here, simply assuming that all edges appear infinitely often
is not enough, as one could have the same edge over and over again initially, which would lead
to very limited progress, before stating to have all the other edges more frequently. Instead,
we consider the model where at each time step, the edge is chosen uniformly at random,
independently form other rounds. Once these questions are understood, one usually tries to
find different trade-offs between time and space.

Two main problems studied in the population protocol model are the leader election [6, 52,
4] problem and the majority [4, 20, 5, 51| problem. In the leader election problem, as stated
in the name, the goal of the agents is to choose a leader among themselves. In the majority
problem, each agent is initially given as an input an opinion, either 0 or a 1, and the agents
must work together to find out which opinion was initially the majority one.

While these two problems are now well understood, we shifted our attention to a natural
generalization of the majority problem: the relative majority problem [72, 16, 15, 9]. In this
case, the initial opinion of agents is not restricted to 0 or 1 anymore, but can take any integer
value between 1 and k for a given k.

There is a very natural Monte-Carlo protocol to solve this problem: the Undecided States
Dynamics [9]. In this protocol, when two agents with different opinions meet, they forget their
opinion, and become undecided. When an undecided agent meets an agent with an opinion, it
mimics that agent's opinion. While this protocol is not guaranteed to output the correct result
after convergence, surprisingly, it does converge with high probability as soon as the additive
difference between the most popular opinion and the second most popular one is 2(y/nlogn).
Beyond the hope of solving the relative majority problem, this protocol is also interesting as
it can be seen as a way to model opinions in a society.

In Chapter 5, we take a closer look at this protocol, in particular, we show a lower bound on
its convergence time.

1.3 Fully-Dynamic Minimum Cut

The final model for dynamic networks we look at is from the fully-dynamic algorithms perspec-
tive. Here, there is a graph that changes over time, probably a graph that represents data of
some sort, like the relationships between accounts on a social media platform. The graph is
then modeled as an initial graph, and a series of insertion and deletions to the edges as the
graph evolves. The goal is then to develop an algorithm that runs on the initial graph to solve

!Ants also interact by leaving pheromones on their paths, which makes them move less erratically, but we
will ignore this ability here.
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a specific problem, but which is also able to handle the updates as they arrive to maintain the
solution to the problem, without rerunning the algorithm from scratch after each update.

The three main goals for dynamic algorithms is to reduce the update time, the query time,
and the recourse of the algorithms. The update time captures how much time should the
algorithm be given after it has received an update to update its internal data structure. If the
running time of a static? algorithm is O(T'), the goal is to find an algorithm whose update
time is o(T"), as otherwise one would simply run the static algorithm after every update. The
query time of an algorithm is the time it needs, when a query is made, to output a solution
— or a series of changes to be made to the previously output solution. Again, for a problem
where a static algorithm of O(T") running time exists, one should aim for o(7") query time.
The recourse is the number of changes per update the algorithm has to make to the solution.
Recourse is obviously® upper-bounded by the update time or the query time, but one could
have algorithms where the upper bound on recourse is significantly smaller than either of them.
In fact, it turns out to be a very crucial feature when one wants to use one or many dynamic
algorithms as a subroutine to another one, as the recourse of the first algorithm is often the
number of updates to the second one, and thus one wants to avoid the exponential blow-up.

Many, many problems have been studied in this model. Some examples include Connectiv-
ity [84, 90, 124, 88, 105], Minimum Spanning Tree [128], Matching [17, 79, 120, 23], Flow
problems [71, 27], Expander Decomposition [77, 118], and many more. We focused on the
Minimum Cut problem, where the goal is to partition the graph into two subgraphs, minimizing
the number of edges that cross from one one set of the partition to the other. This problem
has been widely studied in the static setting and is known to be solvable in near-linear time [93,
91, 95, 82|, and also in the dynamic setting [83, 123, 76, 89, 126], but none of the state of
the are algorithms were able to maintain a (1 + o(1))-approximation of the minimum cut in
sublinear time with no restrictions on the graph nor the updates, which is what we achieved
in our work.

1.4 Organization

In the next chapter, | give the full definition and an overview of the techniques in each of
the projects covered in this thesis. In Chapter 3, we discuss Broadcast in rooted trees with
a deterministic adversary, and look at the case of the stochastic adversary in Chapter 4. We
then discuss the Undecided States Dynamics in Population Protocols in Chapter 5, and finally
we give a fully-dynamic algorithm to solve the Minimum Cut problem in Chapter 6.

1.5 A note on the carbon footprint of this thesis

During my PhD over the last few years, | got to attend conferences and present my work
at Salerno, Cambridge MA, Prague, Berkeley, Paris, Lyon, Geneva, Warsaw, Madrid, New
Orleans, Zurich, Liverpool, Huatulco and Vancouver. While | did my best to use the train

2A static algorithm is a “normal” algorithm, as opposed to dynamic: It cannot handle updates.
3most of the time



1.5. A note on the carbon footprint of this thesis

when possible, the flights alone | took averaged to roughly 2.7 tons of CO, per year*. For
comparison, by the Paris agreements, we should aim for 1.5 tons of C'Oy per person per year

for all human activities if we want to keep the planet below 1.5°C" of global warming, or 2
tons of C'O4 per person to stay under the 2°C' mark.

4To get this estimate, | got the CO2 emission estimations from atmosfair.de for round-trip flights from

Vienna to Salerno, Cambridge MA, Berkeley, New Orleans, Huatulco and Vancouver, then divided by the
number of years since the beginning of my PhD


https://atmosfair.de




CHAPTER

Overview of Chapters

In this chapter, | give an overview of each of the upcoming chapters, highlighting my contri-
bution to every project.

2.1 Broadcast in Dynamic Trees and Forests with a
Deterministic adversary

2.1.1 Problem Definition and Results

1 1 321 21
N N VRN VRN
21 21 132 4321 132 4321
v v
32 321 J J l J
N N 21 5432 321 54321
43 432
v v
54 543
Round 1 Round 2 Round 3 Round 4

Figure 2.1: The broadcast problem. Black numbers represent the processes’ IDs, dark blue
numbers represent the messages received in the current round, light blue numbers represent
messages received in previous rounds. Broadcast is achieved in round 4 as message “2" (as
well as messages “1” and “3") was received by all processes.

We are given n processes, each with a different ID in {1,...n}. Each process initially holds
a message, identified by its ID. The goal is for one process to broadcast its message, that
is, to forward it to everyone else. Communication happens in rounds, where in each round
the communication is represented by a directed graph, where each process can send as many

7
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messages along its outgoing edges before receiving the messages sent along its ingoing edges.
Processes can make copies and store as many messages as needed, and forward messages from
processes it has received in previous rounds.

The communication graph in each round is chosen by an adversary, whose goal is to delay
broadcast as much as possible, under the restriction that the graph must be rooted in each
round.

A representation of the model can be found in Figure 2.1.

The question is then: for how many rounds can the adversary delay broadcast? An immediate
result is {2(n): the adversary can choose the chain 1 — 2 — --- — n for every round. The
message from the root of the chain needs to travel down to the leaf, and that takes n — 1
rounds. Notice that the adversary cannot delay broadcast further by swapping the chain for
the chainn — n—1 — --- — 1 at round n — 1, as broadcast of the message 2 would be
achieved.

We showed a O(n) upper bound that match this lower bound, improving on the O(nloglogn)
upper bound by Fiigger, Nowak, and Winkler [68].

2.1.2 The Three Representations

One main tool to better understand the problem is to represent the problem in multiple ways.
In this case, one of the representations is the dual of the other, and thus, any result that is
obvious in one representation gives a dual result that is not that obvious in the other one. Let
us then discuss the three representations :

= The heard-of representation [34] is the representation used in Figure 2.1. There, to
each process we attach the set of processes whose message it has received. In this
representation, broadcast is achieved iif there exist an ID that is present in every set.

= In the matrix representation, the entry (i, j) of the binary matrix represents whether or
not process j has received a message from process i. Note that the columns of the
matrix are exactly the indicator vectors of the sets in the heard-of representation. Here,
broadcast is achieved iif there exist a row without any 0.

» In the sent-to representation, we attach to each process the set of processes to whom
it has sent a message already. Note that the rows of the matrix (defined in the previous
bullet point) are exactly the indicator vectors of the sets in this representation. Here,
broadcast is achieved iif there exist a set with n distinct elements.

It is easy to see that the heard-of and the sent-to representations are dual of each other.
Moreover, one can note that, for a single round ¢ of communication, the matrix representation
is exactly the sum of A;, the adjacency matrix of the graph, and [,,, the identity matrix. In
fact, it is easy to show that to obtain the matrix of multiple communication rounds, one can
simply multiply together the matrices of each round using the boolean rules 0+0=0,0+1 =
1+41=1,0x0=0x1=0,1x1=1.
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I.D.s

1

rounds 1—2 3 4 - (14++3)n

Figure 2.2: The auxiliary graph of the example in Figure 2.1. Each round ¢ with root r; has
the following in-edges: one edge for each process the root had heard of at this round, and one
edge for each round j < 7 with root r; such that r; had heard of ;. Note that round i has
in-degree at least .

2.1.3 A first solution: The forwards-backwards analysis
This is an easy observation:

Observation 2.1.1 (The forwards analysis). Assume that after a certain number of rounds k,
and before broadcast is achieved, an process a has heard of the message m. Assume moreover
that in the next round k + 1, this process is the root of the communication graph. Then we
are guaranteed that, after round k + 1, the “sent-to” set of process m must be strictly larger
than after round k.

Indeed, as broadcast was not yet achieved, after round k, there must be at least one process
b that hasn't heard of m yet. In the graph of round k£ + 1, there is a path from the root a
to b, and that path must contain an edge from an process ¢ that had heard of m before the
round, to one d which hadn’t. During that round, ¢ forwards the message m to d.

This yields another immediate observation:

Observation 2.1.2. /f a message m was received by the root of n — 1 different rounds,
broadcast is achieved.

Indeed, as at each of those rounds m is received by at least one new process by the previous
observation, and that the number of processes is at most n, m needs at most n — 1 of those
rounds to broadcast its message.

To better capture the process, we then introduce the auxiliary graph. In this graph, there are
two types of nodes: the process nodes of which there are n, one for each process, and the
round nodes, of which there is one for each round considered so far. We add an edge from
every process m node to every round k£ node when the root of the round k£ has heard of the
message m. By the observation above, we automatically get:
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Observation 2.1.3. If a node has out-degree n — 1 or more in the auxiliary graph, then
broadcast is achieved.

This, however, is not enough to conclude, as there is no clear way to argue that such a node
with high degree must exist. In fact, we add more edges to this graph: we add an edge from
round k; to round ko > k; if the root of round k5 has heard of the root of round k;. Clearly,
this does not disturb the above observation.

A representation of the auxiliary graph can be found in Figure 2.2

To see how this is useful, we need a backwards analysis, which is the exact dual of the forwards
analysis observation, although less trivial. Here, instead of starting at round one and increasing
the rounds one by one, we start at a round far in the future, then add previous rounds one by
one. In the matrix representation, this is about starting at a matrix of round k£ and multiplying
on the left the matrices of previous rounds one by one, instead of starting at the first round
and multiplying on the right rounds as they arrive.

Observation 2.1.4 (The backwards analysis). Let r be the root of round ks, and look only
at rounds from k1 +1 < ky to ky. Assume that in those rounds, r has not heard of the root of
k1. Then considering rounds from ki to ko, r must have a “heard-of” set strictly larger than
in rounds from ki + 1 < ky to k.

This observation might be hard to understand, but one should keep in mind that it is the dual
of the forward analysis. This translates well into the auxiliary graph, where it guarantees that
the in-degree of round £ node is at least k for every k.

The final argument is then a pigeonhole principle:

Observation 2.1.5. After (1 + +/3)n rounds, there must exist a node in the auxiliary graph
that has out-degree at least n.

Indeed, since the in-degree of round 7 is at least ¢, we know that after k rounds, the number

of edges is at least .5 | i = k(k;l) > % After k rounds, the number of nodes in the auxiliary

graph is n + k, with n process nodes and % round nodes. And thus, the pigeonhole principle
asserts that there must exist a node with out degree at least d = %2%% For k = (1 +v/3)n,
(1+v3)*n? _

Wegetd:m—n

A more careful analysis, detailed in Chapter 3 of the auxiliary graph gives a [(1 +2)n — 1}
upper bound.

2.1.4 A second solution: The shrinking covers analysis

Here is another solution to this problem, yielding a slightly worse result but generalizable to
different problems. This time, we are only going to work with the backwards analysis, and
work with the notion of covers.

Definition 2.1.6 (Cover, simplified). A set of processes S at time t is said to be a cover
of time t' if all processes in [1,n] have, at time t', are reached by at least one process in S
between timest and t'.

10
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Figure 2.3: Main idea of the of the shrinking covers analysis. An edge from process x in
column t; to process y in column t; means that = can reach y between times ¢, and t,. We
start with a cover of size n at t" then go back in time, finding a smaller cover at every step.
After the first step, we don't need to cover 1 and 3 anymore, because if we reach p,,_; before
round t"~1), we also reach 1 and 3 before round t', by going through p,_;.

The point is then to find covers of smaller and smaller cardinality as we go back in time, until
we find a cover of cardinality 1. To do so, we start with a cover of size n at time t". We
then go to time t" — 1 and try to find an process that can reach two processes between times
t" — 1 and t". We continue going back in time until #*~! where such an process p,_; exists.
We then remove the two reached processes and replace them with the reaching process p,,_1.
We now have a cover S at time t"~! of time " of cardinality n — 1. We now do the same
procedure again to find a cover of cardinality n — 2 at time t"2, by finding an process that
reaches two elements of S. The crucial point now is we need to reach p,_; at time no later
than ¢"~!, as otherwise one cannot guarantee that all processes in [n] are reached by time ¢".
On the other hand all other processes can be reached by time ¢".

We then repeat this procedure until we have a cover of size 1. A representation of this idea
can be found in Figure 2.3.

To analyze this procedure, we work with the heard-of sets and the backwards analysis. Indeed,
as we look at the heard-of sets of each process in our cover, the goal is to find an process
p in at least two sets, so we can remove the two corresponding processes and add p to the
cover. This means that at any particular round, the root of the tree can be in at most one
heard-of set. And thus, by the backwards analysis, at least all but one heard-of sets must
strictly increase their cardinality by one.

In particular, if our cover is of cardinality |.S|, then we know that we need to include at most
|g|+_11 previous rounds to find a smaller cover. Indeed, by then, the sum of cardinalities of the
heard-of sets it at least n + 1 by then, which implies there must be an process in two heard-of

sets.

Define A, to be the number of rounds the cover we consider is of size u. Then the total
number of rounds we need is >_I'_, A,. The above analysis gives A, < Z—ﬂ which would only
give a O(nlogn) upper bound on the total number of rounds.

We thus refine our analysis: let us look again at the case where our cover is of cardinality

11



2.

OVERVIEW OF CHAPTERS

G

Figure 2.4: The strict rounds graph. Vertex u's weight represents A, = t( — t=1)  The
weight of an edge (u, s) represents how much a round ¢ € [t(*~1) 4 1,¢(*)] contributes at least
to the total cardinality of the heard-of sets of the cover of cardinality s. We have, for every
vertex v, that 3, ,yep w(u)w(u,v) < n+ 1.

|S], and assume that we did indeed require all @El

cover S’ of cardinality | S| — 1 has a head start: indeed, this cover is constructed by removing
two processes from S and adding a fresh one. This means that the heard-of sets of S’ are
exactly the ones taken from S, apart from one fresh one. Hence, during the ‘gr_ll rounds
needed to increase the total cardinality of the heard-of sets of S by |S| — 1 in each round, it
also increased the cardinality of the heard-of sets of S’ by |S| — 3.

rounds to find a smaller cover. Then our

We thus get a new interdependency between the A, for different values of u. In fact, this
dependency is generalizable, and can be represented in the strict rounds graph depicted in
Figure 2.4.

In that graph, the node u's weight w(u) represents the numbers of rounds the cover stays of
cardinality u, and the edge (u, v)'s weight w(u, v) represents by how much a round, when the
cover is of cardinality u, increases the total cardinality of the heard-of sets. Thus, for each
node v, we have that 3>, ,yep w(u)w(u,v) < n+ 1. We then show that in this graph under

. o 2+1
such a constraint, one must have that 30 , w(u) = >0, Ay < ™= - n

2.2 Broadcast in Dynamic Trees with a Stochastic
adversary

2.2.1 Problem Definition and Results

We are given n processes (also called nodes), each with a different ID in {1,...n}. Process
1 has a message it wants to broadcast. Communication happens in rounds, where in each
round the communication is represented by a directed graph, where each process can send the
message along its outgoing edges before receiving the messages sent along its ingoing edges.
Processes can make a copy of and store the message once it is received, and forward the
message if it has received it in a previous round.

The communication graph in each round is chosen as follows: an adversary, who knows
which processes have received the message until then, chooses k edges to be inserted in the

12
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communication graph, insuring that no cycles is created, and that no node has two incoming
edges. Then the communication graph is chosen uniformly at random among all rooted! trees
that contain these edges.

The question is then: for how many rounds can the adversary delay broadcast? An immediate
result is Q2(k): the adversary can choose the chain 1 — 2 — --- — k for every round. The
message from the root of the chain needs to travel down to the leaf, and that takes k — 1
rounds.

We showed a O(k + logn) upper bound, which holds with high probability. We also showed
that in the case where k = 0, broadcast needs 2(logn) rounds with high probability, which
make our bounds tight.

2.2.2 Combinatorics of Rooted Trees
How does one choose a tree among all rooted trees, uniformly at random?

Cayley [31] showed that there is a bijection correspondence between sequences of n—2 integers
between 1 and n, and undirected trees on n vertices. He also gave an algorithm that computes
this bijection. This gives a straightforward algorithm to compute an undirected tree uniformly
at random: choose a random sequence of n — 2 integers as above, and use Cayley's algorithm
to transform it into a tree.

Since there is also a trivial bijection between all rooted trees and pairs (7,7) of undirected
trees T" and a choice of a root r, this gives an algorithm to compute a rooted tree uniformly
at random among all rooted trees on n vertices. However, Pitman [116] showed that there is
another way: start with an empty graph, and choose a directed edge uniformly at random. We
now have a rooted forest (a forest where each weakly connected component is rooted). For
the second edge, choose any edge uniformly at random among all edges that do not “clash”
with the previous edge, that is, maintain the fact that our graph is a rooted forest. Doing so
iteratively for n — 1 total steps yields a directed rooted tree.

Pitman's algorithm in fact generalizes to the case where we need a rooted tree uniformly
at random among all trees that contain a rooted forest F: given such a forest, simply run
Pitman'’s algorithm on top, for a total of n — 1 — |E| iterations, where E' is the set of edges
of F. He further shows that the total number of such trees is n*~'~IZl a very clean formula.

In contrast, there is no straightforward algorithm for the undirected case. Even the correspond-
ing formula for the number of trees that contain an undirected forest is more complex:

Theorem 2.2.1 (Lemma 6 of [104]). Let us be given an undirected forest F' on n vertices,
with connected components C1,C5,...,C,, of fi,..., fi. vertices with integer m > 1. Let
|E| be the number of edges in . Then, the number of undirected trees T' on n vertices, such
that F g T, IS(Hze[m] fz) n”_2_|E|

However, this theorem still proves to be useful for us. Indeed, it turns out we require one more
tool to be able to compute all the probabilities we need: What is the probability that, given a
rooted forest F', and a node v, that v is the root of a tree chosen uniformly at random among
all rooted trees that contain the forest?

INot necessarily at 1

13
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Figure 2.5: Left: A directed rooted forest F'. Middle: its undirected version. Right: A directed
rooted tree T', as seen as an undirected tree with a choice of a root. T contain the undirected
F', but not the directed F'.
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Figure 2.6: Left: A tree T" that does not contain the directed forest F' from Figure 2.5. Middle:
An element o of the group that acts on the set of trees. Right: The result of the action of &
on T'. Note that the directed forest F is now included in the new tree.

To compute that probability, we look at the following procedure: ignore the roots of the
connected components of F' (that is, look at F' as an undirected forest), then choose a
tree uniformly at random among all undirected trees that contain that forest. Choose a root
uniformly at random among all the nodes. The tree obtained then does not necessarily contain
F in its directed form. To ensure that, in each connected component C' of F', we change the
incoming edge (u,w) with u ¢ C, w € C, to (u,w’) where w' € C'is the root of C'in F. If
the root of 71" is in the same connected component of F' as v, then we set v to be the root.
This procedure is illustrated in Figure 2.5 and Figure 2.6.

Trivially, we then have that the probability we are looking for is C'(v)/n, where C'(v) is the
connected component of v in F. It remains unclear, however, that this procedure satisfies the
requirements, that is the tree obtained is chosen uniformly at random among all rooted trees
that contain F.

To show that this is indeed what we need, we borrow a trick from group algebra: Note first
that the first part of the procedure: completing the undirected forest then choosing a random
root, is a uniform distribution over all rooted trees that contain the undirected forest F'.

To show that the second part of the procedure: moving the roots of different connected
components around, yields then a uniform distribution over all rooted trees that contain the
directed forest I, it suffices to show that the mapping of that second part is a fixed ¢ ratio,
for some ¢ € N, that is, for any given rooted tree that contains the directed forest F', there
are ¢ rooted trees that contain the undirected forest F' that map to it.

14
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Figure 2.7: The best strategy for the adversary A, with £k = 6. Shaded nodes are informed
nodes. In the top example, nodes 5,6,7,8,9 and 10 are protected from being informed,
whereas node 1 can still be informed. In the bottom example, nodes 5,6,7,8, and 9 are
protected, whereas node 1 can still be informed. However, node 1 is protected from being
informed by node 10.

To do so, we show that the second part of the procedure can be seen as the action of an
element of a group on the set S of rooted trees containing the unidrected F'. In such a case,
the group action partitions S into orbits of equal cardinality. We further show that in each
orbit, there is exactly one tree which also contains the directed F', and that all elements of
the orbit map to that tree under the second part of the procedure, which completes the proof
of the following theorem:

Theorem 2.2.2. Let F' be a directed rooted forest on n vertices, with connected components
Ci,y...,Cy of fi,..., fm vertices with integer m > 1. Let |E| be the number of edges in F'.
Let v € C; for some i € [m|. Then the number of rooted trees T' on n vertices, such that
F C T and v is the root of T is f;n™~2IFl

2.2.3 Finding the best strategy for the adversary

To solve the problem of how long the adversary can delay broadcast, one must think like the
adversary, and understand what its strategy might be to achieve that goal. However, as the
problem is probabilistic in nature, the problem itself is ill-defined: what does it mean to delay
broadcast as much as possible? Is it in expectation? With high probability? Or some other
metric?

It turns out that one can find a strategy that works for all possible (and reasonable) definitions
of “delay broadcast as much as possible”. Indeed, we show that there exists a strategy that
stochastically dominates all other strategies. Formally, we say that a random variable X € R
stochastically dominates another random variable Y € R if and only if P(X > z) > P(Y > x)
for all x € R.

Here is a classic example of stochastic dominance: let X be a gain associated to a die roll:
if a 1, 2 or 3 is rolled, the gain is 3, while the gain is 6 for any other roll. Let Y be the
straightforward gain of 1 if the die rolls a 1, 2 if a 2 is rolled, and so on. X stochastically
dominates Y as one always earns more with X rather than Y. Let Z be the gain symmetric
to X: ifal, 2 or 3is rolled, the gain is 6, otherwise the gain is 1. If the die is fair, Z has the
same probability distribution as X, and we also say that Z dominates Y.

Let us now think what it means for the adversary to insert an edge (u,v) between two nodes
u and v. If they were both uninformed, that is, none of them have received the message

15



2.

OVERVIEW OF CHAPTERS

yet, then v would not be able to receive the message in the current round either. Indeed, v
can have at most one in-neighbour, and thus, v would be protected from broadcast for at
least one round. If, on the other hand, u was informed, then v would be guaranteed to be
informed in the next round, which is counter-productive for the adversary. If both v and v
were informed, then having an edge between them or not would make no difference on the
broadcast process. If u was uninformed while v was informed, then u would be guaranteed to
not have v as an in-neighbour (as there are no cycles in a tree), and thus would guaranteed
to not be informed in the next round via node v. However, u could still receive the message
from another informed node, and is thus only partially protected.

Therefore, there are two interesting strategies to have with an edge for the adversary: com-
pletely protect an uninformed node v by adding an incoming edge from another uninformed
node wu, or partially protect an uninformed node u by adding as many informed nodes as pos-
sible among its descendants. For a given tree on k; < k nodes, the best strategy for the
adversary is thus to populate the nodes near the root with uninformed nodes, and the ones
near the leave with informed ones, ensuring that no edge goes from an informed node to an
uninformed node.

Three questions remain: first, does the shape of the tree on k; < k nodes matter? Is it better
to have a star or a line graph? It turns out, due to the symmetry of the rooted trees, the
shape does not matter.

Second, is it smarter to fill the trees with as many uninformed nodes as possible, or is there
a sweet spot of a number of informed nodes to add to the tree? As inserting uninformed
nodes fully protects them while inserting an informed node only partially protects the root,
intuitively one should aim for as many uninformed nodes as possible. This intuition can be
proved formally.

Finally, is it better to divide the k£ edges to form different trees, or should one aim for a
single tree? Interestingly, if all nodes involved in all trees are uninformed, it ultimately does
not matter. However, creating only one connected component requires only k£ + 1 many
uninformed nodes to use up all edges, while creating £ many connected components requires
only k + ¢ many uninformed nodes. Hence, using only one connected component allows to
fully protect k nodes as long as there are at least k£ + 1 uninformed nodes.

This concludes the best strategy for the adversary: Create one connected component with &
edges, populate it with as many uninformed nodes as possible, complete the rest with informed
nodes, ensure that no edge goes from an informed node to an uninformed one. An illustration
of this strategy can be found in Figure 2.7.

2.2.4 Analyzing the information dissemination

We are now ready to analyze the information dissemination. We divide the analysis into two
phases. The first, where the adversary is able to fully populate a tree with £ 4+ 1 many
uninformed nodes, and the second, where all nodes outside of the tree chosen by the adversary
are informed.

In the first phase, there are k nodes that are protected from being informed in that round. If
N is the total number of nodes that were informed before that round, there are thus n— N —k
many nodes that are susceptible to be informed during that round.
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There, there are two distinct types of nodes to consider: the nodes that are isolated in the
graph given by the adversary, and the root of the tree with k£ + 1 nodes.

Consider first the root of the tree given by the adversary. By Theorem 2.2.2, the probability
that this node is also the root of the randomly selected tree is % If it is not the root, then
it must have a parent among the n — (k + 1) isolated nodes. since these nodes are symmetric
for the purposes of randomly choosing a spanning tree, the probability of any of them being

chosen is % = 1/n. Hence, the probability that its parent is an informed node is N/n.

Consider now an uninformed node that is isolated in the graph given by the adversary. We
know, by Theorem 2.2.2, that the probability that this node is the root of the graph is % We
further know that this node has n — 1 possible incoming edges (one from each other node,
as this edge creates no cycles and no node with two incoming edges). Select one of them
arbitrarily. Pitman's result shows that there are n”~!1~(*+2) many rooted trees that contain the
graph given by the adversary and that extra edge. This proves that all the n—1 incoming edges
must have the same probability of appearing, and thus each of them appears with probability
1=l/n 1/n. Hence, the probability that its parent is an informed node is N/n.

n—1

Hence, if we denote by X; the 0-1 random variable for a uninformed node i of its parent
being informed or not, the number of newly informed nodes is X =, X;, where each X;
is a Bernoulli random variable of parameter N/n. We further exploit the symmetries of the
rooted trees combinatorics to show that these random variables are in fact independent. We
thus show that X follows a binomial distribution of parameters (n — N — k, %)

In the second phase, remember that all of the nodes outside of the tree given by the adversary
are informed, and the root of the tree is uninformed. Here, all uninformed nodes in the tree,
apart from the root, are protected from being informed. This means that the only question is
whether the root itself gets informed.

Again, by Theorem 2.2.2, the probability that the root of the tree given by the adversary is

also the root of the randomly chosen spanning tree is % If it is not the case, then it must

have an incoming edge from one of the isolated vertices, which are all informed, and which

happens thus with probability 1 — % Thus, the number of informed nodes increases by one
with probability 2=%=1 and stays the same otherwise.

n

We then show that as long as k£ < %n phase 1 completes in O(Inn) time, while phase two
completes in O(Inn + k) time, with high probability.

2.3 A Lower Bound for Solving the Relative Majority
Problem with Undecided States Dynamics

For this paper, the initial goal was to find a better algorithm for solving the problem of relative
majority in population protocols. One of the state of the art algorithms was the Undecided
States Dynamics, which solves the problem in roughly O(klogn) parallel time. Our hope was
to get rid of the k factor, as €2(logn) was an obvious lower bound inherited from the broadcast
problem.

This quest led us to better understand the Undecided States Dynamics algorithm itself. And
after trying long to show that the upper bound given by previous authors is not tight, we
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realised we were wrong, and came up with a matching lower bound instead.

This overview is a light rewrite of the overview originally published in [57].

2.3.1 Problem Definition and Results

We are given n agents, also called nodes. Each agent i is initially given an opinion in s; €
{1,...,k}. The goal of the agents is to decide which opinion was the (relative) majority at
the start of the computation. The computation then happens in rounds, where in each round
two agents are selected, uniformly at random (without replacement), independently of the
other time steps. The two agents are able to see each other’s state, and then update their
own state according to a transition function.

The transition function we consider is given by the Undecided State Dynamics: there are £+ 1
possible states. The opinion states {1,...,k}, and the undecided state 1. When two agents
with different opinions meet, they both become undecided, but when an opinionated agent
meets an undecided one, the undecided agent takes on the opinion of the opinionated one.

We ask how long it takes for the system to stabilize, in the particular case where the majority
opinion starts with an initial additional bias of {2(y/nlogn). Such a bias is needed to guarantee
that w.h.p.? the opinion with the largest (relative) initial support wins (cf. [9, 15]).

Our main contribution is an almost tight lower bound on the stabilization time of Undecided
State Dynamics for plurality consensus in population protocols. Specifically, we show that the

time needed to stabilize is €2 (kn log k;égn) interactions, or in €2 (klog kf(/)gn) parallel time3,

in the case where k = o(lgfn). In our proofs we assume that our initial configuration has

bias at most O(y/n/(klogn)'/*\/nlogn). Interestingly, this includes even an initial bias of
w(y/nlogn). This bound is tight for any k < n2~, where ¢ > 0 can be any small constant, as
Amir, Aspnes, Berenbrink, Biermeier, Hahn, Kaaser, Lazarsfeld [9] gave a O(klogn) parallel
time upper bound. For larger values of k, as any initial configuration that is valid for k is

i i i -V Vnlogloglogn
a_lso valid for k > kg, we can simply plug in ky = Togmloglosn [0 geta Q Tog 1o log 1 parallel
time lower bound.

Our analysis is based on a precise characterization of the number of undecided nodes over
time, using drift analysis and random walks.

2.3.2 Notation

X represents a configuration the system can be in: x = (z1,...,Z, u), where z; is the number
of agents with opinion ¢ for all ¢, and u is the number of undecided agents. We denote by x(t)
the configuration of the system after the ¢-th interaction, and by x(0) the initial configuration.
z;(t) is the number of agents with opinion i after interaction . Similarly, u(t) is the number
of undecided nodes after ¢ interactions. Accordingly, x;(0) is the initial number of nodes with
opinion ¢ (clearly, u(0) = 0). We assume that the opinions are initially ordered from most
common opinion to least common, i.e, £1(0) > 22(0) > - -+ > 24(0).

2with high probability
3The parallel time is equal to the number of interactions divided by n.
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Figure 2.8: Intuition for stabilization of plurality consensus in undecided state dynamics. On
the left figure, we scale up the minority opinions by a k factor for visibility. In this experiment,
n = 1,000,000 agents and k£ = m. In the initial configuration £ — 1 opinions had the
same support, while opinion 1 had an additive advantage of v/nlogn. Out of all the minority

opinions, we plot one with a darker color for visibility.

2.3.3 Technical Overview

Before we delve into the technical details of our lower bound proof, let us provide some
intuition about how agent opinions propagate across the distributed system, and how majority
and minority opinions evolve accordingly. Based on this intuition and the observed challenges,
we will then give an overview of our analytical approach and its key ideas.

To illustrate the evolution of opinions and the stabilization behavior, Figure 2.8 (left) plots
a typical simulation run over parallel time. In this example, all minority opinions are initially
equally frequent, while the majority one has an initial additional bias of v/n logn. The majority
opinion is plotted in red. The minority opinions are plotted in yellow, except for a random
one which we select as an example and which we highlight in orange; for better visibility we
multiplied the number of each minority opinion by k.

We make several observations which highlight parts of the complexity of the problem. First,
note that different minority opinions evolve differently. In particular, not all minority opinions
are strictly decreasing over time, but many are actually increasing over a long time period. In
the example in Figure 2.8, one opinion even surpasses its initial count. On the other hand,
the majority opinion in this example (which is typical for many runs) remains low for a long
time during stabilization, but then increases quickly toward the end. We can also see that the
number of undecided opinions stays close to § — ;- throughout the execution.

In Figure 2.8 (right), we zoom in on the time period for which it takes z; to double from its
initial number of nodes. We can see that it takes most of the stabilization time to reach this
configuration, as the system needs around 70 parallel time to do so, after which only 20 more
rounds are required to fully stabilize.

These simulations also provide some intuitive motivation for our choices for analyzing the

problem theoretically. We will prove that the number of undecided nodes does not substantially

exceed § — ;- with high probability, and we only consider the interactions before x; reaches

221(0), which we will approximate as 2. One particular ingredient we consider in our analysis
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is the maximum difference between the majority opinion and minority ones (also plotted in
Figure 2.8 (right)): max;>o{x1 — z;}. The idea is that as long as this difference stays small,
the system is very slow to change.

More concretely, for our analysis, we proceed as follows.

We first observe that a precise characterization of the number of undecided nodes u(t) is key
to understand the state dynamics as, intuitively, for any opinion ¢, the larger the number of
undecided nodes, the more new nodes can the 7-opinionated nodes “convert” to the opinion
7, hoping to compensate for the i-opinionated nodes that meet nodes with other opinions and
thus become themselves undecided. In fact, in their analysis of the stabilization time, Amir,
Aspnes, Berenbrink, Biermeier, Hahn, Kaaser and Lazarsfeld [9] derived an upper bound and a
lower bound on the number of undecided nodes throughout the interactions: §—% < u(t) < %
for any t after the first nlogn interactions. More precisely, the evolution of the number of
nodes in opinion ¢ is driven by the number of undecided nodes. For each opinion, there exists
a value u; of the number of undecided nodes that acts as a threshold. That is, if the number
of undecided nodes u is above wu;, then the corresponding opinion x; increases, whereas if u is
below the threshold, then x; decreases. The threshold is a decreasing function in the number
of nodes in opinion : the larger z; is, the smaller u; is. One can see this in action in Figure 2.8
on the left. When wu(t) is still very small in the beginning, all of the opinions decrease quickly.
Then, once u(t) settles around % — i, some opinions start to steadily increase (even minority
ones) while others decrease. One can understand this the following way: in the initial steps,
where the number of undecided nodes increase quickly, some opinions, due to randomness,
end up having an advantage on the others. Towards the end, the number of undecided nodes
starts dropping, it thus goes below all thresholds but the one of the majority opinion, which

means all opinions drop quickly apart from the majority one.

In our case, for the study of the lower bound, we fully control the initial configuration of the
opinions, and we are able to give a better upper bound on u(t) over time, which happens
to be very close to the threshold of any opinion i. To do so, we use drift analysis (for a
nice introduction, we refer to Lengler [100]). More specifically, we use a result by Oliveto
and Witt [115]. Here is a quick intuition on drift analysis: assuming we know the current
configuration of the system, we compute the expectation of the change in the number of
agents in each state after the next interaction. The idea is, if a number changes in expectation
by a value « at each interaction, and our goal is to show that the actual number does not
wander off by more than 3 from its original value, this takes at least €2(3/«) many interactions.
A few more hypotheses are needed to ensure that this result holds with high probability, and
to ensure that the probabilities are well-behaved, but this is the main idea.

It turns out that u(t) settles around 4 — 47, and to show that u(t) never substantially exceeds
this value, we prove that if it slightly exceeds this value, then at each interaction, in expectation,

u(t) decreases by at least |/logn/n. Drift analysis tools then allow us to ensure that u(t) will
drift no more than (roughly) 6(v/nlogn) away from that position.

The second step we make after giving an upper bound on u(t), is to show that in 6(kn)
interactions, no opinion can go from z—z nodes to %” agents. Here, the naive approach of
drift analysis fails to help, and that for one main reason: it essentially looks at how much
the expectation increases or decreases over time, but sometimes, the expectation gets beaten

by the variance of the process, and the naive drift analysis approach fails to capture the lack
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of concentration of the process. To understand that, consider a random walk starting at 0
and which at each step either increases or decreases by 1, each with probability 1/2. The
expectation of its increase is 0 so in expectation, after m steps, it is still at 0. However, we
know that with high probability it will have reached 6(y/m) at some point during those m
steps, as one can see the position after m steps as the result of a binomial distribution with
parameters (1/2,m), whose standard deviation is of the order of \/m.

In our case, we avoid this problem by looking more carefully at the probabilities involved.
By considering the evolution of z;, while its expectation increases slowly over time, it is not
overtaken by the variance. To see that, think again of our example of our +1 random walk:
Imagine that now, the random walk increases with probability p/2, decreases with probability
p/2, and stays put with probability 1 — p. Look now at what happens after m steps. The
walk actually moved for pm out of those steps, and thus the standard deviation is now around
VP If p=o(1), this has a significant impact.

This is exactly what happens in our case, where for x; to change, in an interaction, a node
with opinion i must have been chosen. If at most 2% nodes with this opinion exist, then the
probability of this event happening is of the order of 1/k = o(1).

While we could have chosen to stop here for our analysis, and thus give a Q2(k) lower bound,
we go one step further: there is a weakness in this analysis, i.e., we overestimate the number
of nodes in opinion 7, by stating that the initial count is at most g—z while in practice, most
opinions stay close to g; for most of the process. This (high) estimate of 27 then gives a
too low threshold on u for x; to increase, and thus the upper bound on the rate at which z;
increases is not tight enough. To improve the result, we would need to give a better estimate
on the initial z;, and show that it is close to Jr. This is not straightforward, as the initial
count is close to % and we would thus need to analyze the initial phase where u increases

sharply while all the x; decrease.

We find a workaround for this difficulty: while it might take effort to accurately approximate x;
after the first quick-changing phase, a value that is easier to estimate is A;; = x; — x;. Here,
instead of requiring a good estimate on x; and x; to analyze the evolution of A;;, it turns out
that we only need their order of magnitude, as well as a good estimate of A;;, which we have
(it starts at or close to 0 and only decreases in the initial, quick-changing phase). Therefore,
knowing that x; < 27 for 0(kn) iterations allows us to show that the maximum A;; needs at
least 0(kn) iterations to double. However, if all A;; are small enough (if they are all o(%)),
then it means that no opinion drifts far from the others, and thus z; < g—z after those 0(kn)
interactions.

Hence, our high level argument works as follows: First give a good estimate on u, then on
the number of nodes in each opinion, and on the maximum difference between opinions: As
long as x; < g—z at a time ¢ and A;; = o(7) for all 4, j, then the order of x; does not change
in the next #(kn) interactions, which in turn is used to show that A;; does not double during

those same interactions. This in turn shows that x; < g—z which allows us to restart another

iteration of the induction. The induction holds for log (kgn) iterations, which then gives the
lower bound.

21



2. OVERVIEW OF CHAPTERS

2.4 Fully-Dynamic Minimum Cut in Subpolynomial
Time

This overview contains sections of the overviews originally published in [59] and [58].

2.4.1 Problem Definition and Results

We are given an unweighted graph G = (V, E') on n nodes and m edges, where parallel edges
are allowed (and an edge's multiplicity counts towards m). The graph is fully-dynamic, that
is, is subject to edge insertions or deletions. The problem is to maintain a minimum cut of
the graph after each update, that is, a partition of V' into two sets such that the number of
edges crossing from one set to the other is minimized.

For values A of the minimum cut smaller than 29(1°g3/4”),we develop an algorithm that main-
tains such a partition in n°(") amortized update time and can return the number of cut-edges
in O(1) time. To explicitly return the partition, we require |V;| time, where V] is the set of
the partition of smallest cardinality. Our algorithm is exact and deterministic.

For larger values of \, and/or if the graph is weighted, our algorithm is a Monte-Carlo random-
ized algorithm which succeeds with high probability. This algorithm works against an oblivious
adversary.

To get to this result, we first get a partial result: a deterministic algorithm that, given a fixed
lower bound A, and an upper bound A on A satisfying Apin < Amax < 1.2 00 = ne,
implicitly maintains a minimum cut in n°) amortized update time. The rest of this overview
focuses on this partial result.

2.4.2 Technical Overview

We are thus given a fully-dynamic graph, and two (fixed) parameters A, and Ay satisfying
Amin < A < Aax < 12200 = n°Y, and the goal is to maintain a minimum cut on this

graph.

Our algorithm relies on three key techniques: the dynamic expander decomposition, as pre-
sented by Goranci, Racke, Saranurak and Tan [77], the concept of (1 —d)-boundary sparseness,
as presented by Henzinger, Li, Rao, and Wang [82], and a “local” version of Karger's minimum
cut algorithm, which we call LocalKCut, introduced by Nalam and Saranurak [112], which we
derandomize.

Expander decomposition An expander is a graph that is “well connected”, as illustrated
in Figure 2.9. To formalize this idea, we use the notion of the conductance of a cut, which
relies on the notion of volume:

Definition 2.4.1 (Volume). In a graph G = (V, E), the volume of a set U C V, is defined
by Volg(U) := Y ,c d(u), where d(u) is the degree of node w.
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Figure 2.9: A 5/22-expander. The cut represented is a cut of conductance . Since this is
the cut of lowest conductance, this graph is an expander of conductance %
Definition 2.4.2 (Conductance). The conductance of a cut U C 'V in the graph G = (V, E)

* w(U,V\ U)

min{Volg(U), Volg(V\U)}

dc(U) =

A cut with high conductance has many edges crossing it. An expander (with parameter ¢) is
a graph where all cuts have conductance at least ¢.

Definition 2.4.3 (Expander). A graph G is a ¢-expander if every cut in G has conductance
at least ¢.

A ¢-expander decomposition of a graph G = (V, E) is a partition of V into subsets V;, ..., V}
for some k € N such that the induced subgraph G[V;] is a ¢-expander for every i € [1,k].
To find such a decomposition, one can simply look for a cut of conductance strictly lower
than ¢. If no such cut is found, then the graph is an expander, and there is nothing to do.
If a low-conductance cut is found, one can partition the graph along it, then recurse on the
induced graph on each subset newly created.

What is interesting in this case, is to understand how many edges are interexpander edges
after all recursive calls, that is, how many edges cross from one expander to the other. To
evaluate this quantity, we make two observations: first, note that at any time we decide to
split a set into two, we do so along a sparse cut. That is, the number of edges we cut is a ¢
factor smaller than the volume of either side of the cut. If cutting an edge “costs” 1, we can
thus “charge” the cost of all cut-edges to the edges of the subset of smaller volume, each of
those edges paying just ¢. The second observation is that every edge can be on the side of
smaller volume at most O(logm) times, as the volume is m initially, and the volume of the
set the edge is in gets halved at least every time it is on the side of smaller volume. Hence,
each edge is charged at most O(¢logm) time, and the total cost of the procedure is O(ma).
There are thus at most O(m¢) cut edges in such an expander decomposition.

Expander decomposition is the topic of many research projects in the recent years, the one
that we use is the one by Goranci, Racke, Saranurak, and Tan [77]. They are able to achieve a
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fully-dynamic expander decomposition for ¢ = 2-©U0e”*n) \ith recourse* p = 200°8"*n) and
n°1) amortized update time, while keeping the guarantee that the number of interexpander
edges is at most O(ma).

We apply this algorithm as a first step of our algorithm: indeed, as it partitions the graph into
well-connected subgraphs, this looks like a promising first step towards finding the minimum
cut. Ideally, we would like to contract every expander we find that way, then call the algorithm
recursively until only two nodes remain. However, this does not really work: the idea of
“well-connectedness” of expanders, which relies on cuts of high conductance, is different from
the “well-connectedness” of minimum cuts, which rely on edge-connectivity. In practice, this
means that a minimum cut S can cross an expander C, that is, we might have SNC' # @ and
SN C +# @. Contracting all expanders might thus strictly increase the minimum cut without
any good enough guarantees on it even being approximable.

There is, however, a property of expanders that we can leverage: if a minimum cut .S were to
cross an expander C, then we know that either SN C, or S N C, has small volume in G[C],

or more specifically, has volume at most % Indeed, looking at S N C' in G[C], which is an

expander, we know that the number of edges from SN C to SNCis at most M. Therefore,
by definition of an expander, we have that min{Volgc(S N C), Volgie) (SN C)} < % which
immediately gives us our claim.

We can thus refine our algorithm: after running the expander decomposition algorithm, we can
decompose our expanders further along cuts where a minimum cut could cross the expander:
in an expander C, cut along all cuts of volume at most ’\T;x and of cut-size at most \. This
guarantees that, in the contracted graph the minimum cut is preserved.

This raises two questions, first, how do we find such cuts? And second, does that not decom-
pose the graph too much, to the point where each node might end up in its own component,
sending us in an infinite loop? The first question is addressed by the LocalKCut algorithm,
and the second, by considering (1 — §)-boundary sparseness. We will treat those two concepts
in reverse order.

(1 — §)-Boundary Sparseness This concept is the answer to the question: does cutting
along all cuts of small size and small volume not decompose the graph too much, to the point
where each node might end up in its own component, sending us in an infinite loop? And the
answer is yes, it does. Hence, among all cuts found in the LocalKCut step, one should only
select a handful to make progress, while discarding the rest. The selection criteria is exactly
the (1 — J)-boundary sparseness, illustrated in Figure 2.10.

Definition 2.4.4 (Boundary-sparse). (Def. 2.3 of [82]) For a set C C V and parameter
d<1,acutU CC is(1—4)-boundary sparse in C iff

w(U,C\U) < (1 —=9¢)min{w(U,V\ C),w(C\U,V\C)}

4The recourse of an algorithm is the number of changes to the solution. In the case of the expander
decomposition, the algorithm maintains which edges are intercluster edges and which ones are intracluster
edges. The recourse is thus the number of edges per update that switch from being intercluster ones to
intracluster ones and vice-versa.
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|E(S, V\O)| IE(S{ c\S)| [E(C\S,V\O)I IE(S,V\O)I |E(S{C\S)| IEC\S, \OI

Figure 2.10: Left: A cut that is (1 — €)-boundary sparse. Right: A cut that is not (1 — ¢)-
boundary sparse. On the right figure, a minimum cut will not separate S from C'\ S, as going
around S (through the edges of E(S, V' \ C') instead of the edges of E(S,C'\ 5)) cuts though
(approximately) fewer edges.

Intuitively, a set U C C'is (1 — 0)-boundary sparse in C'if it (or its complement in C') is
less connected to C' than it is to its complement in C. To understand why this is useful, one
should consider cuts that are not boundary sparse.

Indeed, intuitively, such cuts are equally or more connected to the outside of the cluster, than
they are to the inside of the cluster. Thus, this cut can be approximated by simply going
around the cluster, a procedure we call uncrossing:

Definition 2.4.5 (Crossing and uncrossing). We say that a cut S crosses cluster C' if both
SNC and C'\ S are nonempty. A cut S’ uncrosses a cut S in a cluster C' if S crosses C' and
S’ either equals S U C or S\ C.

For § < 1 the approximation ratio is small enough to ensure that, in fact, the approximate

~ \!

cut has the exact same size as the original cut.

Considering only these (1 — d)-boundary sparse cuts®, we are able to show that the number
of intercluster edges — the edges that are incident to two different clusters — is only a ON((%?,)
factor larger than the initial number of interexpander edges, which ensures that contracting
each cluster sufficiently reduces the number of edges in the recursive call, and thus allows us
to efficiently bound the number of recursive calls. The algorithm is represented in Figure 2.11

How to dynamize the algorithm: While the expander decomposition is itself fully-dynamic,
we have only discussed how to find and cut along (1 — d)-boundary sparse cuts staticly. We
describe next the challenges we faced to make it dynamic:

(1) Finding all boundary sparse cuts of size at most A, while edges are inserted and deleted.

(2) As our hierarchy structure is recursive, we have to make sure that we do not get a
multiplicative blowup in the number of update operations per hierarchy level, as well as the
depth of our recursion. More specifically, one update on the top level of the hierarchical
decomposition can lead to up to h > 1 changes to the next level and, thus, "™ many on the
bottom level. We show that for our decomposition, the depth 7 of the recursion is log'/* n,
and the number of changes is h = 2008"* 1) g5 that h7 = 20(ee™*n) — po(1)

5This has to be done in a correct order, which is discussed in the full chapter
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Figure 2.11: Main steps of the minimum cut algorithm. From left to right, top to bottom:
Initial graph. Expander Decomposition. Run LocalKCut from every vertex. Select only (1 —¢)-
boundary sparse cuts. Separate cuts from expanders to create clusters. Contract Clusters.
Graph on which to recurse.

(3) We need to watch out for the case where the minimum cut uncrosses in a way that one
side of the cut becomes the empty graph.

(4) We need to maintain a data structure that enables us to reach and update the values and
objects (nodes, edges, clusters) whenever needed.

We now explain how we address each of the above challenges:

(1) Boundary-sparse cuts were used in the static setting to compute a minimum cut in [82].
The algorithm in [82] does not use an expander decomposition as it runs in deterministic time
O(m) and no deterministic algorithm for computing an expander decomposition is known in
that running time. Thus, it had to find boundary-sparse cuts with arbitrarily large volume on
either side of the cut, while we use the crucial observation that in a subset of an expander it is
sufficient to find unbalanced boundary-sparse cuts, i.e. cuts where the volume on one of the
sides is small, as discussed above. This allows us to deal with edge insertions and deletions
as follows: We maintain the invariant that no cluster contains a (1 — €)-boundary sparse cut
of size at most A,.c. Then, after each insertion or deletion, we only have to check locally
(i.e. at the endpoints of the updated edge) using the LocalKCut algorithm if the invariant
still holds, and, if not, enforce it by cutting any (1 — €)-boundary sparse cut that LocalKCut
may find. The expander property here again is key, as the volume we need to explore is

’\“j% = Amax - °). Note that this is the first use of LocalKCut in the dynamic setting.

(2) By cutting in this way, however, we need to make sure that we do not cut too many edges,
as this might either make the depth of our hierarchy too large, or the number of updates per
level too high. To deal with this, we use the fact that the dynamic expander decomposition
of [77] is recomputed from scratch every O(—7y) updates, called a restart of the cluster
decomposition. The number of updates is carefully chosen so as to, on the one side, not end
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up with too many inter-cluster edges and, on the other side, amortize the running time accrued
since the last restart over these updates. Using the restarts and a potential function argument,
we can bound the number of inter-cluster edges per level at any point in time to be only a
factor 0(5%,) larger than the sum of the number of inter-expander edges plus the recourse
of the expander decomposition at the same point in time. This implies that the number of
inter-cluster edges decreases suitably when going from one level to the next, and, thus, limits
the depth r of our hierarchy to log'/*n. We can also bound the amortized number of updates
level by 20(0s!/?n)
per level by

(3) To make sure that we catch the minimum cuts that might uncross to the empty cut, we
build, for each cluster C', a copy of the graph where all the nodes outside of the cluster are
contracted into one node. We call it the mirror cluster of cluster C. We can show that if a
minimum cut uncrosses to the empty cut for a cluster C, then the mirror cluster of C' must
have a cut of similar size and volume n°®") and, thus, can be found efficiently using LocalKCut.
Note that we also have to maintain the mirror clusters dynamically. These graphs were not
used in prior minimum cut algorithms.

(4) Our data structure essentially keeps the cluster decomposition, and along with each cluster,
its corresponding mirror cluster, its set of outgoing edges and the number of outgoing edges.
To maintain this data structure efficiently after edge updates, we guarantee that between
two consecutive restarts, we only refine our decomposition, i.e., we do not merge clusters,
even if the expander decomposition would do so. Indeed, the expander decomposition might
need to merge clusters back together to maintain the expansion property, but since we only
need to maintain that each cluster is a subset of an expander, merging back is unnecessary.
Since the expander decomposition creates O(mqﬁ) inter-cluster edges on each rebuild, and
has amortized recourse p = 29(VIe™) per edge update over a period of O(%d’) updates until
the next rebuild, the number of inter-expander edges that exist at any point between two
consecutive rebuilds is O(m¢). Hence the number of intercluster edges in the refinement
of the expander decomposition that our algorithm maintains is O(mgf)) Our data structure
allows us to split a cluster C' in time linear in Vol(.S), where S is the side of the cut of smaller
volume. As each edge can be on the smaller side of the cut only O(logm) times, and the total
time for maintaining our structure is O(m), we can amortize that time over @(’%‘b) updates

and achieve an n°(!) amortized time per update.

Master Algorithm. Finally, we describe how to use the algorithm for a limited choice of A
to cover the case where \ can be as large as polynomial in n, and in the case where the edges
are weighted:

Our first step is to sparsify the graph as to ensure that the minimum cut value is reduced to
at most 200s™*n) using the edge-sampling approach of Karger [93]. It samples each edge
with a probability p aptly chosen as described in the following lemma:

Theorem 2.4.6 (Karger sparsification, Theorem 2.1 and Corollary 2.1 of [93]). Let G be
any graph with minimum cut X and let p > 255" Let G(p) be the graph obtained from
G by sampling each edge independently with probability p. Then with high probability, the
minimum cut S in G(p) will correspond to a (1 + €)-minimum cut of G. Moreover, also with
high probability, the value of any cut S in G(p) has value no less than (1 — €) and no more

than (1 + €) times its expected value.
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Ensuring that the minimum cut is small is crucial for our analysis as our running time depends
on the size of the minimum cut. However, one challenge with sparsification is that it is hard to
dynamize whenever the value of the minimum cut changes, and, thus, p has to change as well.
In that case, one update to the graph can lead to many updates to the sparsified graph, which
we cannot afford. To deal with this problem we run O(logn) many algorithms, each with a
different value of p, in parallel, and we run a master algorithm to decide which answer to return
based on the answers of these algorithms. In the following we use A to denote the minimum
cut in the full graph®. Define b; = 1.1° for all integers i € [1,log; ; n?] and run one algorithm
for each index i. The i-th algorithm, i.e., the algorithm for index i, assumes that the value
A of the minimum cut belongs to the range [b;, b;11) (called the range of the ith-algorithm),
and sparsifies with p; = 5‘6*21% to create graph G;. It follows that, if A € [b;,b;11), then the
minimum cut ); in the sampled graph G; is a (1 + €)-approximate minimum cut in the full
graph and its size in G; belongs to the range [(54(1 — €)Inn)/e?, (54 - 1.1(1 + €)Inn)/€?].
Thus, for each i € [1,log, ; n?] the i-th algorithm calls a subroutine — which is the central
algorithm of our paper, we call it the bounded mincut algorithm — with two parameters A,
and Apax, on G;. The bounded mincut algorithm'’s requirements are:

1. If \; < A @ any output is acceptable.
2. If Amin < A < Aax, output an approximation of the minimum cut.

3. 1f Ai > Amax, output “XA; > Apax "

As per our above discussion, we choose Ay, = (54(1 — €)Inn)/e? and Apax = (54 - 1.1(1 +
€)lnn)/e.

Hence, out of all the i-th algorithms, at least one algorithm outputs a correct approximation.
There is, however, only one i such that A € [b;,b;11). It thus remains to decide which answer
out of the O(logn) many answers returned by the O(logn) algorithms should be returned by
the master algorithm.

For that, we design the algorithms so that for every i if b; < A (which corresponds w.h.p. to
Amin < ), the i-th algorithm outputs a correct answer, more specifically it either outputs
a (1 + €)-approximation of A\ or it outputs that the minimum cut in G; is larger than A«
(called the correctness requirement of the algorithm). However, if b; > A (which corresponds
w.h.p. to A\yuin > A;), the algorithm can output an arbitrary value. The reason for this is as
follows: A b; value that is much larger than \ can lead to undersampling of the graph, and,
thus, the minimum cut in G; can deviate too much from its expected value. On the other
side, a b; value that is smaller than A results — in the worst case — in oversampling, which
is not a problem for correctness. The only issue that might arise is that the minimum cut
A; in the sampled graph G; is larger than A,.., but our algorithm is required to detect this.
Since, by Theorem 6.2.5 and our choice of Ay, Amax, and p;, it holds w.h.p. for the unique
i with b; < A < biyq that (a) Ay < A < Apax and that (b) we did not undersample, the
master algorithm would output an (1 + €)-approximation of A if it output the value returned

5We will denote X the size of the minimum cut in the original graph, and X\ the size of the minimum cut
in the sparsified graph. We further specify \; to denote the size of the minimum cut in the sparsifed graph
G; when necessary. b; is a fixed parameter of algorithm .
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by the i-th algorithm. However, many algorithms might return a value (instead of returning
just the fact A > A« (case 3 above)) and, thus, it is not possible for the master algorithm to
determine ¢. This problem is resolved as follows: As all algorithms j with b; < A give a correct
answer and, for € < 0.1, w.h.p. for only two such algorithms it can be the case that \; < A«
(by the choice of A,y ), namely for j =i and j =i — 1. Thus, at most two algorithms with
b; < A return a value that is at most A, all other such algorithms will either return a value
that is larger than A, or will state that A\; > A,.c. Thus the master algorithm takes the
output of the algorithm with the smallest j that did not output that A\; > An.x or return a
value larger than A,... This guarantees that either the output of algorithm ¢ or algorithm
t — 1 is returned.

This then results in a (1 + ¢)2-approximation of . The overlap in the ranges of the algorithms
is needed to ensure that we catch all the corner cases.
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CHAPTER

Asymptotically Tight Bounds on the
Time Complexity of Broadcast and its
Variants in Dynamic Networks

This chapter appeared in parts or fully in

Antoine El-Hayek, Monika Henzinger, and Stefan Schmid. “Brief Announcement: Broadcast-
ing Time in Dynamic Rooted Trees is Linear”. In: PODC '22: ACM Symposium on Principles
of Distributed Computing, Salerno, Italy, July 25 - 29, 2022. Ed. by Alessia Milani and
Philipp Woelfel. ACM, 2022, pp. 54-56. DOI: 10.1145/3519270.3538460. URL:
https://doi.org/10.1145/3519270.3538460

and

Antoine El-Hayek, Monika Henzinger, and Stefan Schmid. “Asymptotically Tight Bounds
on the Time Complexity of Broadcast and Its Variants in Dynamic Networks”. In: 14th
Innovations in Theoretical Computer Science Conference, ITCS 2023, January 10-13, 2023,
MIT, Cambridge, Massachusetts, USA. ed. by Yael Tauman Kalai. Vol. 251. LIPlcs. Schloss
Dagstuhl - Leibniz-Zentrum fiir Informatik, 2023, 47:1-47:21. por: 10.4230/LIPICS.
ITCS.2023.47. URL: https://doi.org/10.4230/LIPIcs.ITCS.2023.47

3.1 Abstract

Data dissemination is a fundamental task in distributed computing. This paper studies broad-
cast problems in various innovative models where the communication network connecting n
processes is dynamic (e.g., due to mobility or failures) and controlled by an adversary.

In the first model, the processes transitively communicate their ids in synchronous rounds along
a rooted tree given in each round by the adversary whose goal is to maximize the number of
rounds until at least one id is known by all processes. Previous research has shown a (3"2’11 -2
lower bound and an O(nloglogn) upper bound. We show the first linear upper bound for

this problem, namely [(1 4 v/2)n — 1] ~ 2.4n.
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3.

BROADCAST IN DYNAMIC TREES AND FORESTS WITH A DETERMINISTIC ADVERSARY

We extend these results to the setting where the adversary gives in each round k-disjoint
forests and their goal is to maximize the number of rounds until there is a set of k ids such

3(n—k)

that each process knows of at least one of them. We give a [TW — 1 lower bound and a

246 ~ .
==n + 1~ 2.6n upper bound for this problem.

Finally, we study the setting where the adversary gives in each round a directed graph with &
roots and their goal is to maximize the number of rounds until there exist k ids that are known

3(n—3k)

by all processes. \We give a [71 +2 lower bound and a [(1+v2)n] +k—1~24n+k

2
upper bound for this problem.

For the two latter problems no upper or lower bounds were previously known.

3.2 Introduction

Data dissemination is one of the most fundamental tasks in distributed systems. This paper
studies data dissemination in an innovative model where the communication network connect-
ing n processes is dynamic. In particular, we consider a worst-case perspective and assume
that the information flow between the processes is controlled by an oblivious message adver-
sary which may drop an arbitrary set of messages sent by some processes in each round. This
results in a sequence of directed communication graphs, whose edges tell which process can
successfully send a message to which other process in a given round. The oblivious message
adversary model is appealing because it is conceptually simple and still provides a highly dy-
namic network model: The set of allowed graphs can be arbitrary, and the nodes that can
communicate with one another can vary greatly from one round to the next. It is, thus, well-
suited for settings where significant transient message loss occurs, such as in wireless networks

subject to interference, jamming, or mobility.

We look into three data dissemination problems in dynamic networks: broadcast, cover and
k-broadcast. These problems come in many flavors and feature intriguing connections to other
classic problems such as leader(s) election, regular and k-set consensus (also known as k-set

agreement), for which our problems’ time complexity is typically a lower bound.

In particular, we assume that each process has a unique id and in every message each process
communicates all the ids it knows of so far. We first study a fundamental model where
communication happens along arbitrary rooted trees, chosen by an adversary who aims to
maximize the broadcast time, which is the number of rounds it takes until there exists a process
that everyone knows of. We then extend our investigations to sparser networks, considering
k-forests (a union of k rooted trees). Here the adversary will maximize the cover time, which
is the number of rounds it takes until there exists k process such that everyone knows of
at least one of them. Moreover, in more highly connected networks, we study k-rooted
dynamic networks (directed graphs with k roots), where the adversary aims at maximizing the
k-broadcast time, which is the number of rounds it takes until there exist k£ processes that

everyone knows of. Before presenting our results, we introduce our model more formally.

Model Let n be the number of processes and let each process have a unique identifier from
[n]. Let G be a fixed set of directed networks with n nodes such that each node has a unique
identifier from [n]. There will be a sequence of rounds t = 1,2, ..., such that, in each round
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1 1 5:42
N\ v
l 2:1 2:154
2:1 4 N
v N\ 3:21 3:21
3:2 4:2
4:2 4:2
l v N
5:4 5:42 1:42

Figure 3.1: Example of information propagation. Self-loops are omitted, but are present on
every node in every round. x : 1z means that y was an in-neighbor of = before the current
round (and still is), whereas z is a new in-neighbor of z. We omit mentioning x in its own
in-neighbors as it is always the case.

t, an adversary chooses a network G’t from G, which determines the communication links in
round ¢ as follows: Initially every process knows (or has heard) of its own identifier. During
round ¢ process i sends all identifiers it knows of to its out-neighbors in G;. The rounds stop
whenever the objective — broadcast, k-broadcast or cover of size k — is attained. The goal of
the adversary is to maximize the number of rounds.

To model the information propagation we use graph products:

Definition 3.2.1 (Graph product). If A = ([n|, E1) and B = ([n], Es) are two directed
networks on n nodes, then the product graph Ao B is the network on n nodes, with edge set
E, where (x,y) € E if and only if there exist a node z such that (x,z) € E; and (z,y) € Es.

Consider round ¢ and let G(t) be the product graph G(t) = Gy o...0Gy, where G; is created
from G; by adding a self-loop to every node. Note that in G(t) the in-neighbors of a process
x are exactly the processes that = knows of after ¢ rounds, and its out-neighbors are the
processes it has sent information to. We added a self-loop to every node in G; to capture the

fact that no process “forgets” any piece of information in any round. An example is given in
Figure 3.1.

We will consider three different models, each of which has a different objective, detailed below.
Figure 3.2 summarizes the 3 models, gives examples and states the results.

Broadcasting on Trees

Definition 3.2.2 (Set of rooted trees with self-loops). Let 7, be the set of all rooted trees
with a self-loop added at every node.

In this variant, the networks given by the adversary are restricted to trees in 7,, and we analyze
the broadcasting time t*, which is the smallest round ¢ such that there exists a node in G(t)
with an out-edge to every other node. Note that this corresponds to a process such that every
other process has heard of its identifier. We will say that the node has broadcast (its identifier
to everyone) or simply broadcast has happened. Trees being rooted ensure that broadcast
happens in a finite number of rounds?.

1If the adversary can choose a non-rooted graph, it could repeat this graph indefinitely, preventing broad-
cast.
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Definition 3.2.3 (Broadcast time of a sequence of graphs). The broadcast timet*(G, G, . . .

of a sequence of graphs G1,G>, ..., is

t"(G1,Gy,...) =min{t e N: 3z € [n],Vy € [n], (z,y) € G1o...0G}

Definition 3.2.4 (Broadcast time of an adversary). The broadcast time t*(G) of an adversary

G, is defined as follows:

t*(G) = max{t*(G1,Gs,...): Vi e NG, € G}

We will give tight asymptotic bounds on ¢t*(7,). Note that even in the simple case where the
adversary gives the same directed tree in each round, the broadcast time can be as large as
n — 1, namely if the tree is simply a path. Conversely, in each round, it is easy to see that
at least one new edge appears in the product graph?, and thus the broadcast time is at most
n?. This raises the question of how large the broadcast time can be made if in each round a

different directed tree can be used.

This has been an open question for several years. Results from Charron-Bost and Schiper in
2009 [34] and Charron-Bost, Fiigger, and Nowak in 2015 [33] imply an nlogn upper bound.
In 2019, Zeiner, Schwarz, and Schmid [129] gave a linear upper bound when the adversary is
restricted to trees with either a constant number of leaves or a constant number of inner nodes.
They also gave a [%] — 2 lower bound. In 2020, Fiigger, Nowak, and Winkler [68] improved

the general upper bound to 2nloglogn + O(n). So far, it has been an open conjecture [129]

whether the broadcast time is linear for arbitrary sequences of rooted trees.

Covering on k-forests

Definition 3.2.5 (k-forests with self-loops). We define F* to be the set of all forests over n

processes which are the union of k rooted trees and a self-loop is added at every node.

In this variant, the networks given by the adversary are restricted to networks from F*, and
we analyze the cover time t§,, which is the smallest round ¢ such that there exists a set I C [n],
|I| < k, such that every node x of G(t) has at least one in-neighbor from I. Said differently,

there exists a set of k£ nodes such that every node knows of at least one of them.

Definition 3.2.6 (Cover time of a sequence of graphs). The cover time t{,(G1,Gs,...) of a

sequence of graphs G1,Gs, ..., is

t2(G1,Go,...) =min{t € N: 3ay,..., 23, € [n],Vy € [n],3i € [k], (x5,y) € G1o...0Gy)

Definition 3.2.7 (Cover time of an adversary). The cover time t5(G) of an adversary G, is

defined as follows:

tZ(g) = maX{ti(Gl, GQ, .. ) Vi e N, Gl € g}

We will give tight asymptotic bounds on #§(F*). To the best of our knowledge, there is no

prior work that gives upper or lower bounds on t$(FF).

2|n each round, the identifier of the root reaches someone new.
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k-broadcasting on k-rooted networks

Definition 3.2.8 (k-rooted Networks). Let RE be the set of all (directed) networks over n
nodes that (1) have k roots, that is k different processes 1, ...,r), such that there exists a
directed path from any r; to any process in [n|, and (2) have a self-loop at every node.

In this variant, the networks given by the adversary are restricted to networks from RF, and

we analyze the k-broadcasting time t;, which is the smallest round ¢ such that there exist &
nodes in G(t) with an out-edge to every other node. Said differently, there exists a set of k
nodes such that every node knows of all of them.

Definition 3.2.9 (k-broadcast time of a sequence of graphs). The k-broadcast time
t;(G1,Gs, . ..) of a sequence of graphs G1,Gs, ..., is

tr(G1,Ga,...) =min{t € N: 3zy,... 2 € [n],Vi # j,2; # z;
Ay € [n],Vi € [k], (zi,y) € G1o...0G}

Definition 3.2.10 (k-broadcast time of an adversary). The k-broadcast time t;(G) of an
adversary G, is defined as follows:

£(G) = max{t:(G1,Ga,...) : Vi € N,G; € G}

We will give tight asymptotic bounds on ¢;(RF). To the best of our knowledge, there is no
prior work that gives upper or lower bounds on t}(RF).

Contribution We give asymptotically tight bounds for all three settings, see also Figure 3.2.

(1) First we settle the open problem about time complexity of broadcast in dynamic trees,
by showing that it is /inear. Hence, Zeiner et als [129] conjecture is true. In particular, we
present an upper bound of [(1 + ﬂ)nw ~ 2.4n, which complements their P”{ﬂ — 2 lower
bound.

(2) We further show that covering on k-forests also takes linear time, by giving a %TH— 1~
2.6n upper bound and a [ww — 1 lower bound.

(3) Finally, we show that k-broadcasting on k-rooted networks is linear as well, by giving an
upper bound of [(1+ v2)n| + k — 1 & 2.4n + k, and a lower bound of [27739] 42,

Organization The remainder of this paper is organized as follows. Section 3.3 introduces
some basic tools that will be useful throughout the paper, and presents first insights. In
Section 3.4, we give the linear upper bound for broadcast time in our model. Section 3.5 and
Section 3.6 respectively showcase our results for the cover on k-forests and the k-broadcast
on k-rooted networks. After reviewing related work in Section 3.7, we conclude and provide
some future research directions in Section 3.8.
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Model: Broadcasting on Trees Covering on k-Forests k-Broadcasting on k-rooted Networks
1
1 1 6 ()
l l JN |
7 8
e 2 N 7 2 N 3
. v N\
3 T 3 4 4 5
Adversary: 5 5 6
Rooted trees over n nodes. Forests over n processes, Networks over n processes and k roots.
Example for n =5 composed of k rooted trees. Example for n =6 and k =2
Example for n =8 and k =2
1:12 1:12 1:124
2:23 2:24 2:24
3:23 3:123 3:234
Objective: 4:234 4:34 4:124
Broadcast Cover of size k k-broadcast of k processes
Example for n =4 Example forn =4 and k =2 Example for n =4 and k =2
Lower Bound: [129]: (%-‘ -2 (73("'2_kw -1 {73@;31@} +2
[68]: O(nloglogn)
Upper Bound: [(1 + ﬂ)ﬂ %n +1 [(1 + ﬁ)nw +Ek-1

Figure 3.2: Summary of models and results. The adversary chooses a sequence of graphs as
stated in order to delay the objective as much as possible. In the objective examples, z : y
means that y is an in-neighbour of = at the round the objective is attained. Underlines are for
emphasis purposes only.

3.3 Basic Tools

In this section, we define generalizations of the in- and out-neighborhoods in the product
graph, and some basic properties these tools follow.

Definition 3.3.1 (In-neighbourhood). The in-neighborhood of process = between rounds t
andt', t,t' > 0, denoted by I! (x), is defined as follows: Ift < t',I! (x) is the in-neighborhood
of process x in the graph Gyo...0Gy. Ift =t'+1, set TV (x) = {x}. Otherwise, T! (v) = @.

Definition 3.3.2 (Out-neighbourhood). The out-neighborhood of process = between rounds
t and t', t,t' > 0, denoted by O (z), is defined as follows: If t < t',O!(z) is the out-
neighborhood of process x in the graph Gy o ...0 Gy. Ift =t 4+ 1, set OV (z) = {z}.
Otherwise, O (z) = @.

We prove that these generalized neighborhoods behave as expected:

Lemma 3.3.3. Lett,t' > 0,2,y € [n]. Thenx € O (y) & y € I (z).

Proof. If t > ' + 1, the equivalence is empty. If t =t/ + 1, thenz € OV (y) @z =y Sy €
TV(x). ft<t, 2 €Ol(y) & (y,1) €Gro...0Gy &y eIl (z). O
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Lemma 3.3.4 (Transitivity). Let ¢,t',t" > 0, and x,y,z € [n]. We have the following
properties:

i. Ifyc O (x) and z € O,f/’;l(y), then z € OV (x).
i. Ifz €Il (y) and z € O | (y).then z € O ().
iii. Ifz€T!(y) andy € IV, (2), then z € OV (x).

Proof. ii. and iii. will follow from i. and Lemma 3.3.3, so we only prove i..

Since y € O (z), this means OY (z) # @. Therefore, t < '+ 1. If t = ¢’ + 1, we have that
O!(z) = {z} = y = z, and thus z € O (). We will then only need to consider the case
t<t.

Similarly, since z € 0% (y), we have that O}, (y) # @ and thus ¢/ + 1 <" + 1. If ' = ¢",
we have that O% | (y) = {y} thus z = y and therefore 2 € O! (x). Hence we only need to
consider the case t < ¢/ <¢” — 1.

In that last case, we know that (x,y) is an edge in Gy o ... 0 Gy and (y,z) is an edge in
Gpi1 0 ...0 Gy By definition of a product graph, this means that (z,z) is an edge in
Gio...0Gy, and thus that z € O (z). O

And finally, we show that these neighborhoods only grow over time:

Lemma 3.3.5 (Monotonicity). If in each round, all nodes have a self-loop, then for any t; < t,
and t3 < t4, for any process x we have:

i Tii (x) C Ii ().
i. OF(z) C O (x).

Proof. Let us first consider the case ty > t3 + 1. Then Z;?(z) = O}}(x) = @ and the result
is trivial. Similarly, if t, = t3 + 1, then Z;? () = O}(z) = {x}, and then either t; = t, + 1
which means Zj*(z) = O;*(z) = {z}, or t; < t4, and then z has a self-loop in G, for every
t; <t < ty, which implies z € O;*(z) and z € Z*(x).

Let's now consider the case to < t3. Let y € Z;(z) (respectively z € O;(x)). Then edge
(y,z) ((x, 2)) is in graph G, o...0Gy,. Since all rounds have self-loops, we clearly have that
edge (y,y) ((x,x)) is in the graph Gy, o ... o Gy,. Similarly, edge (x,z) ((z,2)) is in graph
Gy, 0...0Gy,. This shows that (y,z) ((z,2)) is in graph Gy, o...0 Gy, and thus y € Zj*(z)
(= € OLi(x). a

3.4 Broadcasting on Trees

In this section, we focus on the fundamental problem of broadcasting on dynamic trees. We
give an upper bound for the problem, before recalling a lower bound.
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3.4.1 The Upper Bound

We will show that the key to understand how information propagate is to consider what the
root knows — or the in-neighbors of the root — before the beginning of every round. We will
show that the root must either have a lot of in-neighbors that were roots in previous rounds,
or many in-neighbors in general. We will then show that any in-neighbor of the root before a
round has at least one more out-neighbor after the round than before it. We will finally show
that any adversary that tries to balance these two facts will fail to prevent broadcast for a

time longer than linear.

Definition 3.4.1 (Root of a round). Let t be a round. We denote by r; the root of G, and

call it the root of the round t.

Harnessing the fact that there always exists a path from a root to any other process in a

network, we give the two following lemmas:

Lemma 3.4.2. Let t,t' be rounds such thatt <t'. We have that:
i If x is a process such that r, & It (z), then ‘If' (x) ‘ ’If;l( )‘

i If z is a process such that ry € O ~(x), then ’Of(x)‘ > ’(’)f_l(x)), unless ’Og_l(x)‘ =
n.

Proof. i. We will show that there exists a process y € Zf, () that has an in-neighbor z in
G, such that z ¢ I, | (z). Then, by Transitivity (Lemma 3.3.4), z € Z! (x By Monotonicity

(Lemma 3.3.5), we have Zf,,(x) C Z{ (z), this will show that ’I,f ‘ ‘ (@ ’

Let us now find such a 2. Consider the path from r, to x in G,. Since r, ¢ Zf,,(z), and
trivially z € Z¥, | (z), this path must include an edge (z,y) such that 2 ¢ ¢, (z), y € I, ().

ii. Let us look at the case ’O§ ’1(95)‘ < n. We will show that there exists a process y € OF ~*(x)

that has an out-neighbor z in Gy such that z ¢ Of ~(x). Then, by Transitivity (Lemma 3.3.4),
z € OY(x). By Monotonicity (Lemma 3.3.5), we have Of ~!(z) C O (x), this will show that

0f (z)| > |0F ().

Let us now find such a z. Since ‘(’)f’ (x )‘ < n, there exists a process a such that a ¢ Of ~*(x).
Consider the path from ry to a in Gy. Since ry € OF (x) and a ¢ Of(x), this path

must include an edge (y, z) such that z ¢ O ~Y(z), y € OF ~*(x).

The following lemma will link the number of in-neighbors a node has to the number of in-

neighbors it has among the roots of the preceding rounds:

Lemma 3.4.3. Let x be a process, and ty,t, be rounds such that t; < ty. Then:

{t:t <t <tor ¢ TP} +1 < T2 ()|

This will be proven using Lemma 3.4.2.i, since every time r; ¢ Z;?(z), Z;* () gets larger:
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Proof. Let A = {t : t; <t < ty,r, & Z;*(x)}. Then, in particular, for any t € A, we have
ri ¢ T2, (z). Then, for all t € a, applying Lemma 3.4.2.i, we have ‘Itt"’(x ‘ ‘Itﬂ( )‘ Let
A={t, ... tF}, with t* < ¢F! for any 1 <i < k. Then:

Zi@)] 2 [T @) > [T

t t
(@) 2 L2 @) > [T

to
1241 (L ) ’I

t’v+1 ‘

Where the non-strict inequalities derive by Monotonicity(Lemma 3.3.5), and the last one from
the fact that t* + 1 <ty +1 = z € If,fH(x). There are k = | A| strict inequalities over
integers, which concludes the proof. O]

We now define the rounds graph, which will keep track of the information — the in-neighbors
— the root of each round has:

Definition 3.4.4 (The rounds graph). We define the rounds graph as follows:

The graph has 2n + [\/ﬁnw nodes: one node representing each process, and one node for each
of the first [(1 + ﬂ)n] rounds.
And it has the directed edges: one edge from a process p to a round t if p € If_l(rt), and

one edge from a round t < [\/ﬁnw toaroundt' >t ifr, € T{Ll(rt/).

We will now show that there is at least a node of out-degree n in that graph, which will
translate into a process that has broadcast its piece of information to everyone:

Lemma 3.4.5. In the rounds graph, there is at least a node of out-degree n.

Proof. Let us look at round . If t < [\/ﬁnw then t has in-degree at least ¢. Indeed, it has
in-degree:

[t 1<t <t—1rp €T (r)}| + | T (=)
ST+t 1<t <t—Lry e )} +|[{t 1<t <t =Ly ¢ T ()} = ¢

where we used Lemma 3.4.3 for the inequality. Similarly, if ¢ > [\/an then t has in-degree
at least [\/ﬁnw Indeed, it has in-degree:

{1 <t < [Von|,ry e T )} + [T ()]
> 14 [{t 1<t < [Von|, e e T} + {1 <t <t = Lrw ¢ T ()}
> 1+ [{t 1<t < [Von|, re e )} 4 {1 < < [V2n] re ¢ TN ()}
= [Van|
where we used Lemma 3.4.3 for the first inequality.

Summing the in-degrees over all the rounds, we get that the number of edges |E| is at least:
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Figure 3.3: The lower bound example for the broadcasting on trees problem [129]. [G]” means

that network G is the communication graph for all rounds between a and b (inclusive).
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But only the n nodes representing the processes and the nodes representing the first [\/ﬁnw -1

rounds have out edges. The pigeonhole principle asserts then that one of those nodes has an

out-degree of at least n.

Theorem 3.4.6. t*(7,) < [(1 + ﬂ)nw

Proof. Assume it is not the case, that is, for every process x € [n], for every round t <

[(1 + ﬂ)n] |O%(z)| < n. We know that in the rounds graph, there is a node y of degree at

least n. Define z as follows: if y represents a process, let z be that process. If y represents
a round, let z be the root of that round. We will show that z must have broadcast before

[(1 + ﬁ)nw rounds.

Let t; < ... < t, be the rounds y has out-edges to. By definition, this means that z €
i Y (ry,) & 11, € OF7Y(2) for every i € [n]. By Lemma 3.4.2ii, we thus have, for every

i € [n], that ’Oi(z)‘ > ‘O’i*l(z)’ Then, using Monotonicity (Lemma 3.3.5) for non-strict
inequalities:

01 (2)] > |01 (2)] = |07 (2)] > |Or (=) = . > |0 (2)] > |0 (=) = 0

We have n strict inequalities over non-negative integers, the largest one must be at least n,

which is a contradiction.

3.4.2 The Lower Bound

A lower bound for this problem has been given by Zeiner, Schwarz, and Schmid [129]:

Theorem 3.4.7. t*(7,) > P”Z—‘l — 2}

A figure of that lower bound can be found in Figure 3.3.
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Figure 3.4: Main idea of the proof for the upper bound on covering on k-forests. An edge
from process x in column ¢; to process y in column ¢, means that = € Iff_l(y) (unless ty =t/
where we don't require the offset). We start with a cover of size n at ¢’ then go back in time,
finding a smaller cover at every step. After the first step, we don't need to cover 1 and 3
anymore, because if we reach p,,_; before round t(=1) we also reach 1 and 3 before round t,
by going through p,,_1.

3.5 Covering on k-Forests

In this section, we study an adversary that has to choose a communication network in each
round that is a union of k trees. In this setting, we cannot ensure broadcast, so we look at the
time when there exists a cover of size k: k processes such that any other process has heard
of at least one of them.

3.5.1 The Upper Bound

Even though the problem is very similar to broadcasting on trees, the proofs of Section 3.4 do
not translate in a straightforward way into an upper bound for covering on k-forests. We thus
have a completely different proof for this problem.

The intuition of our approach, depicted in Figure 3.4, is as follows: We will start with a cover
of size n at some time ¢’ = t(™ that is large enough, and then go back in time until we find a
process that can reach two other processes, say, x and y, of that cover. Calling this process
pn_1 and the corresponding time t*~1, we thus have p,,_; € Itt((:il)(:v) and p,,_; € Itt((:)_l)(y)
When repeating the process, we then remove = and y from our set of processes to cover, add
Pn_1, and start over, until the cover has size k. We need to be careful to guarantee that
rounds do not overlap.

Indeed, to remove p,,_; from our set of processes to cover, we have to reach it before round
t(=1 otherwise we will not be guaranteed to reach x or y at time t(™  Thus, we will store
with each process = of the cover the corresponding round ¢ such that x has to be reached by
round t by the process that replaces x in the cover. More specifically, we model the cover by
a series of sets (A, )k<u<n, Where each A, is a collection of u pairs (p, t), where p is a process,
and t is a round. To compute A,_; from A,, we have to find a process that can reach two
processes p1, pa by rounds ¢y, to, such that (pi,t1), (p2,t2) € A, and then we replace these
two pairs by a new pair, creating the cover A,_;.
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In this section we first state the definitions and results of this section, before giving the full
proof to each of our claims. We first define what it means for a set A of pairs (p,t) to be a
cover.

Definition 3.5.1 (Cover between rounds). A set A = {(ay,t1),...,(as,ts)} of s (process,
round) pairs is a cover of a set B of processes for round t > max{ts} if for every b € B,
there exists an i € [s] such that b € O; (a;).

We next couple the cover property of set A with strictness, which indicates that we did not
(yet) go back enough in time to find a process that reaches two different processes in A.

Definition 3.5.2 (Strict cover). A set A = {(ai,t1),..., (as,ts)} of s (process, round) pairs
is strict at round t if there exists no process p € [n] and i, j € [s],i # j such that p € ;' (a;)
and p € T, (a;).

As we consider earlier and earlier rounds, the sets Z;(a;) will get larger and larger, and A will
lose its strictness. Thus, we then define the following sequence of covers of [n], and analyze
their strictness over time. We carefully choose our set A, so that it has cardinality s. This
means that A has cardinality &k, which is our goal.

Definition 3.5.3 (Sequence of strict covers). Let t' be a large enough round. For every
k < s < n, we define a sequence of strict sets A, and rounds t**) as follows:

Define A, = {(i,') : i € [n]}, t™) = ¢’
Define t©®) = max;en{ As41 s not strict at round j}. As Ay, is not strict at round t®) there

exist i, j € [s+ 1] and a process p, such that p, € L};, (a;) HII{S)(aj). If (ps, t®) —1) € Agyy,
we define Ay = As1\{(ai, t;)}, else we define A = (Ag1\{(ai, t:), (aj, t;)})U{(ps, t®) —=1)}.

Define Ay =t — 6=V fork+1< s <n.

Recall that our goal is to upper bound #', which can be done if we upper bound 37, ., A,.
The strictness of a set is a key notion as a strict set has the following very useful property:

Lemma 3.5.4 (Strict increments). Let s > k + 1 and let A = {(a1,t1),...,(as, ts)} be a
strict set of size s at round t. Let I C {i € [s] : t <t;+ 1}. Then there exists a set of indices
J C I, |J| > |I| -k, such that for everyi € J, |I}" |(a;)| > ‘Zf"(ai)

Proof. Consider a root  of round ¢ — 1. As A is strict at round ¢ is follows that € Z;*(a;) for
at most one a; with 7 € I. As there are at most k roots in round ¢t — 1, it follows that there are
at least |I| — k values i € I such that none of the roots of round ¢ — 1 is in Z;(a;). Let .J be
the set of all such values of i. Let us denote for any p € [n] the root of the tree that contains
pin round ¢ by the value 7;(p). It follows that in particular 7,_;(a;) & Z;*(a;). Since t < t;+1,
we have that a; € Z;*(a;). Now for each such i the path from r,_i(a;) to a; in G,_; must
contain an edge (7, %) such that x ¢ Z;'(a;), and y € Z;'(a;). By Transitivity (Lemma 3.3.4),
it holds that (Z;"(a;) U {x}) C ;" (a;), which implies that 'Ifil(ai) > ‘If"(ai) : O
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Figure 3.5: The strict rounds graph. Vertex u's weight represents A, = t( — t=1)  The
weight of an edge (u, s) represents how much a round ¢ € [t(*=Y) 4-1,¢(")] contributes at least
to Ss. Because of the strictness of A;, the sum of the weights of the in-neighbors (multiplied
by the edges’ weight) of a node s, which is smaller than S, should not exceed n.

It is not hard to show that all a; of A, fulfill t*) < ¢, 4+ 1. The following lemma helps us find
more sets that satisfy the conditions of the Strict Increments Lemma. This essentially follows
from the fact that, by construction, at least 2s — u elements from A, are shared with A,.

Lemma 3.5.5. Let s,u € {k,...,n} such that s <wu. Let A, = {(ay,t1),...,(asts)}. Let
I={i€s]:t™ <t; +1}. Then it holds that |I| > 2s — u.

We now define the strict rounds graph, which we use to analyze the values of A, as s varies
from n to k. A depiction of that graph can be seen in Figure 3.5.

Definition 3.5.6 (Strict rounds graph). The strict rounds graph (V, E) consists of n — k
vertices, labeled from k + 1 to n, where each vertex s has weight A,. There exists a directed
edge from vertex u to vertex s if s < u < min{2s — k — 1,n}, and its weight is w(u,s) =
2s — k —u.

The next lemma is the crucial lemma: To bound ¢’ we first bound the following "“weighted
volumes”. If we define a; to be the weighted out-degree of a node s, and the volume of s to
be a, multiplied by its own weight, then in the strict rounds graph, the cumulative sum over
the volumes of the first j vertices is at most j - n.

Lemma 3.5.7. Letu e {k+1,...,n}. Then ¥ o, Asos < (u—k)-n.

We briefly sketch the proof of this lemma. We first prove that for every k+1 < w < u the sum
oy 1= Yomin{2w=k=ln} (9, _ L —¢) A, is at most n as follows. Since for every k+1 < w < u
the set A,, is strict at all rounds ¢t > ¢~V 41, it follows that S, := > (as,t) EAw ‘Ifg’w_l)ﬂ(ai)
is at most n. We then lower bound S, by va:“jfw’k’l’”} (2w — k — v) A, in two steps: First,
Lemma 3.5.5 allows us to find a set I of cardinality larger than 2w — v for each round in the
interval [t(*~) 4+ 1,¢")] that fits the Strict Increments Lemma'’s conditions. We then use the
Strict Increments Lemma to show that S, increases by 2w — v — k in each of those rounds,
which results in a lower bound of ¢, for S,, and thus the upper bound o,, < n. Summing

this inequality over all v — k nodes w with w < u gives >°,,, 0 < (v — k) - n.
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Next note that o, is the weighted in-degree of node w in the strict rounds graph where each
edge is weighted by the product of its edge weight and the weight of its tail. By definition,
the tail of every (directed) edge has a higher label than its head and, thus, every outgoing
edge of a node s < w is also an incoming edge of a node w < u. This allows us to argue that

> w<u Ow is at least > ., Ajay, which leads to the final result.

We use Lemma 3.5.7 to bound t’ as follows. We first show that any vertex weight distribution

on the strict rounds graph following the volume bound must fulfill the following property.

Lemma 3.5.8. Let {{s}rr1<s<n with 65 € R be a vertex weight distribution over the strict
rounds graph such that for everyu € {k+1,...n}, Y.<, dsas < (u—k)-n. Thenyo_, ., s <

w246
6

n.

Lemma 3.5.7 and Lemma 3.5.8 give the desired bound on 77, .| A, which in turn bounds

t.

Corollary 3.5.9. Y, ,, A, < ©5p

Theorem 3.5.10. {(F¥) < ™40 4 1

The rest of this section is dedicated to proving in detail all of those claims, as well as introducing
all concepts, stating and proving any intermediate lemmata that would be necessary. First
we analyze in detail the sets defined in Definition 3.5.3, making sure they have the desired
cardinality and proving that they form a cover of [n] from round 1 to ¢’. Note that it directly
follows from Definition 3.5.3 that the size of A, is s and we will in the following always use

(a;, t;) for 1 < i < s to denote the elements of the set A;.

Lemma 3.5.11. For every s € {k,...,n},|As| = s.

Proof. It is true by reverse induction. Indeed, it is trivially true for s = n. Suppose it is
true for some s € {k + 1,...,n} and consider two cases: If (p,_1,t*~Y — 1) € A,, then
|Ay| — |As_1] = 1, as only (as,1;) is removed from A,. If (p,_1,t¢"™") — 1) ¢ A,, then both
(ai,t;) and (aj,t;) are removed from A, and (ps_1,t*~Y — 1) is added, which implies that
|As| — |As_1| = 1. Thus, in both cases |As| —|As_1| = 1. As by induction |A,| = s, it follows

that |[As_1| =s— 1.

In Definition 3.5.3, we offset ¢*) by one when introducing p, in A,, which guarantees that A,

is a cover of [n] for round #', as shown below.

Lemma 3.5.12. For every s € {k,...,n}, we have that A, is a cover of [n] for round t'.

Proof. We show the claim by reverse induction. It holds trivially for s = n. Assume now that
Ag.q is a cover of [n] for round t'. We will show that this implies that A is also a cover
of [n] for round ¢'. By the fact that As,; is a cover, it follows for each = € [n] that there
exists a h € [s+ 1] such that z € O ,(ap). If (an,tn) € A,, then there is nothing to do. If
however (ay,,ty) ¢ As, then p, € T) (as), and by Transitivity (Lemma 3.3.4) it follows that

ZES OZS) (p8> .
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Now that we are assured that the cover property will hold throughout we give the intuition
of what follows. As defined above, we have A, = t® — t&=D for k < u < n. We
will then look at A, for some s € {k,...,n}. Since A, is strict at round tC=1) 4 1, it
follows that (Itt(s naqla ))ie[s] are pairwise disjoint subsets of [n], which implies that S, =
Z(ai,ti)eAs t(s—1)+1(ai)

on the values of A,.

is at most n. We will find a lower bound for that value that depends

To do so, we will use the Strict Increments Lemma (Lemma 3.5.4). Indeed we will first
prove that for every i € [s], it holds that ¢(®) < t; + 1. This will allow us to use the Strict
Increments Lemma (Lemma 3.5.4) between rounds t©*~Y) + 2 and ¢(*) and so each of those
rounds contributes an additive s — k to the lower bound of S,. Of course, such a contribution
only happens if t=1) 4+ 2 < (),

We will further prove that there exist s — 1 elements i € [s] such that 1) < ¢, 4+ 1. This will
follow from the fact that |A; N Agq| > s — 1, and that for every (a,t) € As;1, we have that
1) <t + 1. This allows us to use the Strict Increments Lemma (Lemma 3.5.4) between
rounds t®) +1 and 1Y so that each of those rounds contributes at least an additive s—1—k
to the lower bounds of S, in addition to the contribution of rounds [t*=1) 4 2 ¢(*)].

In fact, we will generalize this analysis to all values of u > s with A, N A, # @, and for each
u every round in [t®*=Y) + 1,¢®)] contributes at least 2s — k — u to the lower bound of Sk,
leading to a contribution at at least (2s — k — u)A, for u.

Lemma 3.5.13. A, is strict at round t'*) + 1, for any s € {k,...,n}.

Proof. Let s € {k,...,n}. A, is strict at round ) + 1. Assume by contradiction that
A, is not strict at round t(*) 4+ 1, that is, there exists a € [n] and i,j € [s] such that

x € It(g)ﬂ(ai) and x € 1t(g)ﬂ( a;). Since 71~ '(ps) = @ because t*) +1 > (¢t() — 1) 41,

t() 41 \P
we have that = ¢ f(())ﬂl( s). This implies that (a;,t;), (aj,t;) € Asi1, which contradicts the
strictness of A, 1. This concludes the proof. O

Corollary 3.5.14. t©® <t vse {k,...,n—1}

Corollary 3.5.15. For every s € {k,...,n}, we have that for every i € [s], t) < t; + 1.

Proof. By reverse induction, it is true for s = n, as for every ¢ € [n],t; = = ¢t Assume it is
true for some s + 1 for s € {k,...n — 1}, and let us look at A;. Then by CoroIIary 3.5.14
and the induction hypothesis, for every i € [s] we have that either (a;,t;) € As;1 and thus
te=D < () < ¢; + 1, or that (as,t;) = (ps, t® — 1) and trivially the inequality holds. O

Lemma 3.5.16. Let s,u € {k,...,n} such that s <u. Then A;N A, >2s —u.

Proof. By reverse induction, it is trivially true for s = u. Assume we have |A,;1 NA,| >
2(s+ 1) — u for some s such that £ < s <wu— 1.

We have that, by distribution of the intersection over the union operator:
A1 NA, = (Asii NA)U (A VAg)) N AL = (A1t NAN ALY U ((Asar \ As) N AY)
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Figure 3.6: Illustration of proof of Lemma 3.5.17, with s = 7 and k£ = 2. Each column
represents a round, each row represents an element (a;,t;) of A, ordered according to ¢;.

Remember that every t; directly precedes a t(*). We add a square if t < t;, and a circle
and white otherwise. We have one black

otherwise. The entry is black if ‘Ifi(ai)

N

circle per row. Indeed, we have thatJIfjH(ai)J =H{a;}|=1>0= LIf:JrQ(ai)’. Lemma 3.5.5
trict Increments Lemma

gives a lower bound on the number of squares for each column. The

asserts that there are at most k white squares per column. A lower bound for S is thus the

number of black entries.

Hence:

1A, N Au] > [ Agir N Ay N A > [Ayer 0 A —[(Agsr \ A N Ay| > 2(s+1)—u—2 = 25—u

Where we used that [(As1 \ As) N Ay] < |Asi1 \ As| < 2, because we removed at most two

elements from A, to get A,.

O

Lemma 3.5.5. Let s,u € {k,...,n} such that s < u. Let As = {(a1,t1),...,(as,ts)}. Let

I={ic[s]:t™ <t;+1}. Then it holds that |I| > 2s — u.

Proof. It is a direct implication of Corollary 3.5.15 and Lemma 3.5.16.

Indeed, |I| = ’{(a,t) €Ayt <t 4 1}' and we have {(a,t) € A, : t® < t+1} D
{(a,t) € A,N A, tW <t 41} = {(a,t) € A, N A} = A, N A,, where the penultimate
equality holds by Corollary 3.5.15 applied to u. Lemma 3.5.16 states that |A;N A,| >

25 — u.
Lemma 3.5.17. Let A, = () — =Y Then, for every s € {k+1,...,n}:
min{2s—k—1,n}

> 2s—k—u)A,<n

U=s

An illustration of the proof can be found in Figure 3.6.

]

Proof. Let s € {k+1,...,n}. If for every u such that s < u < min{2s — k —1,n}, we have

A, = 0, then the result is immediate. If not, let z = min{u: s <u < min{2s — k — 1,n} A
A, > 0}. In the rest of the proof, let u be restricted to fulfill z < v < min{2s — k — 1,n}
and let I* = {i € [s] : t®™) < t; +1}. By Lemma 3.5.5, we have that || > 25 —u. To

prove the claim we will give upper and lower bounds for S5 = >,

I;(is—l)+1 (al)
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bound directly follows from the fact that ¢®*=% 4 1 is the smallest round at which A, is strict,
which implies that S; < n.

We next fix a round ¢ with =D + 1 <t < ¢, We have that t®*~1 is the largest round A,
is not strict at (by Definition 3.5.3), so it is strict at ¢ > t(*=) 41 > ¢(s=1)_ By the Strict
Increments Lemma (Lemma 3.5.4), there exists a set J“( ) C I with |J4(t)| > |1 — k >
2s — u — k such that for every j € J¥(t ‘It 1 a])’ ( )‘ As every j € J¥(t) belongs
to I% it follows that t <t < t; + 1. Thus, for every (j,t) € [s] x N with ¢ > ¢; + 1 it holds
that it does not belong to J¥(t), or, equivalently, 1(5 € J¥(t)) = 0.

We can then write:

S 1= ‘It(e 1)+1(ai) + Z (’It a; ’ItJrl(al)

t;
- Z (‘Iffﬂ(ai) v(a)] = T (a >>
i€[s] i€ls] t=t(s—1 41

We first separate the second sum according to which interval [t“~D 4 1,¢®] round ¢
belongs to, and furthermore add a third sum that is equal to 0, since 1(j € J*(t)) = 0 for
every (j,t) € [s] x N such that ¢ > t; + 1. For the consecutive inequality note that by

the definition of J!(¢), we have that in the second sum ’Ifi(a,») ’IH]_( O > 1 e JHt+1)).

ti min{2s—k—1,n}
DY (\If:H(ai) + ) S r 1<+ 1 <) (|78 ()| - [T (a))

i€[s] t=t(s=141 u=s
t(min{2s—k—1,n}) min{2s—k—1,n}
- > ooV 1<t <t e Jg@)))
t=t;+2 u=s
t; min{2s—k—1,n}
>N (\Ifgﬂ(ai) + Y S 1tV 1<t +1<tM)1(i € JH(t+ 1))
1€[s] t=t(s—1)41 uU=s
t(min{2s—k—1,n}) min{2s—k—1,n}
- > StV 1<t <t e J;‘(t)))
t=t;+2 u=s
t;+1  min{2s—k—1,n}
= (\If;'ﬂ(ai) Y Y A 1< < i e Ji)
i€ls] t=t(s—1) 19 u=s
t(min{2s—k—1,n}) min{2s—k—1,n}
+ Y ooV 1<t <tMi(i e Jg(t)))
t=t;+2 u=s
S = Z (‘Ittl+1 az
i€]s]
max{t;+1,6(min{2s—k=1.nH} minf2s—k—1,n}
+ > StV 1 <e<tMi(ie J:(t))) = X
t=t(s—1) 42 u=s

We next invert the two sum symbols, and delete terms where 1(t®~Y 41 < t < t®) = 0:
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X1ZZ

i€s]

(@) min{2s—k—1,n} t(w)
(1+ > 1 e JIt) + > > ]1(ieJ§(t)))

t=t(x—1)49 u=z+1 t=t(u—1) 41
() min{2s—k—1,n} $(w)

>s+ >, Y 1ie i)+ Y, YooY i € i) = X

t=t(z—1) 42 i€s] u=z+1 t=t(uv—1) 41 i€[s]

Using that Y 1(i € JU(2)) = [J2(8)] > 25 —k —w and A, = ¢ — (=1,

min{2s—k—1,n} min{2s—k—1,n}
Xo>s+ (A, —1)(2s—k—x)+ > (2s —k —u)A, > > (2s — k —u)A,,
u=x+1 u=s

where the last inequality follows since x > s which implies that 2s —k — 2 <2s—k —s < s
and that A, = 0 for u < .

As 3icls) I:{S_I)H(ai) =5, < n, the claim follows. O

We now recall the definition of the strict rounds graph, which is built to harness the previous
result.

Definition 3.5.6 (Strict rounds graph). The strict rounds graph (V| E) consists of n — k
vertices, labeled from k + 1 to n, where each vertex s has weight A. There exists a directed
edge from vertex u to vertex s if s < u < min{2s — k — 1,n}, and its weight is w(u, s) =
2s — k — u.

The graph is represented in Figure 3.5. Each node s with k+1 < s < (n+%)/2 has s — k+2
incoming edges, namely (s, s), (s+1,s),...,(2s—k—1,s), with weights s—k,s—k—1,...,1,
respectively. Each node s with (n + k)/2 < s < n has n + 1 — s incoming edges, namely
(s,s), (s+1,8),...,(n,s), with weights s — k,s —k —1,...,2s — k — n, respectively.

2 2
weight s — k,s — k — 2, ..., respectively. If s — k is even, all outgoing edges of s have even

weight and the edge (s, {sng + 1) has weight 2. If s — k is odd, all outgoing edges of s have

odd weight and the edge (s, F;kJ + 1) has weight 1.

Each node s has s + 1 — Lﬂj outgoing edges, namely (s, s), (s,s —1),..., (s,r*kJ +1) of

Lemma 3.5.18. Let u € [n], and define E®* := {(s,v) € E : s < u}. In the strict rounds
graph, we have that

Y Aaw(s,v) < (u—k)-n

(s,v)eEgut

Proof. We are summing over all the out-edges of all the vertices with a label at most u. Let
E™ ={(s,v) € E: v < u}. Every outgoing edge of a node s < u must end at a node v with
v < s < wu. Thus, it is contained in the set of incoming edge of all nodes v with v < u. Said
differently, Eo“t C E™.

Since all the terms are positive, we have:
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Yo Aaw(s,v) < Y Aaw(s,v) =D > Agw(s,v)

(s,v)€Egut (s,w)EEIN v<u s:(s,v)€E

min{n,2v—s—1}

<> DY A2v—k—s)< > Z Ay(20 — k —s)

v<u s:(s,w)ER v<u
Applying Lemma 3.5.17, the claim follows. O]

Lemma 3.5.19. Let s > k+ 1. If s — k is odd, we have Y., ,yep w(s,v) = (5542 If it

is even, we have 3_,,.(s ,yep W(s,v) = (Szk) +32k_

Proof. If s — k is odd, let ¢ be such that s — &k =2/ 4 1:

Yo w(s,o)= > w—k—-s= Y 2w—k-s= > 2v-k-s

vi(s,w)EE vi(s,v)EE viw<s<2v—k (s+k)/2<v<s

but then s —k=s—k + 2k mod 2, so s+ k is also odd, and [s;ﬂ =/ + k+ 1, therefore:

> w(s,v) = > 20-k—-20—k—-1= > 2v+1

vi(s,v)EE L+E+1<v<20+k+1 0<v<t
((+1) s—k—1s—k+1 s—k+1
=2 (+1=
2 et 2 2 * 2

If s — k is even, let ¢ be such that s — k = 2¢:

Yo ow(s,v)= Y 20—k—-s= > 2v—k—-s= Y 20—k-—s

vi(s,v)EE vi(s,v)EE vw<ls<2v—k (s+k)/2<v<s

Therefore:

Yo ow(sv)= > —k-2—k= ) 2v=2 5 = 5

vi(s,v)EE L+ E<v<20+k 0<v<t

Basically, as discussed above and seen in Figure 3.5, if s — k is odd, we have that
Yv(swyer W(s,v) = 14345+ +s—k = (5H)2 while if it is even, 3,4 vyep w(s, v) =
244464 +s— k= (554 =k

Definition 3.5.20 (Cover constants). We define the following numbers: 3 = T8 o, =

(=2 if s — ks odd, a, = (55%)2 + E if s — k is even 6
2 s 2 2 '
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Note that ay is an integer for all values of s > k. By applying this definition to the bounds of
Lemmata 3.5.18 and 3.5.19 we achieve the following result.

Lemma 3.5.7. Letuc {k+1,...,n}. Then >, Aoy < (u—Fk) - n.

Lemma 3.5.8. Let {{s}rir1<s<n With 65 € R be a vertex weight distribution over the strict

rounds graph such that for everyu € {k+1,...n}, >, 0sas < (u—Fk)-n. Then Y7, | 05 <

w246
. mn.

Proof. We will show that 37, . dsc is maximized when §; = o}

5 - n for every s. Let
{0s}k41<s<n be such that Y7, . 6.0 if maximized. Assume by contradiction that there
exists a k +1 < s < n such that 6, < a;'-n. Let v be the smallest such s and set
€ = n — d,a, > 0. We can then build a different solution v by setting v, = J, for every
s ¢ {v,v + 1}, and setting v, = 6, + ca;' = a;l-n > 6, and v, = d,.1 — €ay ;. Note
that for every u € {k+1,...n}, Y,y Vs < (u—k) - n as

(1) for u < w it holds that Y., ysas = (u — k) - n,

(2) for uw = v it holds that 3", Vs = (€ 1)ty + Gty + Xy Os0ts = (. — Gy0ry) + 000, +
Yseuwlsas=n+(u—1—k)-n=(u—k)-n, and

(3) for u > v+ 1 if holds that Y-, Vst = > s<y—1 050 + Y00+ Yot 1 Qo1 + 2y s 2<s<u 050 =
S sco1 05 Qs 0yt €ty 110ty 0,00 — €00 3 o< sy OsQls = Ygcy Osats < (u—Fk)n,
and

Now note that > 0, | ysas > D00, 0s0rs as the o, values are decreasing in s, which gives
a contradiction to the assumption that 6 maximizes }_7_, . ; d,a,. It now follows that

Z 0, < Z a;lng Z as_lngnzg—?+nzm:ﬁn.
s=k+1 s=k+1 s—k=1 {eN £eN +
where the last equation follows by the fact that Y,y é% =m2/6 and ¥ ey ﬁ = ZzeN% -

1
A =1 u

Corollary 3.5.9. Y, A, < ©5p

Theorem 3.5.10. ¢ (F*) < ™% + 1

Proof. We have 37, (A, = S0, 1) — ¢+ = ¢/ — B which is at most ”26+6n by
Corollary 3.5.9. Setting t(*) = 1, we get that ¢’ < %n + 1. Lemma 3.5.12 ensures that
Ay, is a cover of [n] for t/, which means that for every x € [n], there exists a i € [k]| such
that « € O (a;). Since min;{t;} = t® — 1 =0, this means that every x € [n] belongs to

OY(a;), which implies that 5 (FF) < t'. O

3.5.2 The Lower Bound

Our lower bound for this problem is very similar to the lower bound in Figure 3.3. The lower
bound specific for this problem can be found in Figure 3.7. This lower bound is essentially
“trapping” k — 1 vertices each in its own 1-vertex tree, and repeating the strategy for the lower
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bound with 7 vertices for broadcasting on trees on the last tree. Since none of the first £ — 1
vertices can communicate with the others, cover is only achieved when broadcast is achieved
on the last tree. Setting ¢ = n — k + 1, we get a lower bound for the Covering on k-forests

of P” 3k 1}:

Theorem 3.5.21. t5(TF) > [3”‘3'? — 1}

2

B 1 7 L%J r i q4i—2 - LéJ _ (3«;;1
i+1 i+1 v . i+1 1
: Lo HES
1 1 1 1
- 4 L 5] [5+1] |52 [ +1 L i -1 ],

Figure 3.7: The lower bound example for the Covering on k-Forests problem. [G]Z means that
network G is the communication graph for all rounds between a and b (inclusive). Each of
the vertices i +1,...,7+ k — 1 is isolated in every round.

3.6 k-Broadcasting on k-rooted Networks

In this section, we study the case where the adversary has to choose a communication network
that has £ roots at least in each round. This allows us to enforce not only broadcast, but
rather k-broadcast.

The problem is very similar to the one studied in the Section 3.4, and indeed a slight modifi-
cation of the proofs there work for this problem.

3.6.1 The Upper Bound

By using a technique very similar to Section 3.4, we will show that whenever we have a set
A C [n] of size at most k£ — 1, we can find a process p ¢ A that has broadcast, as long as we
have waited for a large enough number of rounds.

Definition 3.6.1 (Set of roots of a round). Let ¢t be a round. We denote by R, the set of
the roots of G;.

Recall that |R;| > k.

The following two lemmata, very similar to Section 3.4, can be proven by looking at paths
going from a root to a carefully chosen node.

Lemma 3.6.2. Lett < t’ be rounds, and let x and r be processes such that, r € R; and
r ¢ TV, (x). Then )Ig’

> |THa (@)

Proof. We will show that there exists a process y € Z!' () that has an in-neighbor z in G,
such that » ¢ Z%. (). Then, by Transitivity (Lemma 3.3.4), z € Z{ (). By Monotonicity

(Lemma 3.3.5), we have that 7%, | (z) C Z{ (z), this will show that )If ’ ‘ o ( ’
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Let us now find such a z. Consider the path from r to  in G,. Since r ¢ Z!.,(x), and trivially

z € I, | (x), this path must include an edge (2, y) such that 2 ¢ I, (z), y € Zt. | (z).

Lemma 3.6.3. Let t < t' be rounds, and let x and r be frocesses such that r € Ry, and
=nNn.

re O \(z). Then |0f (z)| > |0} ~\(x)|, unless |0} ~*(x)

Proof. Let us look at the case ‘(’)fl_l(x)’ < n. We will show that there exists a process

y € O ~(x) that has an out-neighbor z in Gy such that z ¢ O ~*(x). Then, by Transitivity
(Lemma 3.3.4), z € O (). By Monotonicity, we obviously have Of ~'(z) ¢ O (x), which

implies that ‘Of(x)‘ > ‘Of’l(a:)‘.

Let us now find such a z. Since ‘Of_ (x )‘ < n, there exists a process a such that a ¢ Of ~!(z).
Consider the path from 7 to a in Gy. Since r € O "'(z), and a ¢ Of ~}(z), this path must

include an edge (y, z) such that z ¢ Of '(z), y € OF ~(x).

We now give a lemma that links the number of in-neighbors of a node to the number of

previous rounds whose root are in-neighbors of said node:

Lemma 3.6.4. Let x be a process, let t; < ty be rounds, and let r; denote a root of R; for

every t € {ty,...,t2}, then it holds that

{t:th<t<tor @ I} +1< [Tk ()

Proof. Let A ={t :t; <t <ty,r ¢ Zttf(:z:)} Then, in particular, for any t € A, we have

r ¢ Z;2,(x). Then, for all t € a, applying Lemma 3.6.2, we have ’Ifz(:)s)‘ > ‘Ifil(x)‘ Let

k=|A| and let A= {tM ... t®} with t® < ¢0+D) for 1 <4 < k. Then by Monotonicity

(Lemma 3.3.5) it follows that

t to t t t
‘Iff(x)‘zlztfw ‘ ‘I & (@ )’Z‘It?m ’ ‘It(22>+1 ‘ ‘IQ

t(k>+1 ’

There are k = | A| inequalities over integers, which concludes the proof.

We now define the rounds graph avoiding some set A, which is the equivalent of the rounds
graph of Section 3.4, this time being very careful not to choose any process from A being

used as a root for a round.

Definition 3.6.5 (Rounds graph avoiding a set). Let A be an arbitrary set of processes with

|A| < k. We define the rounds graph avoiding set A as follows: It contains 2n + [\/inw + |A]
nodes, namely

1. one process node representing each process.

2. one round node for each of the first [(1 + ﬂ)n] + | A| rounds.

For each round t, let r; be a vertex of Ry \ A. The graph contains
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1. a directed edge to every round node t from each process node p with p € T\ *(r,).

2. a directed edge from every round node t < [\/an + |A| to a round node t' > t if
Ty € If_l(rt/)-

We now find a node in the rounds graph that has out-degree n, that is not a node from A.
This node will represent a process that has broadcast.

Lemma 3.6.6. For any set A of processes with |A| < k, the rounds graph avoiding set A
contains at least one node of out-degree n that is not a node representing a process of A.

Proof. As in the proof of Lemma 3.4.5 we apply the pigeonhole principle on the edges, however,
this time we will ignore out-edges from nodes representing processes from A. Let us look at
round t. If ¢t < [\/ﬁnw + |AJ, then the round node ¢ has in-degree at least ¢. Indeed, it has
in-degree:
{1 <t <t—1rp €T )} + [T ()]
>4+t 1<t <t—Lry e )+ |[{t 1<t <t =Ly ¢ T ()} = ¢

where we used Lemma 3.6.4 for the inequality. Therefore, it has at least ¢t —|A| in-neighbors not
in A. Similarly, if t > [\/ﬁnw + |AJ, then the round node ¢ has in-degree at least [ﬁnw + |A].

Indeed, it has in-degree:

{1 <t < [Van| + Al re e T )} + T (1)
> 14 [{t 1<t < [Van] + 1Al e € T )} + [{E s 1<t <t — Loy ¢ TN ()}
> 1+ [{t' 1< < [Van] + |4l € T ()Y

+[{t 1<t < [Ven| +|A],re ¢ T ()Y = [V2n] + 14

where we used Lemma 3.6.4 for the first inequality. Therefore, it has at least [ﬂnw in-
neighbors not elements of A.

Summing the in-degrees over all the rounds, we get that the number of edges |E5| with no
endpoint in A is at least:

Va1 21 ([
B4l > > (t—|A])+nx [\/inw = [\/ﬁ W ([ﬂ W +1) —i—n[\/inw > [(1+\/§)an

t=|A| 2

But only the n — |A| nodes representing the processes and the nodes representing the first

[\/ﬁnL— 14| A| rounds have out-edges among those counted. The pigeonhole principle asserts
then that one of those nodes has an out-degree of at least n. n

Lemma 3.6.7. For any set A of processes with |A| < k, there exists a process z ¢ A that
has broadcast its identifier to everyone after [(1 + ﬁ)nw + |A| rounds.
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Proof. Build the rounds graph avoiding A. We know that in that graph, there is a node y
of degree at least n, that is not a process node representing A. Define z as follows: (1) If y
represents a process, let z be that process. It follows that z ¢ A. (2) If y represents a round
t, let z be the root r;, which is not in A by definition of the graph. We will show in either
case that z must have broadcast before [(1 + ﬂ)nw + |A| rounds.

Let ¢; < ... <, be the rounds y has out-edges to. By definition, and in both cases (1) and
(2), this means z € Z""'(r;,) which is equivalent to r,, € Q% '(z) for every i € [n]. By
Lemma 3.6.3, we thus have, for every i € [n], that ’Oﬁ(z). > ‘Oﬁfl(z)’ Then:

01 (2)] > |01 (2)] = |07 (2)]| > |0y (=) > > |0 (2)] > |0 (=) > 0

We have n strict inequalities over non-negative integers, the largest one must be at least n,
which implies that z has broadcast. [

This naturally leads to an upper bound for the k-broadcasting on k-rooted networks:

Theorem 3.6.8. t;(RF) < [(1 + \/Q)nw +k—1

Proof. By contradiction, assume that the set A of elements that have broadcast after
[(1 +\/§)nw + k — 1 rounds is smaller than k£ and apply Lemma 3.6.7 to find a process

not in A that has broadcast in time less than [(1 + \/ﬁ)n] + | A| rounds, contradicting the
assumption. ]

3.6.2 The Lower Bound

We build a lower bound example based on the lower bound for broadcasting on trees. A figure
and analysis of that example can be found in Figure 3.3, which yields the following result:

Theorem 3.6.9. t;(RF) > [w + 21

Proof. The graph for this lower bound can be found in Figure 3.8. The idea is to reduce the
k-broadcasting problem to the broadcast problem. More specifically, we use the sequence of
networks from the lower bound of Figure 3.3 with ¢ vertices for broadcasting on trees, while
replacing each of the 3 vertices that act as root in the three networks of Figure 3.3 by £ fully
connected vertices, i.e. k vertices such that everyone points to the other £ — 1. Then k-cover
is only achieved when broadcast is achieved on the original networks. Setting i = n — 3k + 3,

we get a lower bound for the k-broadcasting on k-rooted networks of P”;% + 2}. O]

3.7 Related Work

Broadcasting, gossiping, and other information dissemination problems have been studied by
the distributed computing community for decades already [81]. Most classic literature on
network broadcast considers a static setting, e.g., where in each round each node can send
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Figure 3.8: The lower bound example for the Covering on k-Forests problem. [G]Z means that
network G is the communication graph for all rounds between a and b (inclusive). K} is the
complete graph that replaces vertex a from the example is Figure 3.3. K — y (respectively
y — K}') means that an edge is inserted from every € K} to y (respectively from y to every
r € K2). Similarly, K¢ — K? means that an edge is inserted from every x € K to every
y € K.

information to one neighbor [87]. This model has also been explored in the context of gossiping,
e.g., by Fraigniaud and Lazard [67]. Kuhn, Lynch and Oshman [98] explore the all-to-all data
dissemination problem (gossiping) in an undirected dynamic network, where processes do not
know beforehand the total number of processes and must decide on that number. Ahmadi,
Kuhn, Kutten, Molla and Pandurangan [3] study the message complexity of broadcast in an
undirected dynamic setting, where the adversary pays up a cost for changing the network.
Broadcast has also been studied in dynamic communication networks which evolve randomly,
e.g., by Clementi et al. [41], and in the radio network model [63], just to give a few examples.

A closely related yet different problem to broadcasting is the consensus problem. Our model
builds up on the heard-of model first introduced by Charron-Bost and Schiper [34], where
authors prove results for the solvability of consensus also considering oblivious message ad-
versaries. Among other results, they give a logn upper bound for nonsplit graphs, which are
graphs for which every pair of nodes has a common in-neighbor. This would result in an nlogn
upper bound for rooted trees when combining it with the result of Charron-Bost, Fligger and
Nowak [33]. Fiigger, Nowak, and Winkler [68] prove that the time complexity of broadcast is
a lower bound for consensus time. A general characterization of oblivious message adversaries
on which consensus is solvable, based on broadcastability, has been presented by Coulouma,
Godard and Peters in [42]. A time complexity analysis has further been studied by Winkler,
Rincon Galeana, Paz, Schmid, and Schmid [127]. Another similar problem is agreement, con-
sidered by Santoro and Widmayer [117], where only a k-majority should agree on a value, as
opposed to everyone for consensus. Afek, Gafni, Rajsbaum, Raynal and Travers [2] studied a
generalization to consensus that is k-set consensus, where each node has to decide on a value
such that all the nodes together do not decide on more than k different values.
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In this paper, we have studied the broadcasting problem on directed dynamic networks, with
an adversary that can choose the communication network at each round among rooted trees.
Zeiner, Schwarz, and Schmid [129] give a nlogn upper bound to our exact problem by using

3n—1
2

graph-theoretic reasoning. They also give a [

a fixed number of leaves or internal nodes, broadcast time is linear.

There has also been interest in a problem variant which only differs in the pool of networks
the adversary can choose a network from for each communication round. Fiigger, Nowak,
and Winkler [68] give an O(loglogn) upper bound if the adversary can only choose nonsplit
graphs. Combined with the result of Charron-Bost, Fiigger, and Nowak [33] that states that
one can simulate n — 1 rounds of rooted trees with a round of a nonsplit graph, this gives
the previous O(nloglogn) upper bound for broadcasting on trees. Dobrev and Vrto [47, 46]
give specific results when the adversary is restricted to hypercubic and tori graphs with some

missing edges.

Bibliographic note: an announcement of this work has been presented at ACM PODC

2022 [61].

3.8 Conclusion

In this paper, we considered an innovative version of the classic broadcast problem where
processes communicate across a dynamically changing network, as it often arises in practice
(e.g., due to interference). Like in the static setting, the broadcast problem on dynamic
networks is related to consensus and leader election: broadcast is a prerequisite for consensus,
and hence, the time complexity of broadcast is a lower bound for the consensus and leader

election complexity.

Our main contribution is a proof that the broadcast time is at most linear in this setting, which
is asymptotically optimal. We further presented several natural generalizations of our model

and result.

Our work opens several avenues for future research. In particular, it will be interesting to study
the broadcast time also in non-adversarial environments where graphs evolve according to a
random process (e.g., due to random node movements). It will also be interesting to further

explore the implications of our methods on the closely related consensus problem.
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CHAPTER

Broadcast and Consensus in Stochastic
Dynamic Networks with Byzantine
Nodes and Adversarial Edges

This chapter appeard in full in

Antoine El-Hayek, Monika Henzinger, and Stefan Schmid. “Broadcast and Consensus in
Stochastic Dynamic Networks with Byzantine Nodes and Adversarial Edges”. In: 38th Inter-
national Symposium on Distributed Computing, DISC 2024, October 28 to November 1, 2024,
Madrid, Spain. Ed. by Dan Alistarh. Vol. 319. LIPlcs. Schloss Dagstuhl - Leibniz-Zentrum
fur Informatik, 2024, 21:1-21:15. poOI: 10.4230/LIPICS.DISC.2024.21. URL:
https://doi.org/10.4230/LIPIcs.DISC.2024.21

4.1 Abstract

Broadcast and Consensus are most fundamental tasks in distributed computing. These tasks
are particularly challenging in dynamic networks where communication across the network links
may be unreliable, e.g., due to mobility or failures. Over the last years, researchers have derived
several impossibility results and high time complexity lower bounds for these tasks. Specifically
for the setting where in each round of communication the adversary is allowed to choose one
rooted tree along which the information is disseminated, there is a lower as well as an upper
bound that is linear in the number n of nodes for Broadcast and for n > 3 the adversary
can guarantee that Consensus never happens. This setting is called the oblivious message
adversary for rooted trees. Also note that if the adversary is allowed to choose a graph that
does not contain a rooted tree, then it can guarantee that Broadcast and Consensus will never
happen.

However, such deterministic adversarial models may be overly pessimistic, as many processes
in real-world settings are stochastic in nature rather than worst-case.

This paper studies Broadcast on stochastic dynamic networks and shows that the situation is
very different to the deterministic case. In particular, we show that if information dissemination
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4. BROADCAST IN DYNAMIC TREES WITH A STOCHASTIC ADVERSARY

occurs along random rooted trees and directed ErdsRényi graphs, Broadcast completes in
O(logn) rounds of communication with high probability. The fundamental insight in our
analysis is that key variables are mutually independent.

We then study two adversarial models, (a) one with Byzantine nodes and (b) one where an
adversary controls the edges. (a) Our techniques without Byzantine nodes are general enough
so that they can be extended to Byzantine nodes. (b) In the spirit of smoothed analysis,
we introduce the notion of randomized oblivious message adversary, where in each round, an
adversary picks k < 2n/3 edges to appear in the communication network, and then a graph
(e.g. rooted tree or directed ErdsRényi graph) is chosen uniformly at random among the set
of all such graphs that include these edges. We show that Broadcast completes in a finite
number of rounds, which is, e.g., O(k + logn) rounds in rooted trees.

We then extend these results to All-to-All Broadcast, and Consensus, and give lower bounds
that show that most of our upper bounds are tight.

4.2 Introduction

Broadcast and Consensus are two of most fundamental operations in distributed computing
which, in large-scale systems, typically have to be performed over a network. These networks
are likely to be dynamic and change over time due, e.g., to link failures, interference, or mobility.
Understanding how information disseminates in such dynamic networks is hence important for
developing and analyzing efficient distributed systems.

Over the last years, researchers have derived several important insights into information dis-
semination in dynamic networks. A natural and popular model assumes an oblivious' message
adversary which controls the information flow between a set of n nodes, by dropping an ar-
bitrary set of messages sent by some nodes in each round [42]. Specifically, the adversary is
defined by a set of directed communication graphs, one per round, whose edges determine
which node can successfully send a message to which other node in a given round. Based on
this set of graphs, the oblivious message adversary chooses a sequence of graphs over time, one
per round with repetitions allowed, in such a way that the time complexity of the information
dissemination task at hand is maximized. This model is appealing because it is conceptually
simple and still provides a highly dynamic network model: The set of allowed graphs can be
arbitrary, and the nodes that can communicate with one another can vary greatly from one
round to the next. It is, thus, well-suited for settings where significant transient message
loss occurs, such as in wireless networks. As information dissemination is faster on dense net-
works, most literature studies oblivious message adversaries on sparse networks, in particular,
on rooted trees [60, 129, 42, 69, 70]. In fact, it is easy to see that rooted trees are a minimal
necessary requirement for a successful Broadcast and Consensus: if an adversary may choose
a graph that does not contain a rooted tree, then it may forever prevent the dissemination of
a piece of information.

Unfortunately, information dissemination can be slow in trees: Broadcast can take time linear
in the number of nodes under the oblivious message adversary [60, 129], even for constant-
height trees (as we show in Appendix 4.9.1); and Consensus can even take super-polynomial

INote that the term oblivious here refers to the property that nodes are oblivious to who their neighbors
are. However, our adversary is actually adaptive.
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time until termination, if it completes at all [42, 69]. Although this is bad news, one may
argue that while the deterministic adversary model is useful in malicious environments, in real-
word applications, the dynamics of communication networks is often more stochastic in nature.
Accordingly, the worst-case model considered in existing literature may be overly conservative.

This motivates us, in this paper, to study information dissemination, and in particular Broad-
cast and Consensus tasks, in a scenario where the communication network is stochastic. Ini-
tially, we study a purely stochastic scenario where in each round, the communication network
is chosen uniformly at random among all rooted trees. We then study several fundamental
extensions of this model where the adversary has some limited control. In a first extension, we
consider the case where some nodes (up to %”) may be Byzantine, that is, they may deviate ar-
bitrarily from the protocol (and stop forwarding messages, for example). In a second extension,
in the spirit of smoothed analysis, we study a setting where an adversary has some limited con-
trol over the communication network; we call this adversary the randomized oblivious message
adversary. More specifically, we study the setting where first a worst-case adversary chooses
k directed edges in the dynamic n-node network for some fixed k& with 0 < k < %" — 12, and
then a rooted tree is chosen uniformly at random among the set of all rooted trees that include
these edges.

We show that Broadcast completes within time O(logn) with high probability. We then show
that this result even holds with Byzantine nodes. Under our randomized oblivious message
adversary, Broadcast completes in O(k + logn) time with high probability.

It is useful to put our model into perspective with the S| (Susceptible-Infectious) model in
epidemics [54]: while in the SI model interactions occur on a network that equals a clique,
our model revolves around trees which are chosen by an adversary. This tree structure renders
the analytical understanding of the information dissemination process harder, due to the lack
of independence between the edges in the network in a particular round. A key insight from
our paper is that we can prove the independence of a key variable, namely the increase in
the number of “informed” nodes, which is crucial for our analysis. Our proof further relies on
stochastic dominance, which makes it robust to the specific adversarial objective, and applies
to any adversary definition (e.g., whether it aims to maximize the minimum or the expected
number of rounds until the process completes).

We then extend our study to adversaries which are not limited to trees. In particular, we are
interested in how the time complexity of Broadcast and Consensus depends on the density of
the network. To this end, we consider directed ErdsRényi graphs, a directed version of the
classic and well-studied random graphs. This graph family is parameterized by the number
of edges m and hence allows us to shed light on the impact of the density. Specifically in
this model, in each round the network is formed by sampling m edges. We again study two
extensions: in the first extension some nodes behave as Byzantine nodes, while in the second
extension, up to £ < m edges are chosen by an adversary, and then the remaining edges are
sampled. While results for this model can be found in some cases where m is chosen so that
the graph is an expander w.h.p. in each round by using the results from Augustine et al [14],
in the case where m is small, our results are novel.

2We can relax this condition to k < (1 — €)n for a fixed parameter €, which results in a multiplicative
factor of % in the running time.
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We show that all our results extend to multiple other problems, namely All-to-All Broadcast,
Byzantine Consensus and Reliable Broadcast.

4.2.1 Model

Let n be the number of nodes, and let each node have a unique identifier from [n|. Time
proceeds in a sequence of rounds ¢t = 1,2, ..., such that in each round ¢ the communication
network is chosen according to one of the models defined below. In each round, every honest
node sends a message to all of its out-neighbors before receiving one from its in-neighbor.
There is no message size restriction. We will study the following models of communication:

Uniformly Random Trees. In the Uniformly Random Trees model, let 7,, be the set of
all directed rooted trees on n nodes (where all edges are pointed away from the root). In
each round, the communication network is chosen uniformly at random among graphs in 7,
independently from other rounds. All nodes are honest.

Uniformly Random Trees with Byzantine Nodes. In the Uniformly Random Trees with
Byzantine Nodes model, in each round, the communication network is chosen uniformly at
random among graphs in 7,,, independently from other rounds. We have n — f honest nodes,
and f nodes are Byzantine, that is, they might behave arbitrarily (and even coordinate to
make the protocol fail). We assume access to cryptographic tools that allow nodes to sign
and encrypt messages. We restrict f < %" — 1.

Uniformly Random Trees with Adversarial Edges. In the Uniformly Random Trees with
Adversarial Edges model, in each round, the communication network is chosen as follows: A
randomized oblivious message adversary chooses k directed edges, then a graph is chosen
uniformly at random among all graphs in 7, that include those k edges, and the choise is
independent from other rounds. All nodes are honest. We restrict k < %” — 1.

Directed ErdsRényi graphs. |In the directed ErdsRényi graphs model, let m € [n?]. In
each round, the communication network is chosen by uniformly sampling without replacement
m edges out of the possible n? edges of the graph, independently from other rounds. All nodes
are honest.

Directed ErdsRényi graphs with Byzantine Nodes. In the directed ErdsRényi graphs
with Byzantine nodes model, let m € [n?|. In each round, the communication network is
chosen by uniformly sampling without replacement m edges out of the possible n? edges of
the graph, independently from other rounds. We have n — k honest nodes, and k nodes are
Byzantine, that is, they might behave arbitrarily (and even coordinate to make the protocol
fail). We assume access to cryptographic tools that allow nodes to sign and encrypt messages.
We restrict k < 2.

Directed ErdsRényi graphs with Adversarial Edges. In the directed ErdsRényi graphs
with Adversarial Edges model, let 0 < & < m < n?%. In each round, the communication
network is chosen as follows: A randomized oblivious message adversary chooses k edges,
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4.2. Introduction

m — k edges are sampled without replacement out of the remaining n? — k edges. All nodes
are honest. We restrict k < 3n?.

In those models, we will study the following problems:

Broadcast. For the Broadcast® problem, we start by giving a message to one (honest) node.
Each honest node that received the message will replicate it as many times as needed, and
start forwarding it to its neighbors*. Then Broadcast completes when the message has been
forwarded to all other nodes.

All-to-All Broadcast. In the All-to-All Broadcast problem, we start by giving a distinct
message to each node. Each honest node that received a message will replicate it as many
times as needed, and start forwarding it as well. Then All-to-All Broadcast completes when
each honest node receives a copy of every message. In each round, each honest node forwards
all the messages it has received in previous rounds to all its out-neighbors.

Consensus. In the Consensus problem, we start by giving a value v, € {0, 1} to each node
p, and Consensus completes when each honest node decided on a value in {0,1}. This should
satisfy the following conditions:

» Agreement: No two honest nodes decide differently.

» Termination: Every honest node eventually decides.

» Validity: The value the honest nodes agree on should be one of the input values v,,.

4.2.2 Our Results

We study Broadcast in the above mentioned models, then apply those results to All-to-All
broadcast and Consensus. We prove the following theorems:

Theorem 4.2.1. For any ¢ > 1 and n > 5, Broadcast on Uniformly Random Trees completes
within 32 - ¢ - Inn rounds with probability p > 1 — L.

n

We also show that these results are asymptotically tight. Indeed, we cannot hope for a similar
probability for a number of rounds that is o(lnn):

Theorem 4.2.2. |fn > 2, then the probability that Broadcast (and All-to-All Broadcast) on
Uniformly Random Trees fails to complete within logn rounds is at least i.

We have similar results for all the combinations of model and problem, which we summarize
in Table 4.1.

3The Broadcast problem can also be seen as computing the dynamic eccentricity of the source node.
Other flavors of Broadcast have also been studied under the name dynamic radius [68].
4This is known as "flooding" or "rumor passing"
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Broadcast All-to-All Broadcast Consensus
Uniformly
Random O(c-logn),qg <n=° O(c-logn),q < n'~® O(c-logn),q <n~¢
Trees (URT) Q(logn) Q(logn)
URT with
Byzantine O(c-logn),g <n~° O(c-logn),q < n'~° O(f-c-logn),q<n~°¢
Nodes Q(logn) Q(logn)
URT with
Adversarial O(c-(logn+k)),g<n~¢ O(c- (logn +k)),q < n'~° O(c-(logn+k)),g<n~¢
Edges Q(logn + k) Q(logn + k)
Directed O ([ﬁ-‘ logn) qg<nClogn | O ([m#/n—‘ logn), g<n'"Clogn O ([mc/n—‘ logn>, qg<n ‘logn
ErdsRényi O (ot ) if 2 > Inn O (et ) f 2 > Inn O (ot ) if 2 > Inn

with ¢ < n'~“logn
logn

with ¢ < n” “logn
logn

with ¢ < n~ “logn
graphs (DER)

log(1+m/n) log(1+m/n)
DER with
Byzantine O ([#/n—‘ 10gn>, qg<n ‘logn | O ([ﬁ—‘ logn), g<n'"Clogn | O (f- [m(/:n—‘ logn), qg<n ‘logn
log n log n
Nodes Q (m) Q (m)
- c(n?—k c(n?— c(n?—
DER with O <[ﬁ—‘ logn) O ((ﬁ—‘ logn) O ([ﬁw logn)
Adversarial with ¢ < n"“logn with ¢ < n'"“logn with ¢ <n"“logn
logn log n
Edges Q (10g(1~%m/n)> Q (log(lfm/n))

Figure 4.1: Our main results, where ¢ > 0 is any constant and ¢ is the failure probability.

Applications. Our results have some interesting applications. In an idea similar to Ghaffari,
Kuhn and Su's work [73], All-to-All Broadcast allows us, e.g., to implement algorithms that run
on a clique in a synchronous setting in our sparser graphs. Indeed, if All-to-All Broadcast needs
R rounds to complete with high probability, then each round of communication of a clique
can be simulated by R rounds of Uniformly Random Trees with high probability. Essentially, if
an algorithm runs in T rounds, with 7" < n°~!, in a clique network, we can implement it with
high probability in R - T" rounds in the Uniformly Random Trees network, which is essentially
a logarithmic overhead. In particular, in the Uniformly Random Trees with Byzantine Nodes
model, we have:

Theorem 4.2.3. Let A be a distributed synchronous algorithm that runs on a static clique
in T rounds, where T' < an® for some constant o,z € R, and has a probability of success
p. Assume A is robust to f Byzantine nodes, and f < %n — 1. Then, assuming standard
cryptographic tools®, there exists a distributed algorithm A’ that runs on Uniformly Random
Trees in T - 144 - logn - ¢ rounds, and has a probability of success p’ > p(1 — an't*¢), for
any ¢ > 1+ x. Moreover, A’ is robust to f Byzantine nodes.

In particular, we can apply known results on reliable Broadcast and Byzantine Consensus to
show the following results:

Corollary 4.2.4. For anyc > 1, and f < %n — 1, in the Uniformly Random Trees with f
Byzantine nodes, there exists an algorithm for Reliable Broadcast, that is robust to f Byzantine
nodes, that runs in (f +1)-144-c-logn rounds, and succeeds with probability p > 1 —n*~¢.

5Specifically, our approach requires authenticated messages. Encryption may also be needed, only if the
protocol A is vulnerable to eavesdropping. Both can be implemented using standard cryptographic tools.
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4.3. Counting Rooted Trees

Corollary 4.2.5. Foranyc > 1 and f < %, in the Uniformly Random Trees with f Byzantine
nodes, there exists an algorithm for Byzantine Consensus, that is robust to f Byzantine nodes,
that runs in 3(f + 1) - 144 - ¢ - logn rounds, and succeeds with probability p > 1 — 2n?¢.

Throughout the paper, the filtration of the process is denoted as {F;}icn, that is, F; is the
amount of information available after timestep .

Organization The paper is organized as follows. First, we give a new result on counting
rooted trees in Section 4.3, which will be useful in our analysis. Afterwards, we explore the
Uniformly Random Trees model in Section 4.4. Then, in Section 4.5, we expand our analysis
to the Uniformly Random Trees with Byzantine Nodes model. In Section 4.6, we explore the
case where the adversary controls k edges in each round. We study the directed ErdsRényi
graphs model and its adversarial variants in Section 4.7. We review related work in Section 4.8.
Appendix 4.9.1 gives a lower bound for deterministic Broadcast in constant-height trees. Ap-
pendix 4.9.2 gives the full details of Section 4.3. In Appendix 4.9.3, we give some probability
theory results that are useful throughout the paper. Finally, in Appendix 4.9.4 and 4.9.6, we
include omitted proofs from Sections 4.4 and 4.6 respectively, while Appendix 4.9.5 and 4.9.7
give the full details of Sections 4.5 and 4.7.

4.3 Counting Rooted Trees

Given a graph consisting of n vertices together with a directed rooted forest F' of e edges on
them, Pitman [116] showed in 1999 that there are n"~'~¢ many directed rooted trees over
these vertices that contain F'. While useful, this result is not sufficient for our purposes as we
need to count the number of trees with a given node v as root.

Thus, we show the following extended result:

Theorem 4.3.1. Let us be given a directed rooted forest F' on n vertices, let v € [n] be the
root of a component in F', and f be the number of vertices of that component (note that we
can have f =1 if v is an isolated vertex). Then the number of directed rooted trees T' on n
vertices, such that F' is contained in T, and such that v is the root of T, is fn”_g_‘m.

To show our result, we develop techniques which differ significantly from Pitman’s proof. In-
deed, Pitman relies on the symmetry of the vertices in the rooted tree. However, for our result,
the symmetry is broken as one vertex is different from the others with the new requirement
that it is the root. We hence make use of another type of symmetry in the trees in our analysis
that is based on group actions.

We first ignore the orientations of the edges in I’ and find the set Ar of all undirected trees
that contain /. We can compute the cardinality of that set with a result by Lu, Mohr and
Székely [104]. We then root each of those trees at v. This will give a direction to every edge
that might or might not agree with its direction in F. We now want to partition Ag into
subsets such that all subsets have the same size and only one tree from each subset has edges
that agree with the direction of F'. The number we are looking for is then the number of
subsets, which is the ratio between the cardinality of A and the size of the subsets.
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4. BROADCAST IN DYNAMIC TREES WITH A STOCHASTIC ADVERSARY

To create the subsets, we introduce a specific group tailored to F', and an action of that group
on Ap. It is known that the set of all orbits of the action partition Ar, and we show that
exactly one element in each orbit has edges in the same direction as F'. To see unicity, we take
an element T of Ar that has edges in the same direction as F', and take an element 7" # T
in its orbit, that is there exists a nontrivial group element ¢ such that 7" is obtained from 7" by
applying the action of g to T'. We show that this action must change the direction of at least
one edge of F', and thus 7" does not have edges in the same direction as F'. For existence, we
show that for every T' € A, we can find a group element ¢ such that, if applied to T, yields
a tree that has edges in the same direction as F'. We then show how to compute the size of
each orbit. This allows us to deduce the number of orbits, which equals the number of trees
that we want to count.

The full details of the proof can be found in Appendix 4.9.2.

4.4 The Uniformly Random Trees Model

We now give a precise description of how information flows in Uniformly Random Trees over
time. In this section, we will use Theorem 4.9.1, which states that the number of rooted trees
on n nodes containing a given directed rooted forest I with e edges is n"~'7¢. Since all nodes
are equivalent, we will at each step, divide the nodes into two sets: the set I of nodes that
have received the message, called informed nodes, and the set S of remaining nodes, called
uninformed nodes. We study how I grows over time.

For the rest of the section, I; and S; will, respectively, be the set of nodes that are informed
and uninformed after round t. We set Iy = {vo} and Sy = [n] — {vo}, where vy is the node
that initially holds the message, IV, = |I;| to be the number of informed nodes after ¢ rounds,
and T} to be the tree chosen at random in round ¢. For a tree T, for each node p, Pr(p)
is the (unique) parent of node p in T, unless p is the root of T, in which case Pr(p) = p.
Simplifying the notation, we also use P;(p) to denote Pr,(p). All skipped proofs can be found
in Appendix 4.9.4.

The central claim of the proof is the following lemma, which characterizes how many new
nodes get informed in each round, depending on how many were informed after the previous
round. This lemma shows that uninformed nodes get informed independently from each other.

Lemma 4.4.1. For anyt > 0, N;oy — N, follows a binomial distribution with parameters
(n — Nt7 M) .

n

The proof of this lemma shows that every uninformed node has probability % of having an
informed parent in round ¢ + 1, independently of whether the other uninformed nodes have an
uninformed parent.

Proof. Let I; = {iy,...,in,} and S; = {s1,...,Sn—n,}. We then have, for any integer x:

)

P(Niy1 — Ny = 2| F) = Z P (ﬂ (Pra(y) € 1) ﬂ (Pra(y) € 1)

JEA(St,z) yeJ yeS\J
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4.4. The Uniformly Random Trees Model

where A(S,z) with S being a set and x an integer denotes the set of subsets of S of size x.
Our goal is to show that the events P,(y) € I; for different y € S; are mutually independent.
Let us look at the event N, ;(FPi(y) € I;) for any J C S (note that we do not require that
J has a specific size here). We can then write, indexing a on J:

g

{T €T, : Pr(y) =i, ¥y € J}|
||

P (ﬂ (Pra(y) € L)

yeJ

th) = Z P (ﬂ(Pt—l—l(y) :iay)

a€[N]I71 yeJ

= 2

aG[Nf,]‘Jl

Now consider the forest that is composed of stars whose centers are the ¢,, and whose
leaves are the nodes y € J. More specifically, consider the forest that contains the
edges (iq,,y),Vy € J. Note that ‘{T € Tn: Pr(y) = ia,, Yy € J}’ equals the number
of rooted trees that are compatible with this forest. By Theorem 4.9.1, we have that
L{T € Tn: Pr(y) =ia,, Yy € J}‘ = n" I/ This allows us to compute the above proba-
ility as follows:

P (ﬂ (Pia(y) € 1)

yeJ

nnflf\J\ N, [J]
]:t>_ 2 nn—1 _<nt)

a€[N¢]1V1

This proves that the events P,.i(y) € I, for any two y € S; are mutually independent
(Definition 4.9.26), each having probability % Going back to the first equation of this proof,
we can now compute with Lemma 4.9.27 and using A; := Nyy1 — N; as a shorthand:

P(A =z|F)= Y [[P(Puy) € L|F) I P(Prly) ¢ L)|F)

JEA(St.x) yeJ yeS\J
(G -
n X n n
]

Our next goal is to show that N; = n with high probability for all ¢ > 32 - ¢-Inn. To do so
we introduce a random variable X, that we use to lower bound NV,.

Definition 4.4.2 (Lower bound random variable for the number of informed nodes). Let X,
be the random variable defined recursively: Xo =1, and

X N,
Xt+1=Xt+(n—Xt)'# if Negr— Ny > (n—Np)- =
. Ny

Xt+1 = Xt If Nt+1 - Nt < (n - Nt) . ?
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4. BROADCAST IN DYNAMIC TREES WITH A STOCHASTIC ADVERSARY

Intuitively, X; is a lower bound for N; that increases if and only if N, ; — IV; exceeds its
expectation. Therefore, we always have n > N; > X, > 1 (full proof in Appendix 4.9.4), and
we can claim that N; = n as soon as X; > n — 1. Moreover, we can compute the values of
X; after each increase:

Lemma 4.4.3. Let u; € N be the t-th round such that X,,.1 > X, and let uyo = 0. Then

X n—1 2! KXuy
w=n—-"n (T) . Moreover, we have that X,,,, = X,, + (n — X,,) - =*.

n

This allows us to estimate when N; reaches n, as when s > 2Inn, X,, >n — 1.

Lemma 4.4.4. Ift > us1y,, then N; = n.

All we need to show now is that X;,; — X, exceeds its expectation often enough. For that, we
use a result due to Greenberg and Mohri [78], that will give us an estimate of the probability
of X, strictly increasing in a given round.

Theorem 4.4.5 (Theorem 1 of [78]). For any positive integer m and any probability p such
that p > % let B be a binomial random variable of parameters (m,p). Then, the following

inequality holds:

1
P(B > mp) > 1

In fact, in Lemma 4.9.25, we are able to relax the condition to p > ?%m while keeping the same
inequality. We use this lemma to lower bound the probability of X; increasing in any round:

Lemma 4.4.6. Ifn > 4, for every t € N, we have that P (X,.1 > X;) > 1.

We now show that, for any ¢ > 1, over 32 - ¢ - Inn rounds, X; increases at least 2Inn times
with high probability. For that, let (B;);eny be Bernoulli independent random variables of
parameter ;. Let Z5, =3 (4 B. and Zoy = 3¢y 1 (X.41 > X.). By Lemma 1.8.5 of [48]
the following trivial corollary follows.

Corollary 4.4.7. For any { € N, we have that P(Z<, < () <P(Z5, < ).

Lemma 4.4.8. Lett =32-c-Inn forany ¢ > 1. Then P(Z<, < 2Inn) < +.

Proof. Note that th is a binomial distribution of parameters (t,%). Using Hoeffding's in-
equality (Lemma 4.9.28), we have that:

1 2n)’ 1 232
B < < o= = < 9. <_ ) _ e
P(Z2, <2Inn) _exp( 2t (4 ; > ) _exp( 2-32clnn 1 16 n

Corollary 4.4.7 then gives the desired result. O]

We now have all the tools to prove Theorem 4.2.1, which we recall here:

Theorem 4.2.1. For any ¢ > 1 and n > 5, Broadcast on Uniformly Random Trees completes
within 32 - ¢ - Inn rounds with probability p > 1 — L.

nec
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Proof. By Lemma 4.4.8, we have that, with probability p < 1 — % X1 > X, for at
least 2Inn many rounds within the 32 - ¢ - Inn first rounds. Recall that us,, is the 2Inn-
th round where X;,; > X;. We thus have that P (ugjn, <32-¢-Inn) > 1 —n~° But,
by Lemma 4.4.4 the event usy,, < 32 - c-Inn implies the event N3o..i1nn = n, therefore
P (N32~c-lnn = ’I’L) >1—n"°. O

We now show that this result is asymptotically tight. Indeed, we can show that if at most

logn rounds are allowed, then with probability ¢ > i, Broadcast does not complete:

Theorem 4.2.2. Ifn > 2, then the probability that Broadcast (and All-to-All Broadcast) on
Uniformly Random Trees fails to complete within log n rounds is at least i.

Proof. We will only show the result for Broadcast, as the result for All-to-All Broadcast follows
immediately. We will first show by induction that E(V,) < X, for every ¢t € N. We will then
conclude using Markov's inequality.

The induction basis is clear as Ny = Xy = 1. For the induction step, assume that for some
t € N, we have that E(/V;) < X,,. Let us show that this implies that E(N:1) < X, .
Indeed, by Lemma 4.4.1, N,,; — N, has a binomial distribution of parameters n — N, and %
This implies that:

N, N?
E[Ntﬂ\]:t} = Nt + # : (n — Nt) = 2Nt — #
Therefore: ——
E[Nyor] = E[E[Newr| ] = 2B[N] — 200
As Var(N;) = E[N?] — E[V;]? > 0, we have that —E[N?] < —E[N;]?. This implies:
E[N,)?
E[Nyv1] < 2E[N] — Tt
Note that we have that, by Lemma 4.4.3:
X2
X = 2Xy, — nt

Since z +— 2:1:—% is strictly increasing between 0 and n, with both X; and E[N,] falling in that
range (Lemmata 4.9.29 and 4.9.30), the induction hypothesis implies that 2E[N;| — E[%tp <

2X,, — th. This implies E[Ny1] < X,

n

t41°

We know the value of X,,, from Lemma 4.4.3. We can thus give the upper bound E[N}og,] <
Xuggn = (1 = ((n=1)/n)") < n(l—7), since n > 2. Using Markov's inequality, we thus

2
have:
E[Nlogn] B 1

IED(]\[logn Z TL) S n 4

]

We now use Theorem 4.2.1 result to get a similar result for All-to-All Broadcast. Using a
union-bound, we obtain:
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4. BROADCAST IN DYNAMIC TREES WITH A STOCHASTIC ADVERSARY

Theorem 4.4.9. For any ¢ > 1 and n > 5, All-to-All Broadcast on Uniformly Random Trees
completes within 32 - ¢ - Inn rounds with probability p > 1 —

ne—1-

We now finally show a result on Consensus, which uses the following algorithm:

Algorithm 4.4.10. The protocol works as follows: each node waits for 32 - ¢ - Inn rounds,
during which if it receives the initial value of node 1, it starts forwarding it as well. After the
32 - c-Inn rounds have passed, it outputs that value, or L if it hasn't received it.

Theorem 4.4.11. For any ¢ > 1 and n > 5, There exists a protocol for Consensus on
Uniformly Random Trees that satisfies Agreement and Validity, terminates within 32 - ¢ - Inn
rounds with probability p > 1 — %, and only requires messages of 1 bit over each edge in each

nC 7
round.

Proof. Algorithm 4.4.10 is an algorithm where everyone agrees on vy, the input to node 1,
and where only vy is passed along. Thus every node outputs either v; or 1. However, if vy
has Broadcast within the first 32 - ¢ - Inn rounds, then everyone outputs v;. This happens
with probability p > 1 —n~=¢, by Theorem 4.2.1. O]

Note that Algorithm 4.4.10 can be adapted to different variants of Consensus. To keep our
presentation concise, we do not explore them further in detail. For example, the version given
here satisfies the condition that no node continues to communicate after it has decided on a
value, but Consensus does not complete with probability 1 after everyone has decided as some
nodes might output L. A different definition of Consensus could allow each node to send
messages after it decides on a value, in which case a different version of the algorithm could
be given, where each node can decide as soon as it receives the value v;.

4.5 Adversarial Nodes: Trees with Byzantine Nodes

In this section, we will discuss the case where some nodes are Byzantine, that is, nodes that can
arbitrarily deviate from the protocol. These nodes can stop functioning, send wrong messages,
and coordinate to make the protocol fail. We will rely on cryptographic tools so that each
node can sign and encrypt the message it sends. Then nodes can be confident about the
sender of each message and its content and can forward the message along with its unchanged
signature to other nodes. We will assume that there are up to f Byzantine nodes, out of a
total of n nodes. We require that f < %n— 1. Nodes that are not Byzantine are called honest.

We begin by analyzing Broadcast in this setting. We first give a message to a fixed honest
node, and ask the node to forward it to all other honest nodes. Note the difference between
this model and the reliable Broadcast model, where the initial message could be from an
honest node or a Byzantine node, and where if the initial message is from a Byzantine node,
then the message accepted by each honest node must be the same.

In our setting, the best strategy for the Byzantine node is not to forward any message at all.
Indeed, they cannot modify the content of a message because they cannot forge any signature,
and, thus, their power is limited. Hence, we will analyze this problem as if Byzantine nodes

70



4.5. Adversarial Nodes: Trees with Byzantine Nodes

are just defunct but the process that chooses the communication network, i.e., the random
tree, does not know which nodes are Byzantine and, thus, they are part of the network as
before, i.e., the tree still consists of n nodes.

As most of the analysis resembles the one of the previous section, all details are delayed to
Appendix 4.9.5. We get the main theorem of this section:

Theorem 4.5.1. Foranyc > 1, and f < %n — 1, Broadcast on Uniformly Random Trees
with f Byzantine nodes completes within 144 - ¢ - logn rounds with probability p > 1 — %

We now use this result to get a similar result for All-to-all Broadcast. Using a union-bound,
we obtain:

Theorem 4.5.2. Foranyc> 1, and f < %n — 1, All-to-all Broadcast on Uniformly Random
Trees with f Byzantine nodes completes within 144 - ¢ - logn rounds with probability p >
1—nt=e

This allows us, e.g., to implement algorithms that run on a clique in a synchronous setting
in our sparser graph. Indeed, each round of communication of a clique can be simulated by
32 - ¢ - 7 rounds of Uniformly Random Trees with high probability, since All-to-All Broadcast
needs 32 - ¢ - 7 rounds to complete with high probability. Essentially, if an algorithm runs in
T time, with " < n°! in a clique network, we can implement it with high probability in
32-c-T -7 rounds in the Uniformly Random trees network, which is essentially a logarithmic
overhead. The only caveat is that if 7" is too large, i.e. T > n°"!, the probability of at least
one of the T All-to-All Broadcast rounds failing can become close to 1. To circumvent this,
we restrict ourselves to the case where 1" is a small enough polynomial in n.

Theorem 4.2.3. Let A be a distributed synchronous algorithm that runs on a static clique
in T rounds, where T' < an® for some constant a,x € R, and has a probability of success
p. Assume A is robust to f Byzantine nodes, and f < %n — 1. Then, assuming standard
cryptographic tools®, there exists a distributed algorithm A’ that runs on Uniformly Random
Trees in T - 144 - logn - ¢ rounds, and has a probability of success p’ > p(1 — an't*=¢), for
any ¢ > 1+ x. Moreover, A" is robust to f Byzantine nodes.

We now give two applications of this theorem, namely Reliable Broadcast and Byzantine
Consensus.

Corollary 4.2.4. For any ¢ > 1, and f < %n — 1, in the Uniformly Random Trees with f
Byzantine nodes, there exists an algorithm for Reliable Broadcast, that is robust to f Byzantine
nodes, that runs in (f +1)-144-c-logn rounds, and succeeds with probability p > 1 —n*~.

Proof. Dolev and Strong [50] have given an algorithm that solves reliable Broadcast, is robust
to f Byzantine nodes, and runsin T" = f+1 rounds. Since T" < n, we can apply Theorem 4.2.3
with z = 1, = 1, and we get the desired result. O

6Specifically, our approach requires authenticated messages. Encryption may also be needed, only if the
protocol A is vulnerable to eavesdropping. Both can be implemented using standard cryptographic tools.
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Corollary 4.2.5. Foranyc > 1 and f < %, in the Uniformly Random Trees with f Byzantine
nodes, there exists an algorithm for Byzantine Consensus, that is robust to f Byzantine nodes,
that runs in 3(f + 1) - 144 - ¢ - logn rounds, and succeeds with probability p > 1 — 2n?¢.

Proof. Berman, Garay and Perry [22] have given an algorithm (known as the King's algorithm)
that solves Byzantine Consensus, is robust to f Byzantine nodes, and runs in 7' = 3(f + 1)
rounds. Since T' < 2n, we can apply Theorem 4.2.3 with z = 1, o = 2, and we get the desired
result. O]

4.6 Adversarial Edges: Trees with Adversarial Topology

In this section, we consider a more general model where a parametrized adversary controls a
certain number of edges in every round, and the others are chosen randomly. More specifically,
in each round, the adversary A chooses k edges such that the resulting graph is a directed
rooted forest F', and then a tree is chosen uniformly at random among the rooted trees that
are compatible with F'. We consider the model where the adversary has access to the randomly
chosen trees of all previous rounds, but has no information on the random coin flips of the
current and future rounds.

All the proofs missing in this section can be found in Appendix 4.9.6.

We will prove the following theorem:

Theorem 4.6.1. If the adversary controls k edges in each round, for k < %n — 1, then for
any ¢ > 1, with probability p > 1 — n=¢, Broadcast completes within O(k + logn) rounds.

logn
log(1+2-F)

We will in fact show that Broadcast completes within O(k+7) rounds, where 7 =
O(logn).

For the rest of the section, I; and S; will, respectively, be the set of nodes that are informed
and uninformed after round t. We set Iy = {1} and Sy = [n|] — {1}, N; = |I;| to be the
number of informed nodes after ¢ rounds, and 7T} to be the tree chosen at random in round ¢.
For a tree T, for each node p, Pr(p) is the (unique) parent of node p in T, unless p is the
root of T, in which case Pr(p) = p. Simplifying the notation, we also use P;(p) to denote

PTt (p)
We start by finding the best strategy A could use and then analyze that strategy.

4.6.1 Best Strategy for the Adversary A

In this subsection, we will show that the best strategy for the adversary is to use all the edges
to form one tree, with as many uninformed nodes as possible. The main idea is that an
uninformed node with an uninformed parent is “protected" in the round, that is, it cannot
have an informed parent. Hence the adversary will try to protect as many uninformed nodes
as possible by creating a tree connecting them. If the adversary still has edges left after it
protected all the nodes it could, they use the remaining edges to connect as many informed
nodes as possible to the tree such that there is no edge from an informed to an uninformed
node to prevent that any of them becomes a parent of the root of the tree.
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Figure 4.2: The best strategy for the adversary A, with £k = 6. Shaded nodes are informed
nodes. In the top example, nodes 5,6,7,8,9 and 10 are safe from being informed, whereas
node 1 can still be informed. In the bottom example, nodes 5,6, 7,8, and 9 are safe, whereas
node 1 can still be informed. However, node 1 is safe from being informed by node 10.

An illustration of this strategy is shown in Figure 4.2. This section is dedicated to formalizing
and proving these ideas. We will use the notion of stochastic dominance. Intuitively, if a
strategy yields more informed nodes than another one, then the adversary will choose the
latter one. Stochastic dominance is the tool we use to formalize this. Note that we define
stochastic dominance for two types of random variables, namely random variables that are real
numbers and random variables that are sets. Thus, for any set S, let P(S) be the set of all
subsets of S.

Definition 4.6.2 (Stochastic dominance). (1) A real random variable Y, stochastically domi-
nates another real random variable Y5, if, for every x € R, we have that P(Y; > x) > P(Y; >

(2) A random variable Y, with values in P([n]) stochastically dominates another random
variable Y with values in P([n]), if, for every x € N, we have that P(|Y1| > z) > P(|Y2| > z).

With stochastic dominance, we will use a related notion, that is coupling. Coupling is a useful
tool to compare two random variables, and in particular, it helps translate probabilistic events
into deterministic ones, which are easier to analyze.

Definition 4;6.3 (Coupling). A coupling of two random variables Y1,Y> is a third random
varigble (Y1,Y5) such that Y; has the same distribution as Yy, and Y, has the same distribution
asYs.

Next we state two coupling theorems, namely one for random variables that are real numbers
and one for random variables that are sets.

Theorem 4.6.4 (Stochastic Dominance and Coupling, Theorem 7.1 of [43]). If a real random
variable YL stgchastical/y dominates another real random variable Y5, then there exists a
coupling (Y1,Y3) of Y1 and Y, such that

A

P(Y; > Ys) =1

Theorem 4.6.5 (Stochastic Dominance and Coupling, Theorem 7.8 of [43]). If a random
variable Y, with values in [n] stochastically dominates another random variable Y, with values
in [n], then there exists a coupling (Y1,Y5) of Y| and Ys such that

P ()2 ) =1
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The next lemma contains a crucial observation: being greedy in each round is an optimal
strategy for the adversary.

Lemma 4.6.6 (Distribution Domination). Let t be a round. Let Ey, E5 be two sets of edges
the adversaries could choose for round t. Let N\ (resp. I\") be the number (resp. set) of
informed nodes after round t if £ is chosen, and Nt@) (resp. ]t(Z)) if 5 is chosen. Then if
P(NY > m) > IP’(Nt(Q) > m) for every m € N (that is, if N stochastically dominates
Nt@) ), then choosing Es is a better strategy for the adversary than choosing E;.

Intuitively, the way to prove this is to build, for any strategy the adversary might use after
choosing FEi, another strategy that would work better if used after choosing E5. To prove
that it is indeed the case, we couple these two strategies to prove that after any round, the
number of informed nodes in one strategy stochastically dominates the number of informed
nodes in the other one. The full details of the proof can be found in Appendix 4.9.6.

The next step is to show that the adversary will never force an edge from an informed node to
an uninformed one. Indeed, intuitively, this means the adversary forces a node to be informed,
which is against its interests. To do so, we introduce the notions of non-increasing and
increasing trees, and show that A’ will never choose an increasing tree. An illustration is given
in Figure 4.3.

Definition 4.6.7 (Non-increasing rooted tree). A rooted tree U at round t is said to be
non-increasing in round ¢ if all edges in U whose source is in I;,_1 have their target in I;,_; as
well. Otherwise a tree is (information)-increasing in round ¢.

To show that the worst-case adversary never uses an increasing tree, we introduce the notion
of a correction of an increasing tree, which will be non-increasing, and show that choosing the
correction is a better strategy for the adversary than choosing the increasing tree.

Definition 4.6.8 (Isomorphism). We say that a rooted tree U on n nodes is isomorphic to
a rooted tree U’ on n nodes if there exists a bijection b from [n] to [n] such that for every
(directed) edge (u,v) € U, we have that (b(u),b(v)) € U’, and for every (directed) edge
(u,v) € U', we have that (b= (u),b"'(v)) € U.

In particular, if 7 is the root of U, then b(r) is the root of U’.

Definition 4.6.9 (Correction of a tree). A correction of a tree U that is increasing at round
t is a tree U’ over the same nodes as U that (1) is isomorphic to U, (2) is non-increasing in
round t, and (3) whose root is a node s € S;_1 such that Py(s) € I, ;.

Intuitively, if a tree is increasing, one can correct it by putting all the informed nodes at the
bottom of the tree.

Lemma 4.6.10. For any increasing tree U, there exists a correction U’.

The following lemma proves that the worst-case adversary will never choose a set of edges
such that one (or more) component is increasing. Indeed, if such components existed, then
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Figure 4.3: Shaded nodes are informed nodes. Left: A tree U that is information increasing.
Right: A tree U’ that is a correction of U.

Figure 4.4: lllustration for the proof of Lemma 4.6.12, Case 1. Shaded nodes are informed
nodes. Left: Solid lines represent E. Dotted lines are a suitable choice of a. Right: Solid lines
represent ' associated to E. Dotted lines represent b(a). Any tree rooted at 9 on the right
yields a suitable choice of a on the left.

the adversary would have replaced all of them with non-increasing ones, as this will lead to
no fewer and potentially more rounds. Therefore, we can assume in the following that all
components are non-increasing.

Lemma 4.6.11. Let t be a round and N;_, be the number of informed nodes after round
t—1. Let F, E5 be two sets of edges that the adversary could choose for round t such that

1. E\ is a collection of rooted trees such that at least one tree U is information-increasing,
and

2. E, is obtained from E; by replacing U with a correction U’ of U.

Let Nt(l) be the number of informed nodes after round t if £ is chosen, and let Nt@) be that

number if Ey is chosen. Then choosing Fs is a better strategy for the adversary than choosing
E;.

The next step is to show that if the adversary chooses a forest, all edges will be used in
one component. For that, we introduce the notion of merging trees, and show that if the
adversary chooses a forest with 2 or more non-trivial components, then merging two of those
non-trivial components will yield a better strategy for the adversary. We start by computing
the probability that a set of roots of the forest given by the adversary get informed:

Lemma 4.6.12. Let t be a round, let E be the set of k edges forming a directed rooted
forest over [n] which the adversary chooses in round t such that each component of E is
non-increasing, and let si,...,s, be uninformed nodes that are roots of their component
(which might have size only 1). Note that {si,...,s,} needs not be the set of the roots of all
components, simply a collection of some of them. Let ny,...,n, be the number of informed
nodes in the component of sy, ..., s, respectively, and let n be the number of informed nodes
outside the components of s, ...,s,. Then we have that:
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N+ Xjemm)™ " _ n(Nemr)™!
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Proof. We have that:
P (mje[r](Pt<5j) € [tfl)‘]:tfl) = Z P (mje[x](Pt(5j> = &j)‘ftA)

aE(It,1)$

However, many terms of that sum are equal to 0. Indeed, for example, if a; is one of the
n informed nodes in the component of s;, then P(P;(s1) = a;) = 0. More generally, if the
choice of a is such that E'U U;¢j;(a;, ;) contains an (undirected cycle), in other words, is
incompatible with a rooted tree, then P(P;(s1) = a;) = 0. If, on the other hand, the choice
of a is compatible with a rooted tree, then, applying Theorem 4.9.1, we have:

T €T (BUjew(aj,57) CT|  pnot-iel-e
P (mje[w](Pt(Sj) = aj)‘ft,l) = TeT, ECT]| = T lE|

g nim

We now have to count how many choices of a are compatible with a rooted tree. Let us call
these the suitable choices of a. To do so we create a bijection between the set of all suitable
choices of a and a simple set of forests consisting only of trees that are line graphs. This
basically says that for counting the number of suitable choices, we can ignore the internal
structure of each tree.

Case 1: A figure for that case is given in Figure 4.4. Let us first assume that none of the
n; nor 7 is equal to 0. Let o denote the set of all such values of a, and define 5 as follows:
create a forest F' with = + 1 (directed) line graphs, each line having respectively 7y, ..., 1.,n
nodes. Then [ is the set of all rooted trees that are compatible with F', and whose root is
the root of the last tree of F.

To determine |«|, we show that there is a bijection between « and /3 and determine |3|. To
create the bijection first take an arbitrary but fixed bijection b that maps every informed node
from I;_; to a node from F', such that an informed node from the component of s; is mapped
to a node of the j-th line of F'. Recall that each a € « assigned a parent a; to each node s;
with 1 < j <. We can map a choice of a € « to a tree T' € 3 by setting the parent in T of
the root of the j-th line to be b(a;) for every j. Note that this uniquely identifies a tree of .
Conversely, to find a choice a € o from a tree T € B, set a; = b~'(p;) where p; is the parent
of the root of the j-th line of F' in T. Now note that (3 is the set of all rooted trees that
are compatible with F', and whose root is the root of the last tree of F'. By Theorem 4.3.1,
18] = n(n+ Xje m;)" ", which concludes the proof for this case.

Case 2: If n = 0, it is easy to see that no choice of a is compatible with a rooted tree, as a
assigns a parent to each root 5 for1 <j<ux.

Case 3: If there exists some values of j such that 7; = 0, then assume wlog that 7, = --- =
ne = 0, and 7n; > 0 for every j > (. By the same arguments as in Case 1, there will be

n(n + e n;)" """ suitable choices for (a1, .. .,a;). Once this choice is made, for every
1 <j </, a; can take any value in [, 1, where |, 1| = 143 ;e[ n;. Thus, the total number
of choices for a is (1 + X ;e 1) O
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Figure 4.5: Merging examples

The following merge operation combines two trees such as to make a uninformed root the
root of the merged tree, if at least one of the roots is uninformed.

Definition 4.6.13 (Merging trees). We say that we merge two non-trivial trees U and U’
with respective roots r and ' in round t when we apply the following operation:

= Ifr € I,_4, then for every p € U with (r,p) € U, replace edge (r,p) with the edge
(r', p).

= Ifr & 1,4, then for every p € U" with (r',p) € U’, replace edge (1, p) with the edge
(r,p)-

Lemma 4.6.14. Let ¢t be a round and N,_, be the number of informed nodes after round
t—1. Let Ey, E5 be two sets of edges that the adversary could choose for round t, as follows:
let E1 be a collection of rooted trees such that every tree is non-increasing, with at least
two non-trivial components U with root r and U’ with root ', and let E5 be obtained from
Ey by merging U and U’. Let Nt(l) be the number of informed nodes after round t if F; is
chosen, and Nt(2) if Ey is chosen. Then choosing Es is a better strategy for the adversary
than choosing F.

This lemma implies that the adversary will never choose a set of edges with more than one
non-trivial component, i.e., the adversary will choose one tree with k£ + 1 nodes. We already
showed that the adversary will only choose non-increasing components. Therefore, we are left
with analyzing the case where the adversary chooses one non-trivial non-increasing tree with
k + 1 nodes.

Lemma 4.6.15. Lett be a round and N, be the number of informed nodes after round t. Let
U be a non-increasing tree over k41 nodes in roundt+1. Let o be the number of uninformed
nodes in U and n the number of informed nodes in U. Then the distribution of Ny 1 — N,
equals the sum of of n — N; — o independent Bernoulli random variables of parameter % plus
one Bernoulli random variable of parameter %

Corollary 4.6.16. Let t be a round and N, be the number of informed nodes after round t.
Let U be a non-increasing tree over k + 1 nodes in round t + 1 and let i) be its number of
informed nodes in U. The optimal strategy for the adversary is to minimize 7 in every round.
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Proof. Recall ¢ is the number of uninformed nodes in U. Note that we always have o + 1 =
k4 1. Let us consider two non-increasing trees U and U’ over k + 1 nodes. Let 1, (resp. o)
be the number of informed (resp. uninformed) nodes in U, and 1, (resp. o3) be the number
of informed (resp. uninformed) nodes in U’. Assume wlog that 17, > 75 > 0. Then 01 < 0.
Let Nt(}r)l and Nt(i)l be the number of informed nodes after round ¢ + 1 if the adversary

chooses respectively tree U or U’. The distribution of Nt(}r)l — N, is the sum of at least
n — N; — o1 independent Bernoulli variables of parameter % while Nt(i)l — N, is the sum
of at most n — N; — 05 + 1 independent Bernoulli variables of parameter at most % The
first distribution clearly dominates the second, and by the Distribution Domination Lemma

(Lemma 4.6.6), the result holds. O

This shows that the optimal strategy for the adversary is always to choose the number o of
uninformed nodes in the tree U chosen by the adversary equal to k& + 1, unless the number of
informed nodes V;_; is so large that ¢ is smaller than £+1, in which case 0 = n— N;_1, which
is the number of uninformed nodes. As the number IV, of informed nodes never decreases, this
leads to the following partitioning of the rounds into two phases: one phase which contains all
rounds ¢ where the number of uninformed nodes is at least £ + 1, i.e., n — N,y > k+ 1, in
which case 0 = k + 1, and another phase which contains all rounds t with n — N;_; < k+ 1,
in which case 0 = n — N;_;. We will show that the first phase takes O(logn) rounds, while
the second one takes O(k + logn) rounds.

4.6.2 Phasel

In phase 1, we have that N, — N, follows a binomial distribution of parameters (n—k— Ny, %)

This is exactly the same evolution as the case detailed in Section 4.5, or more precisely the
result of Lemma 4.9.33. We hence get the same result as in Theorem 4.5.1:

Lemma 4.6.17. Ifk < %n — 1 then, for any ¢ > 1, Phase 1 ends within 32 - c¢- T rounds with

probability p > 1 —n=¢ logn

, where T = @.

4.6.3 Phase 2

Phase two starts when there are only £ uninformed nodes. This essentially means that the
adversary can protect all uninformed nodes but one, as the trees they will choose will have
an uninformed root, which might get informed in this round. Note that all uninformed nodes
below it will not become informed in the current round.

Lemma 4.6.18. Ifk < %n — 1, for any ¢ > 1, Phase 2 ends within 8¢ - max{Inn, n_kl?_l} <
12¢ - max{Inn, k} rounds with probability p > 1 —n=°.

Proof. Recall that in this phase every uninformed node belong to U. Thus, there is only one
node, namely the root of U that can be informed through the randomly chosen edges. In
each round, by Lemma 4.6.15 with 0 = n — NV;, exactly one node, which as discussed must
be the root, gets informed with probability »=£=L  Assimilating this to a flip of a coin where

() |Si) _ k-1

the coin has probability

of landing on heads, and flipping the coin
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8c-max{lnn, n_k,:”_l} times, we are asking what the probability p of the coin landing on heads

at least k times is. Again, using Hoeffding's inequality (Lemma 4.9.28), we have that:

kn n—k—1 k ?
1—p§exp(—2><80-max{lnn,n_k_1}< n }>>

n 8¢ - max{lnn, ——

—k -1\ 12
Sexp(—2X86~lnn~<n> (1—8>>
n c

1 1\2
< exp (—2 ><8c-1nn-§ <1—4) ) <exp(—clnn) <n~°

Where we use that k(n —k—1) >n—2>2nifn > 4. O

4.6.4 Combining Phase 1 and 2

We now just have to combine the results for Phases 1 and 2 to show that Broadcast completes
in O(Inn + k) rounds:

Theorem 4.6.19. If the adversary can control k edges in each round, with k < %n -1,
Broadcast completes within 32 - 7 - ¢ + 12¢ - max{Inn, k} = O(c - (Inn + k)) rounds with
probability p > 1 — 2n~°,

Proof. This is a direct result of Lemmata 4.6.17 and 4.6.18 O

In order to understand how tight this bound is, we give a lower bound on how many rounds
the adversary can delay Broadcast:

Theorem 4.6.20. /f n > 2, and the adversary controls k edges in each round, then there
exists a strategy for the adversary that delays Broadcast with a Randomized Oblivious Message

Adversary to at least 50 5271) > % rounds with probability at least i.

Proof. Let us look at an adversary that only uses a non-increasing tree over nodes 1 to k£ + 1,
where the root is always chosen to be the one with the smallest ID among those that are still
uninformed. Let N, be the number of informed nodes after ¢ rounds among [k + 1]. Clearly
Nj < 1. By Lemma 4.6.16, the root of the tree has probability at most ==L of being
informed in each round, and thus in expectation, E[N]] < 1 + w Therefore, using
Markov's inequality, we have that, for t = kin

2n—k—1)"
kn(n—k—1)
5 Tn 1 k 3
P(N, =n) <P(N' >k +1) < —2n=k=bn _ <°.
(Ne=n) <P(N; 2k +1) < k+1 K+l 2kr2=1

]

Applying a union-bound on the result for Broadcast, we get a result for All-to-All Broadcast:

Theorem 4.6.21. For any ¢ > 1 andn > 5, All-to-All Broadcast on Uniformly Random Trees
with adversarial edges completes within O(c- (Inn -+ k)) rounds with probability p > 1 — -1

ne—1-
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4.6.5 Consensus

Finally, we see that a direct application of Theorem 4.6.21 gives us a reliable algorithm for
Consensus with a Randomized Oblivious Message Adversary of parameter k:

Theorem 4.6.22. There exists a protocol for Consensus with a Randomized Oblivious Mes-
sage Adversary that satisfies Agreement and Validity, and terminates in O(c-(Inn+k)) rounds
with probability p > 1 — nl and only requires messages of 1 bit over each edge in each round,
as long as k < 2n — 1.

Proof. By Theorem 4.6.19, node 1 Broadcasts within O(c- (Inn+ k)) rounds with probability
p > 1 —2n7° Therefore, using the same arguments as in the proof of Theorem 4.4.11 it
follows that Algorithm 4.4.10 achieves Consensus within O(c-(Inn+k)) rounds with probability
p>1—2n"¢ as long as we let the for loop run for O(c-(Inn+k)) rounds instead of 32-¢-lnn
rounds. ]

4.7 Beyond Trees: Broadcast and Consensus in directed
Erdos—Rényi graphs

Directed ErdsRényi graphs consist of m edges chosen uniformly at random among the n?
potential edges. Intuitively they have less structure than uniformly random trees, which makes
the analysis of Broadcast simpler. We present the main ideas below. Note that we also analyze
Byzantine nodes and adversarial edges in that model in Section 4.7, but omit these extensions
in this overview.

Sampling a directed ErdsRényi graph is equivalent to choosing m edges without replacement
from the set of all possible edges. We call that Scheme 1. Then we observe, using a coupling
argument, that Scheme 1 requires no more rounds than Scheme 2, where in each round m edges
are chosen with replacement. Finally, to analyze Scheme 2, we basically partition the sequence
of rounds of Scheme 2 into 2 [(logn)/2] phases, such that for each of the first [(logn)/2]
phases the number of informed nodes doubles in each phase and for each of the last [(logn)/2]
phases the number of uninformed nodes halves in each phase. Note that Broadcast completes
after the last phase. Using Hoeffding's inequality for binomial distributions we show that phase
i for 1 < i < [logn/2] requires with high probability at most O(max{logn,2"~1}n/2""1)
sampled edges, and, thus, O([max{logn,2~'}/(2"'m/n)]) rounds, and for [logn/2] +1 <
i < 2[logn/2] phase i requires with high probability at most O(max{logn,2/=2?}n/2771)
sampled edges with with j := 2 [logn /2] — 4, and, thus, O([max{logn,2/=1}/(27"1m/n)])
rounds. Summed over all phases this shows that with high probability O([n/m]logn) rounds
suffice for Scheme 2 to reach Broadcast. We thus get the result:

Theorem 4.7.1. For any ¢ > 1, in scheme 2, and therefore scheme 1, Broadcast completes
within O ([%W log n) rounds with probability p > 1 — n™=¢logn.

Note that the analysis extends to the setting when the graph in each round contains at least
m edges. We also show that a lower bound that implies that this upper bound is tight for
m <n.
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Theorem 4.7.2. In scheme 1, and thus in scheme 2, Broadcast fails to complete within

% rounds with probability at least 1.

We also give somewhat different analysis where the number of informed resp. uninformed
nodes does not double, but increases by (1 + m/n) that is tight for m > nlnn.

Theorem 4.7.3. For any ¢ > 1 and m € [n?] such that m/n > Inn, in scheme 2 and in

scheme 1, Broadcast completes within O ( clogn

M) rounds with probability p > 1—n"¢log n.
We also extend those results to Consensus, Byzantine nodes and with adversarial edges. All
details are delayed to Appendix 4.9.7.

4.8 Related Work

Information dissemination in general and Broadcasting and Consensus in particular are funda-
mental topics in distributed computing. In contrast to this paper, most classic literature on
network Broadcast as well as on related tasks such as gossiping and Consensus, considers a
static setting, e.g., where in each round each node can send information to one neighbor [87,
67].

Especially the Byzantine setting has received much attention in the literature. Important
results include Dolev and Strong [50] on reliable Broadcast which is robust to f Byzantine
nodes, and runs in T'= f + 1 rounds, or Berman, Garay and Perry [22] on King's algorithm
that solves reliable Broadcast, is robust to f Byzantine nodes, and runs in 7' = 3(f + 1)
rounds. To just name a few.

In terms of dynamic networks, Kuhn, Lynch and Oshman [98] explore the all-to-all data dis-
semination problem (gossiping) in an undirected setting, where nodes do not know beforehand
the total number of nodes and must decide on that number. Dutta, Pandurangan, Rajaraman,
Sun and Viola [55] generalize the model to when not all nodes need to forward their message,
but only & tokens must be forwarded. Augustine, Pandurangan, Robinson and Upfal [14] show
that if the graph is an expander in every round, broadcast is complete within O(logn) rounds,
even if a small enough constant fraction of nodes get churned in each round. Ahmadi, Kuhn,
Kutten, Molla and Pandurangan [3] study the message complexity of Broadcast also in an
undirected dynamic setting, where the adversary pays up a cost for changing the network.

In dynamic networks, the oblivious message adversary is a commonly considered model, espe-
cially for Broadcast and Consensus problems, first introduced by Charron-Bost and Schiper [34].
The Broadcast problem under oblivious message adversaries has been studied for many years.
A first key result for this problem was the nlogn upper bound by Zeiner, Schwarz, and
Schmid [129] who also gave a P”—Q’ﬂ — 2 lower bound. Another important result is by Flgger,
Nowak, and Winkler [68] who presented an O(loglogn) upper bound if the adversary can only
choose nonsplit graphs; combined with the result of Charron-Bost, Fugger, and Nowak [33]
that states that one can simulate n — 1 rounds of rooted trees with a round of a nonsplit
graph, this gives the previous O(nloglogn) upper bound for Broadcasting on trees. Dobrev
and Vrto [47, 46] give specific results when the adversary is restricted to hypercubic and tori
graphs with some missing edges. El-Hayek, Henzinger, and Schmid [61, 60] recently settled
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the question about the asymptotic time complexity of Broadcast by giving a tight O(n) upper
bound, also showing the upper bound still holds in more general models. Regarding Con-
sensus, Coulouma, Godard and Peters in [42] presented a general characterization on which
dynamic graphs Consensus is solvable, based on Broadcastability. Winkler, Rincon Galeana,
Paz, Schmid, and Schmid [69] recently presented an explicit decision procedure to determine
if Consensus is possible under a given adversary, enabling a time complexity analysis of Con-
sensus under oblivious message adversaries, both for a centralized decision procedure as well
as for solving distributed Consensus. They also showed that reaching Consensus under an
oblivious message adversary can take exponentially longer than Broadcasting.

In contrast to the above works, in this paper we study a more randomized message adversary,
considering a stochastic model where adversarial graphs are partially chosen uniformly at ran-
dom. While a randomized perspective on dynamic networks is natural and has been considered
in many different settings already, existing works on random dynamic communication networks,
e.g., on the radio network model [63], on rumor spreading [41], as well as on epidemics [54], do
not consider oblivious message adversaries. Note, however, that the information dissemination
considered in this paper is similar to the SI model for virus propagation, with results having
implications in both directions [65]. For example, Doerr and Fouz [49] introduced an infor-
mation dissemination protocol inspired by epidemics. More generally, randomized information
dissemination protocols can be well-understood from an epidemiological point-of-view, and are
very similar to the SI model which has been very extensively studied. In contrast to the typical
SI models considered in the literature [110], however, our model in this paper revolves around
tree communication structures which introduce additional technical challenges. Furthermore,
existing literature often provides results in expectation, while we in this paper provide tail
bounds.

Many papers have tried to bridge the gap between the deterministic and random case, using
smoothed analysis. In [106], Meir, Paz and Schwartzman study the broadcast problem in noisy
networks, under different definitions on noise. In particular, if in each round the graph given by
the adversary is replaced by a graph chosen uniformly at random among graphs at hamming
distance at most k from the original graph, in the case where the adversary can suggest any
connected graph, then Broadcast is reduced from n rounds to O(min{n,n\/@}) rounds, in
the case of an adaptive adversary. If the adversary is oblivious, then Dinitz, Fineman, Gilbert
and Newport [45] showed that it is further reduced to O(n%?3/k'/3 x logn).

4.9 Appendix

4.9.1 Lower Bound for Deterministic Broadcast in Constant Height
Trees

In this section, we consider a very similar model to [60], the only difference being that the
adversary is restricted to choosing trees of height at most 2.

Model We are given n nodes, and these nodes can communicate in synchronous rounds.
Each node has a distinct I.D., and aims to share this I.D. with as many nodes as possible. In
the beginning, each node only knows its own I.D.. An adversary chooses for each round a
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directed network along which nodes can communicate, among a set A of allowed networks.
In each round, each node sends all 1.D.s it has received in previous rounds to each one of its
out-neighbors. The adversary’s goal it to maximize the number of rounds until broadcast, that
is, until one |.D. has been received by everyone. The question is: how many rounds can the
adversary delay broadcast, depending on A?

Authors in [60] have shown that if A is the set of rooted trees, then the adversary can delay
broadcast for a linear number of rounds. Since a linear number of rounds is easily achievable
by the adversary simply by taking a line graph L, and using L as the communication network
in each round, one would think that the height of the trees allowed play an important role
to determine broadcast time. We give in Figure 4.6 a counter example, where A is the set
of rooted trees of height at most 2, and where broadcast needs at least a linear number of
rounds.

AN AN AN

t+1

NG AN

Figure 4.6: Lower Bound for (deterministic) Broadcast when the adversary is restricted to
trees of height at most 2.

In this example, in round t, for ¢ < n — 2, the adversary chooses the tree rooted at node 1,
with edges (1,24 1) and (¢t + 1,4) for every ¢ € [n] \ {1, + 1}. Since node 1 never has an
in-neighbor, broadcast completes when the I.D. of node 1 is shared to every node. It is easy
to see that this only happens after round n — 2.

4.9.2 Counting Trees

In this section, we will present previously known and new results on the number of rooted trees
that satisfy given properties. This will be helpful for computing probabilities in later sections.
Namely, we are particularly interested in the two following results:
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Theorem 4.9.1 (Lemma 1 of [116]). Let us be given a directed rooted forest F' on n vertices,
and let |E| be the number of edges in F'. Then, the number of directed rooted trees T' over
n vertices, such that F C T, is n™ &l

Theorem 4.3.1. Let us be given a directed rooted forest F' on n vertices, let v € [n| be the
root of a component in F', and f be the number of vertices of that component (note that we
can have f =1 if v is an isolated vertex). Then the number of directed rooted trees T on n
vertices, such that F is contained in T, and such that v is the root of T, is fn™2~1Fl,

We will also prove Theorem 4.3.1. To do so, we start by recalling Cayley's formula [31]:

Theorem 4.9.2 (Cayley's formula). The number of undirected trees on n vertices is n™ 2.

As a corollary of this theorem, we can compute the number of rooted trees on n vertices, as
choosing a rooted tree is equivalent to choosing an undirected tree, and then choosing a root:

Corollary 4.9.3. The number of rooted trees on n vertices is n™!.

Throughout this section we use F' to denote an undirected or directed forest and
C1,Cs,...,C, of fi,..., fi, vertices with integer m > 1 to denote the connected com-
ponents of (the undirected version of) F'. The next theorem on undirected trees gives the
number of undirected trees which respect a set of fixed edges. It was shown by Lu, Mohr and
Székely [104].

Theorem 4.9.4 (Lemma 6 of [104]). Let us be given an undirected forest F' on n vertices,
with connected components C1,C5,...,C,, of fi,..., fn vertices with integer m > 1. Let
|E| be the number of edges in I'. Then, the number of undirected trees T' on n vertices, such
that F C T, is:

( H fz) nn727|E‘\
i€|m]

We also recall the definition of a directed rooted forest, illustrated in Figure 4.7:

Definition 4.9.5 (Directed rooted forest). A directed rooted forest is a collection of disjoint
directed rooted trees.

For simplicity, we will always require that 3=,cp,, fi = n, which is always achievable by putting
isolated vertices in trivial components. We will also assume that v € ;. For any directed
graph G, u(G) will represent its undirected version (lllustrated in Figure 4.7). For any directed
rooted tree T, its root is denoted by (7). We will also use the following bijection. Recall
that 7,, is the set of all directed rooted trees on n vertices. We use T,, to denote the set of
all undirected trees on n vertices.
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Figure 4.7: Left: A directed rooted forest F.. Middle: u(F). Right: A directed rooted tree T’
in Ap, as seen as an undirected tree with a choice of a root. Note that F' ¢ T.

Definition 4.9.6 (Bijection between rooted trees and undirected trees with a choice of a
root). Let T,, be the set of all undirected trees on n vertices. We define 7 to be the following
bijection:

w: T — T, X [n]
T (u(T),r(T))

To prove Theorem 4.3.1, we will first look at all the trees rooted at v that agree with F' if edge
directions are ignored. Choosing such a tree is equivalent to choosing an undirected tree that
contains F', then choosing v as the root. This results in (Hie[m] fz) n"~2~F trees. However,
while all of them agree with F' on the undirected edges, the direction of those edges will not
correspond for a majority of them. We will then partition this set of trees such that only one
element of each set of the partition agrees with F' on the directed edges, and counting the
number of sets in the partition will yield the desired result. To do so, we will use group actions.

Definition 4.9.7 (Group action). If G is a group with identity element e, and X is a set,
then a (left) group action o of G on X is a function

a:Gx X =X

that satisfies the following two axioms:

= [dentity: a(e,x) = x,Vx € X, where e is the identity element of G.
= Compatibility: a(g,a(h,z)) = a(gh,z),Vg,h € G,Vr € X

Definition 4.9.8 (Rotations). Let k > 0 be an integer and let Ry, be the group of all rotations
of [k], that is, the set of functions:

of ZIKT — KT
r+— (r+14) mod k
Definition 4.9.9 (Undirected-compatible). Let F' be a forest with vertices in [n| (rooted and
directed or undirected), and T' a tree with vertices in [n| (rooted and directed or undirected).
We say that they are undirected-compatible if u(F') C w(7'), where u(G) represents the

undirected version of graph GG. If F' and 'T" are both rooted and directed or both undirected,
we say that they are compatible if ¥ C T.
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Definition 4.9.10 (Set of undirected-compatible trees to a forest). Let us be given a directed
rooted forest I with vertices in [n]. Ap is the set of directed rooted trees on n vertices, rooted
at v, that are undirected-compatible with F'.

An example of a tree in Ap is given in Figure 4.7. The following lemma follows almost
immediately from Theorem 4.9.4.

Lemma 4.9.11. Let F' be a directed rooted forest with n vertices and F edges. Then
|Ar| = (Hie[m] fi) 2B

Proof. Let Bf be the set of all undirected rooted trees that are undirected-compatible with
F. = induces a bijection between Ap and Bp x {v}. Therefore, |Arp| = |Br|-1. By

Theorem 4.9.4, |Brp| = (Hie[m] fi) nn—2-1El 0

Definition 4.9.12 (Bijection between a set of f; elements and Z/ f;7Z). For any i € [m], there
exists a bijection between 7/ f;ZZ and C;. Let b; be that bijection.

Let R = Ry, X ... X Ry, an illustration of an element of R is given in Figure 4.8. Note that
R is a group as a cartesian product of groups. We now define a group action of R on Ap.
This group action will allow us to partition Ap as desired.

Definition 4.9.13 (Group action of R on Ar). Given a forest F' with connected components
C; with 1 < i < m and corresponding bijections b;, let o be the group action of R on Ap
defined as follows: Let o = (cf2,...,0lm) for some (as, ..., an) € Z/ oL % - X L] f,, 7 be
an element of R and let T € Ar. Then a(o,T) is obtained from T' by making the following
modifications to m(T) = (u(T),v):

For every i € {2,...m}, there is one (and only one) path from v to C; in u(T). Let (x,y)
be the only edge on that path such that © ¢ C;,y € C;. Replace edge (x,y) with edge

(2, biolib;  (y)).

To prove that this is indeed a group action, we need to verify (1) that a(o,T) is indeed in Ap,
(2) that the identity element e = (o', ..., 04™) of R verifies a(e,T) = T for any T € Ay,
and (3) that for any two 0,7 € R, for any T' € Ap, we have a(o,a(7r,T)) = a(o7,T). The
second condition being trivial as o}’ is the identity function for any value of f;, we only prove
the other two.

Lemma 4.9.14. a(0,T) € Ap.

Proof. Let us first show that u(a(o,T)) is an undirected tree. As it has n — 1 edges, we
only need to show that it is connected. Let u be a vertex. We need to show that it can be
reached from v. Let P be the (only) path from v to w in T', written as a sequence of vertices.
Then we can split up P into P = PP, ... P,, where each P; is a sequence of vertices that
all belong to the same C; for some i € [m]. We will now replace each of the P; by another
path to make a path from v to u in u(a(o,T)).

Consider every edge (x,y) where z is the last vertex of P; for some j, and y is the first vertex
of Pj;1. There exists some k such that y € Ci. Then P, P, ... P;y is the path from r(T) to
Cy, in u(T). Then (z,b, ol by (y)) € u(e(o,T)). Replace y by b ofrbi(y) in P.
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Figure 4.8: Left: An element T in Ap. Middle: An element o of R. Right: The result a(o,T)
of the action o of o on T". Note that F' C «(o,T'), where F is the example from Figure 4.7,
with this particular choice of o.

Let us now look at a particular P;, and let ¢ be such that all of the vertices of P; belong to Cj,
then its first vertex has been changed to another vertex of C;, while all others are unchanged.
Hence, the first and last vertex still belong to C;. As C; is connected in u(«(o,7")) since no
edge inside C; has been modified, there exists a path P} in u(a(o, T)) that connects that first
and last vertex of P;. We can thus replace P; by P;.

The new path now correctly connects v and u in u(«a(c,T')), which shows that it is connected.
Hence (o, T) is a tree. Since no edge in any particular C; has been modified, a(o,T) is
compatible with F'. O

Lemma 4.9.15. For any T € Ap, and 0,7 € R we have that oo, a(1,T)) = a(oT,T).

Proof. Let o = (02,...,0/m) and 7 = (62,...,0/™). And then, for every i € {2,...,m},
the path from v to C; in T will include the edge (z,y) such that x ¢ C;,y € C;, then the
corresponding edge is (z,b;0lib; ' (y)) in (7, T), and (z,b;0liclib; ' (y)) in a(o7,T). Hence,

it is (z,b;001b; 'b;olib; (y)) in a(o, (7, T)). We thus have a(o, a(7,T)) = a(o7,T). O

As we plan to use Lagrange's theorem for group actions, we now compute the stabilizer of a
tree T, which is the set of all rotations that do not modify the tree:

Lemma 4.9.16. Ry :={c € R: a(0,T) =T} = {e}, forevery T € Ap.

Proof. Let o0 € R be a rotation such that a(o,T) = T'. For every i € {2,...m}, we look at
the path from v to C; in both T" and «(o, T'). These two paths must be the same. However,
if the first element of that path in T that is in C; is some vertex y, then in a(o,T), it is
biolib; ! (y). We conclude that bjolib; ' (z) = x and thus a; = 0.

We therefore have that a; = 0 for every i € {2,...,m}, which proves that ¢ =
(of,....olm) =e. O

We now take a look at the orbit R - T of a tree T' € Ap. The group action ensures that the
orbits in Ar form a partition of Ap.
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Theorem 4.9.17 (Lagrange's Theorem, Corollary 10.23 of [119]). Let G be a group, X a set
and « a group action of G on X. Let x be an element of X, G, :={g € G : a(g,z) = =}
and G.x :={ye X :3g€ G,y =alg,z)}. Then we have that:

|G|
|G|

|G.x| =

Lemma 4.9.18. Let, forevery T € Ap, R-T :={T" € Ar: 30 € R,a(0,T) =T"}. Then

,,,,,

Proof. By Theorem 4.9.17, we have that |R-T| = % ~ e m O

We now show that exactly one tree in each orbit is compatible with F'.

Lemma 4.9.19. Let T € Ap. Then there exists exactly one T' € R - T such that T" is
compatible with F.

Proof. Let T" € R-T be a tree such that 7" is compatible with F', and let o be the rotation
such that 7" = «a(o,T). Let, for every i € [m], r; be the root of C; in F.

For every i € {2,...,m}, look at the path from v to C; in T, and its corresponding path in
T’, computed similarly to the proof of Lemma 4.9.14. In T”, the first vertex of that path in
C; must be r;, but it also is b;o/ib; " (y), where y is the first vertex of the path in 7. Hence
a; = bi_lri — b;l(y>

These conditions uniquely determine o, and, thus, T’. Conversely, setting o with each a;
defined as above gives a tree T” that is compatible with F. O

We can now prove Theorem 4.3.1, which we recall below:

Theorem 4.3.1. Let us be given a directed rooted forest F' on n vertices, let v € [n] be the
root of a component in F', and f be the number of vertices of that component (note that we
can have f =1 if v is an isolated vertex). Then the number of directed rooted trees T' on n
vertices, such that F' is contained in T", and such that v is the root of T, is fn”*Q*‘EL

Proof. Consider set Ap as defined in Definition 4.9.10. We know that every directed rooted
spanning tree T in K, such that I is contained by 7', and such that v is the root of T, is
in Ap. We can partition Ap in orbits of the group action defined in Definition 4.9.13. By

A .
|Ar| - orbits,
ie{2,...,m} fi

which is equal to fin"271¥l by Lemma 4.9.11. Lemma 4.9.19 ensures that exactly one element
in each orbit is a directed rooted spanning tree T" in K, such that F'is contained by 7". Note
that f; = f to conclude the proof. O

.....
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4.9.3 Probabilities tools

Lemma 4.9.20. Let Xy,...,X,, and Y, ...Y,, be binary random variables such that for every
I C [m] we have that P(Micr(X; = 1) Nigr (X3 = 0)) = P (Nicr(Ys = 1) Nigr (Y; = 0)), then
the probability distribution of 3¢, X; is equal to the probability distribution of 3=;c(,, Yi.

Proof. We have, for every k € [m]:

(Z X; = k;) > P(Mier(Xi = 1) Nigs (X; = 0))

i€[m] |I|=k

= > P(Nies(Yi = 1) Nigr (Y; = 0))
\T|=k

1€[m)]

Lemma 4.9.21. Let Xy,...,X,, and Y, ...Y,, be binary random variables such that for every
CEN, Y= P(Nier(Xi = 1) Nigr (X; = 0)) = 2= P(Mier(Y; = 1) Mgz (Yi = 0)), then
the probability distribution of 3 ;c,,) X; is equal to the probability distribution of 3 ¢, Yi-

]

Proof. We have, for every k € [m]:

]P(Z Xl:/f) Z]P) zeI 1)mz¢I(Xi: ))
i€[m]

=k

|Z P(Nier(Yi = 1) Nigr (Vi = 0))

i€[m]

Lemma 4.9.22. et Xy,...,X,, and Y1,...Y,, be binary random variables such that for
every I C [m],P(Nicr(X; = 1)) = P(Nier(Y; = 1)), then the probability distribution of
> icim) Xi Is equal to the probability distribution of 3= ;c( Y

]

Proof. We start by proving by induction on the size of J, P(N;c;(X; = 1) Njes (X; =0)) =
P(Nier(Y; = 1) Njes (Y; = 0)) for any I,J C [n] such that I N J = @. This is clear for
|J| = 0.

Let 7, J C [n] such that INJ = & and |J| > 0. Let a be an element of J. Then we have:

P(Nier(Xi = 1) Njesntay (X; =0))
= P(Nicr(Xi = 1) Njes (X; = 0)) + P(Nicrufa}(Xi = 1) Njen(ay (X; =0))
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Similarly:

P(Nier(Y; = 1) Njengay (Y5 =0))
= P(Nics(Yi = 1) Njes (Y; = 0)) + P(Nicrugay (Yi = 1) Njengay (Y5 =0))

By induction hypothesis, we have:

P(Nier(Xi = 1) Njentay (X; =0)) = P(Mier (Vi = 1) Njen(ay (Y; = 0))
P(Nicruga}(Xi = 1) Njenay (X = 0)) = P(Nicruay (Vi = 1) Njengay (¥ =0))
Hence:
P(Nier(Xi = 1) Njes (X; = 0)) = P(Nier(Yi = 1) Njes (Y; = 0))
The result follows from Lemma 4.9.20, when we take J = [m] \ [ O

Lemma 4.9.23. let Xy,...,X,, and Y1,...Y,, be binary random variables such that
D= P(Nier(Xi = 1)) = Xz P(Nies(Y; = 1)) for every { € N, then the probability
distribution of 3=;c(,, Xi is equal to the probability distribution of 3¢, Y.

Proof. We start by proving by induction on k, that for every (,k € N, 3=, P(Mie;(X; =
1) Njey, (X; =0)) = Xi=e P(Nier(Yi = 1) Njey, (Y; = 0)) for any choice of J; C [n] such
that /N J; = @ and |J;| = k. This is clear for k = 0.

For the induction case, let us assume, that for £ > 1, we have that for every ¢ €
N, Y= P(Nier(Xi = 1) Njeg, (X = 0)) = = P(Mier(Yi = 1) Njey, (Y; = 0)) for
any choice of J; C [n] such that /N J; = @ and |J;| = k — 1.

Let us fix ¢, and for every I C [m] such that |I| = ¢, let J; C [m] be such that INJ; = @
and |J;| = k > 0. Let a; be an element of J;. Then we have:

Z P(miEI(Xi = 1) Njes\{ar} (Xj = 0))

7=
= > P(Mier(Xi = 1) Njes, (X5 =0)) + Y P(Niervge}(Xi = 1) Njespgay (X5 =0))
= \T]=¢
Similarly:

Z P<ﬂi€](lfi = 1) ijJI\{aI} (}/j = 0))
1=t

=Y P(Nier(Yi = 1) Njey, (Y;=0)) + D P(Nicrogay (Vi = 1) Njespfary (Y =0))
[1]=¢ |I|=¢

By induction hypothesis, we have:

> P(Nicr(Xi = 1) Njespgary (X5 =0)) = D P(Mier (Vi = 1) Njespgary (Y5 = 0))

|I|=¢ [T|=¢
> B(iervgan (X = 1) Neanfary (5 = 0)) = 3 P(Niervan (Vs = 1) Njengary (¥ = 0))
[7]=¢ |I|=¢
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Hence:

|T|=¢ |T|=¢
This concludes the induction step.

The result follows from Lemma 4.9.21, when we take for every I, J; = [m]\ I, for k =
m — /. O

Lemma 4.9.24. et X,,...,X,, and Yi,...Y,, be binary random variables, « € R,a > 1
and v € N such that for any I C [m]\ {r},P(Nics(X; = 1)) = P(Nies(Y; = 1)), and
P(Nicrugy (Xs = 1)) = aP(Nicrupy(Ys = 1)) then X, Xi stochastically dominates
> ic[m) Yi-

Proof. We start by proving by induction on the size of J, for every I, .J C [m]\ {r} such that
INnJ= @,P(ﬁlel(Xl = 1) ﬁjej (X] = O)) = P(mz€]<}/l = 1) ﬂjEJ (}/; = O)) This is clear
for |J| = 0.

Let 7, J C [n] such that INJ = & and |J| > 0. Let a be an element of J. Then we have:
P(Pier(Xi = 1) Njengay (X5 = 0))
= P(Nicr(Xi = 1) Njes (Xj = 0)) + P(Nicruga) (Xi = 1) Njesfay (X; =0))
Similarly:
P(Pier(Yi = 1) Njenay (¥; = 0))
=P(Nics(Yi = 1) Njes (Y5 = 0)) + P(Nierugay (Vi = 1) Njengay (Y; =0))
By induction hypothesis, we have:

P(mieI(Xi =
IP>(mielu{a} (Xz =

Hence:

) =P(Nier(Y; = 1) Njengay (Y; = 0))
) = P(Nicrugay (Vi = 1) Njesviay (Y5 = 0))

P(Nier(Xi = 1) Njes (X; = 0)) = P(Nies (Vi = 1) Njes (Y; = 0))

We then show by induction on the size of .J, that for every I,J C [m] such that r € I,
INJ = @,P(ﬂieI(Xi = 1) ijJ (XJ = O)) = Oé]P(ﬂieI(Y;‘ = 1) ﬂjeJ (Y} = O)) for any
I,J Cn]. Thisis clear for |J| = 0.

Let /,J C [n]suchthat r € I, INJ = & and |J| > 0. Let a be an element of .J. Then we
have:

P(Nier(Xs = 1) Njenfay (X5 =0))
= P(Nier(X; = 1) Njes (X; = 0)) + P(Nierufay(Xi = 1) Njesygay (X; =0))

Similarly:

P(ﬂel(m = 1) mjeJ\{a} (Y; = O))
= P(Nics(Yi = 1) Njes (Y; = 0)) + P(Nicrugay (Yi = 1) Njengay (Y5 =0))
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By induction hypothesis, we have:
P(Nier(Xi = 1) Njenfay (X; =
P(ﬂz‘elu{a}(Xz’ =1) Mjen{a} (Xj =

Hence:

)) = aP(Nic1(Yi = 1) Njenjay (Y5 =0))
) = aP(Nicrugay (Yi = 1) Njeniay (V5 =10))

P(Nier(Xi = 1) Njes (X; = 0)) = aP(Nies (Vi = 1) Njes (Y; = 0))

We now show that for any x € N, we have that P (Zie[m] X; > x) > P (Zie[m} Y, > x)
Indeed, we have:

P (Z Xi> 96) = > P (ﬂz’ef(Xz' = 1) Djepmpr (X5 = 0))

i€[m] [I|l=x:rel

+ Z P (ﬂieI(Xi = 1) Mjem)\1 (Xj - O>>

IC[m]:r¢l |I|>x
+ P (Microey (X; = 1) Njempaopy (X5 = 0))
=a > P(Nier(Yi=1) Njepups (¥; = 0))

|I|=z:rel
+ Y P(NerX = 1) Niepmnupy (X5 =0))
IC[m]:ré¢l,|I|>x

> Y P(Nier(Yi = 1) Njegmpr (V; = 0))

[I|l=z:rel

+ Y P(MierYi = ) Njeppaopy (Y =0))

IC[m]:rg¢l,|I|>z

Afz

1€[m)

]

Lemma 4.9.25. Let X be a random variable that has a binomial distribution of parameters

(m,p). Then if0 < p < -, we have that P(X > mp) > § as long asp > 1 — (%)E.

. . . 1
In particular, it suffices for p to be larger than 5 -.

Proof. If p < % then 0 < mp < 1 which means that the events X > mp and X > 1 are the
same since the binomial distribution takes only integer values. Hence:

PX>mp)=P(X>1)=1-PX=0)=1—(1—p)™
-6 =

1
As the function ?%m -1+ (%) ™ is positive for m = 1 and strictly decreasing towards 0 with
increasing m, it is always positive and thus the second claim holds. O
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Definition 4.9.26 (Mutually independent events). Let A;,..., A, be events. They are said
to be mutually independent if and only if, for every subset I C [n], we have that:

P (Nicr ;) = H P(A;)

Lemma 4.9.27. If Ay, ..., A, are mutually independent events, then we have that, for every
subsets I,J C [n], INJ =a:

P (ﬂielAz‘ MNjcs Xg) = HP(Ai) H(1 —P(4;))

iel jeJ

Proof. We will show by induction on the size of .J that this holds for every I C [n] such that
INnJ=. ltis clear for the case |J| = 0.

Let J be a nonempty subset of [n] and I a subset of [n] such that INJ = @&. Leta € J.
Then we have that, by the induction hypothesis:

P (ﬂieIAi MNjes\{a} JLTJ) = HP(AZ) H (1 - P(Aj))

iel jeJ\{a}
However, we also have that:
P (miEIAi MNjes\{a} J‘TJ) =P (miEIAi Njes fTJ) +P (mielu{a}Ai MNjes\{a} J‘TJ)

Again, by the induction hypothesis, we have that

P (mielu{a}Ai ﬂjeJ\{a} A7J) - H ]P)(AZ) H (1 - P(AJ>>

ielU{a} jeJ\{a}

Piecing everything together, we get that:

P (mielAi Njes Afa) =P (miGIAi Nje\{a} Aj) -P (mielu{a}Ai Njes\{a} E)
=[IPA) JI A-PA4;)— II P4) [I Q-P4)

i€l jeq\{a} ielU{a} jeq\{a}
= [IP(4) [T(1 - P(A))
iel jeJ

]

Lemma 4.9.28 (Hoeffding's inequality for binomial distributions [85]). Let Y be a binomial
random variable with parameters (t,p). We then have, for any xz < tp:

P(Y < z) < exp (—275 < - 3;)2>
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4.9.4 Ommitted Lemmas and Proofs from Section 4.4

Lemma 4.9.29. For every t € N, we have that n > N; > X;.

Proof. Note that N, cannot go higher than n because it is the number of nodes informed
after round ¢, which is at most n.

We will prove the rest by induction on t. For the induction basis note that by definition
Ny = 1 = Xg. For the induction step let us assume that n > N; > X, for some t € N.
Consider first the case that Nyyy — Ny < (n — Ny) - % Since no informed node can become
uninformed, we have that N;.; > N; > X; = X;,4, as desired. Next consider the case that
Ny — Ny > (n—Nt)-%. Then Nyyq > Nt—i—(n—Nt)-% and Xy = Xﬁ—(n—Xt)-%. As
the function z +— z + (n — x) % is strictly increasing for x < n, this proves that Ny ;1 > Xy,
as desired. Il

Lemma 4.9.30. For every t € N, we have that X; > 1.

Proof. We will again show this by induction. For the induction basis note that by definition
1 = X,. For the induction step let us assume that X; > 1 for some t € N. We then have two
cases, either X;,; = X; and the result holds trivially, or X;.; = X; + (n — X}) - % Since
1 < X; <n, we have that X;,; > X; > 1. O

Lemma 4.9.31. For every t € N, we have that n > X, ifn > 1.

Proof. We show this claim by induction on t. As n > 1 and X; = 1, it is trivially true for
t =1. Assume it is true for t € N. Then X, < X, + (n — X;) - 2t = n(5t 4 2=X ) <y,
where the last inequality holds by noting that (% + ”%Xt%) is a convex combination of 1 and

%, the latter of which being strictly smaller than 1. O]

Essentially, this means that X; never reaches n, and thus that X;,; is always strictly larger
than Xt if Nt+1 — Nt 2 (TL — Nt) . M:

n

Corollary 4.9.32. We have that X;.1 > X, if and only if Nyyy — Ny > (n— N) - %

Lemma 4.4.3. Let u; € N be the t-th round such that X,,.1 > X,, and let uy = 0. Then
2t
Xy, =n—n ("T_l) . Moreover, we have that X,,,, = X, + (n — X,,,) - X

t4+1 n

Proof. We show the claim by induction on ¢. By definition of 4y we have that X,, = 1. Thus

20
the induction basis X,, =1=n—n (”T_l> follows.

For the induction step assume next the result is true for some t € N. Note that for every
t € N, it holds that X,,,,, = X,,, + (n — X,,) - Xut Indeed, we have that X, , = X,

o= X1 = Xu, + (0 — Xy,) - 22 Thus,

n -

t+1 tr1—1 —
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Xy
Xut+1:Xut+(n—Xut)-t:n—n<n
n

n n
() () (e ()
=n—n + n—n
n n n
n_12t+1
:n_n( )
n

Lemma 4.4.4. Ift > us1y,, then N; = n.

Proof. Let Y,, = % Then X, > n—1iff Y,, < 1/n. Further Y, = ! and Y,,,, =

Ut41
n—X 21

P o ()T 2 (V)% Now notethat Y, < 1/niff (%1)" < 1/niff2 < /) —

log (")
bgn—lol#—n' Now note that logn — log(n — 1) > 1/n and, thus, logn—l’i#—l) < nlogn <
n?. It follows that for ¢ < 2log(n) it holds that X,, > n— 1 and, hence, N, > X, >n—1.

As N,, is an integer, the result follows. O

Lemma 4.4.6. Ifn > 4, for every t € N, we have that P (X,.1 > X;) > 1.

Proof. By Corollary 4.9.38, we have that X, ; > X, if and only if N;i 1 — Ny > (n— V) - %
Thus, P (X111 > Xi) = Sepg P (Nevs = No > (n = Ny) - 22| N, = 0) P(N, = €). Hence we
only have to show that P (Nt+1 — Ny > (n—Ny)- %

N, = 6) > i for every £ = N;. Recall
that N;.; — N, follows a binomial distribution with parameters m =n — N; and p = %

If N; = n, the result holds trivially. Otherwise, if pm > 1, then the result holds by applying
Theorem 4.4.5. If on the other hand pm < 1, then we note that pm = W which is at its
minimum for Ny = 1. Therefore pm > 2= > & if n > 2. The result then holds by applying
Lemma 4.9.25. [

Theorem 4.4.9. For any ¢ > 1 and n > 5, All-to-All Broadcast on Uniformly Random Trees

completes within 32 - ¢ - Inn rounds with probability p > 1 — —.

Proof. Let Nt(i) be the random variable that represents the number of nodes that are in-

formed after round ¢ of the message given to node i¢. By Theorem 4.2.1, we know that
(i) —c : : o :

P (N32_C,1nn <mn) <n~°forevery i € [n]. Using a union-bound, we get that:

]P) ( U N?E;)-c-lnn < TL) S n_c+1

i€[n]

And thus:

P ( ﬂ N?E;)-c-lnn = n) =1-P ( U N?E;)-c-lnn < n) Z 1 - n_c+1

i€[n] i€[n]
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4.9.5 Adversarial Nodes: Trees with Byzantine Nodes

In this section, we will discuss the case where some nodes are Byzantine, that is, nodes that can
arbitrarily deviate from the protocol. These nodes can stop functioning, send wrong messages,
and coordinate to make the protocol fail. We will rely on cryptographic tool so that each node
can sign and encrypt the message it sends. Then nodes can be confident about the sender of
each message and its content and can forward the message along with its unchanged signature
to other nodes. We will assume that there are up to f Byzantine nodes, out of a total of n
nodes. We require that f < %n — 1. Nodes that are not Byzantine are called honest.

We begin by analyzing Broadcast in this setting. We first give a message to a fixed honest
node, and ask the node to forward it to all other honest nodes. Note the difference between
this model and the reliable Broadcast model, where the initial message could be from an
honest node or a Byzantine node, and where if the initial message is from a Byzantine node,
then the message accepted by each honest node must be the same.

In our setting, the best strategy for the Byzantine node is not to forward any message at all.
Indeed, they cannot modify the content of a message because they cannot forge any signature,
and, thus, their power is limited. Hence, we will analyze this problem as if Byzantine nodes
are just defunct but the process that chooses the communication network, i.e., the random
tree, does not know which nodes are Byzantine and, thus, they are part of the network as
before, i.e., the tree still consists of n nodes.

As in the previous section, I; and .S; will, respectively, be the set of informed and uninformed
nodes after round t. We set Iy = {v} and Sy = [n — f] — {v}, where v is the node that
initially holds the message, N; = |I;| to be the number of informed and honest nodes after ¢
rounds, and 7; to be the tree chosen at random in round t. For a tree T', for each node p,
Pr(p) is the (unique) parent of node p in T', unless p is the root of 7', in which case Pr(p) = p.
Simplifying the notation, we also use P;(p) to denote Pr,(p). We use A(S,z) where S is a
set and z an integer to represent the set of subsets of S of size x.

For the rest of the paper, we will denote 7 = log(i%;f). Note that logn < 7 < 4.5logn.
Again, the central lemma will characterize how many new nodes get informed in each round,
depending on how many were informed after the previous round. This lemma shows that
uninformed nodes get informed independently from each other.

Lemma 4.9.33. For any t > 0, Ny .1 — N, follows a binomial distribution with parameters

(n—f—Nt,%)

This lemma proves that every uninformed node has probability % of having an informed parent
in round t 4 1, regardless of whether the other uninformed nodes have an uninformed parent.

Proof. Let I; = {i1,...,in,} and S, = {s1,...,S,—s—n,}. We then have, for any integer z:

:

P(Niy1 — Ny = 2| F) = Z P (ﬂ (Pra(y) € 1) ﬂ (Pra(y) € 1)

JEA(St,z) yeJ yeSH\J
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Our goal is to show that the events P;(y) € I, for different y € S; are mutually independent.
Let us look at the event (N, ;(Pi(y) € I;) for any J C S, (note that we do not require that
J has a specific size here). We can then write, indexing a on J:

E)

{T € To: Pr(y) = ia,, Yy € T}
|7l

]:t): Z P(H(Pt-l-l(y):iay)

a€[N¢]l/1 yeJ

P (ﬂ (Praly) € Ib)

yeJ

- =

a€[Ny]l/]

Now consider the forest that is composed of stars whose centers are the i,, and whose leaves
are the nodes y. More specifically, consider the forest that contains the edges (i,,,y),Vy € J.

Note that ‘{T €Tn: Pr(y) =ia,, Yy € J}‘ equals the number of rooted trees that are com-
patible with this forest. By Theorem 4.9.1, we have that ‘{T € Tn: Pr(y) =ia,, Yy € J}‘ =

n™ =11 This allows us to compute the above probability as follows:

E) _ oy bl <Nt)|J|

n—1
aclN ot n

P (m (Pry1(y) € Ib)

yeJ

This proves that the events P,y 1(y) € I; for any two y € S; are mutually independent
(Definition 4.9.26), each having probability % Going back to the first equation of this proof,
we can now compute, using Lemma 4.9.27:

P(Nyyr =Ny =z F) = Y. JIP(Pui(y) € L|F) T P(Pualy) € L)|F)
JEA(St,x) yeJ yeS\J

(L -

]

Our next goal is to show that N; = n — f with high probability for all ¢ > 32 - 7 - ¢, for any

c>1,and 7 = 1(111%. To do so we introduce a random variable X, that we use to lower
0g 2n

bound N, and we show right below that X; < N, for all t.

Definition 4.9.34 (Lower bound random variable for the number of informed nodes with
byzantine nodes). Let X; be the random variable that is defined as follows:

Xo=1
X ) N,
Xt+1:Xt+(”—f—Xt)‘7t if Nt+1—Nt2(”_f—Nt)'Ft
) N,
Xt+1:Xt if Nt+1—Nt<(n—f—Nt)-?t
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Lemma 4.9.35. For everyt € N, we have that n — f > N; > X;.

Proof. Note that N; cannot go higher than n — f because it is the number of honest nodes
informed after round ¢, which is at most n — f.

We will prove the rest by induction on ¢t. For the induction basis note that by definition
Ny = 1 = Xg. For the induction step let us assume that n — f > N, > X, for some
t € N. Consider first the case that Nyy3 — Ny < (n — f — Ny) - % Since no informed node
can become uninformed, we have that N,,; > N, > X; = X,,, as desired. Next consider
the case that Ny — Ny > (n— f — Ny) - 22 Then Nyyy > Ny + (n— f — N;) - &% and
Xiy1 = X¢+ (n— f— X;) - 2. As the function z +— z + (n — f — z)£ is strictly increasing
for t < n — f, this proves that Ny 1 > X1, as desired. O

Lemma 4.9.36. For everyt € N, we have that X; > 1.

Proof. We will again show this by induction. For the induction basis note that by definition
1 = Xjy. For the induction step let us assume that X; > 1 for some ¢t € N. We then have
two cases, either X, = X, and the result holds trivially, or X; 1 = X; + (n — f — X) - %
Since 1 < X; <n — f, we have that X;,; > X; > 1. O

Next we show that X; never reaches n — f if there are at least 2 honest nodes.

Lemma 4.9.37. For everyt € N, we have that n — f > X;, ifn— f > 1.

Proof. We show this claim by induction on . Asn— f > 1 and X; = 1, it is trivially true for

t =1. Assume it is true for t € N. Then X, 1 < Xy + (n— f — X;) - &t = (n — f)(nxftf +

%_fxt%) < n — f, where the last inequality holds by noting that (n)i*'f + "_Tf:th%) is a
convex combination of 1 and % the latter of which being strictly smaller than 1. O]

It follows that X, is always strictly larger than X, if Nyyy — Ny > (n— f — N;) - %:

Corollary 4.9.38. We have that X;+1 > X, if and only if Nyoy — Ny > (n— f — Ny) - 22,

Next we introduce a variable that remembers the rounds that increase X;.

Definition 4.9.39 (Strict improvements). Let u; € N be the t-th round such that X,,., >
Xy, and let uy = 0.

We now show that once X, has been increased in ©(logn) rounds, it reaches n — f, i.e., all

honest nodes have received the message. Recall that 7 = 1(111%'
o0& 2n

Lemma 4.9.40. For allt > us,, Ny =n — f.

Proof. Since N, is non-decreasing and upper-bounded by n — f, it suffices to show that
Ny,., =n — f. We will do so by using its lower bound X, .

u2r
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We first show that X, > ”T’f Indeed, for any ¢, if X,, < %f then :

X —f-X, _
Xut+1 :Xut_‘_(n_f_XUt)it:Xut <1+nft) > Xu, <1+n f)
n n 2n

And X,, thus only needs at most 7 steps to increase from 1 to "T_f

We now show that X,,. > n — f — 1. Indeed, for any ¢, if X,, > ”T_f then we have:

X,
:n_f_Xut_(n_f_Xut)T

:(n—f—Xut)<1—)f;”>S(n_f_XUt) (1_n2—nf>

t+1

And n — f — X, thus only needs at most 7’ steps to decrease from I to % where:

,_ Jogn—f) _log(n—f) _loa(n — /)

() () o)

3n—f _ 2n+n—f 2n
2n  ~ ntf4n—f — n+f°

where the inequality holds since

Overall we have that X,,,, > X,,_, ,

and since N,, € N, we have that N, =n — f. O

Lemma 4.9.41. If f < 2n — 1, for every t € N, we have that P (X, > X;) > 1

>n—f—1. Sincen—f > N,,. > X,, byLemma4.9.35,

Proof. By Corollary 4.9.38, we have that X;,; > X, if and only if N;;1—N; > (n—f—Nt)-%.

Thus, P(X;41 > X;) = Spe P (Nig1 = Ne > (n = f = Np) - XN, = £) P(N; = £). It thus

suffices to show that for every ¢, P (Nt+1 —Ny>(n—f—N)- %]Nt = E) > i. Recall that
Niy1 — Ny follows a binomial distribution with parameters m =n — f — N; and p = %
If N; =n—f, the result holds trivially. Otherwise, if pm > 1, then the result holds by applying

Theorem 4.4.5. If on the other hand pm < 1, then we note that pm = M which is

at its minimum for N; = 1. Therefore pm > ”‘Tf_l > 13n _ 1 \yhere we used f< %n — 1.

— n 3
The result then holds by applying Lemma 4.9.25.

]

Let (B;)ien be Bernoulli independent random variables of parameter %. Let ZSBt = > zcl B,
and th = Zze[t] 1 (Xz+1 > Xz)

Corollary 4.9.42. For any { € N, we have that P(Z<, < () <P(Z5, < ).

Using the corollary we can now show that with high probability in the first 32 - ¢ -7 X; will
increase at least 27 often. This then immediately leads to our result.

Lemma 4.9.43. Lett=32-c-7 foranyc>1. Then P(Z<, < 27) < .
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Proof. Note that ZZ, is a binomial distribution of parameters (t,1). Using Hoeffding's in-
equality, we have that:

1 2 2 1 2 2
P(ZSBt < 27) <exp <_2t (4 - Z) ) < exp (—2 -32clnn (4 — 16) > =n°

Where we used that 7 < Inn. Corollary 4.9.42 then gives the desired result. Il

We now have all the tools to prove the main theorem of this section, which we state here:

Theorem 4.5.1. For any ¢ > 1, and f < %n — 1, Broadcast on Uniformly Random Trees
with f Byzantine nodes completes within 144 - ¢ - logn rounds with probability p > 1 — %

Proof. By Lemma 4.9.43, we have that, with probability p < 1 — ni X1 > X, for at least
27 many rounds within the 32 - ¢ - 7 first rounds. Recall that us, is the 27-th round where
Xiy1 > Xi. We thus have that P(Z<so.cr > 27) = P(ug, <32-¢-7) > 1 —n~° But,
by Lemma 4.9.40 the event uy, < 32 - ¢ - 7 implies the event N3o..., = n — f, therefore
P(Nsg.c =n— f) > 1—n"¢ Upper-bounding 7 < 4.5logn gives the desired result. O

We now use this result to get a similar result for All-to-all Broadcast. Using a union-bound,
we obtain:

Theorem 4.5.2. Foranyc> 1, and f < %n — 1, All-to-all Broadcast on Uniformly Random
Trees with f Byzantine nodes completes within 144 - ¢ - logn rounds with probability p >
1—nt-e.

Proof. Let Nt(i) be the random variable that represents the number of nodes that are in-
formed after round ¢ of the message given to node i. By Theorem 4.5.1, we know that
P (N?E;),C,T <n-— f) < n~¢ for every i € [n]. Using a union-bound, we get that:

P ( U N3 <n— f) < et

1€[n]

And thus:

]P)(ﬂ Ngé)crzn_f) :1_P(U N§2)07<n_f) Zl_n_c+l

i€[n) i€[n]

]

This allows us, e.g., to implement algorithms that run on a clique in a synchronous setting
in our sparser graph. Indeed, each round of communication of a clique can be simulated by
32 - ¢ - 7 rounds of Uniformly Random Trees with high probability, since All-to-All Broadcast
needs 32 - ¢ - 7 rounds to complete with high probability. Essentially, if an algorithm runs in
T time, with T < n°"! in a clique network, we can implement it with high probability in
32-c¢-T -7 rounds in the Uniformly Random trees network, which is essentially a logarithmic
overhead. The only caveat is that if T is too large, i.e. T > n“"!, the probability of at least
one of the T" All-to-All Broadcast rounds failing can become close to 1. To circumvent this,
we restrict ourselves to the case where 1" is a small enough polynomial in n.
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Theorem 4.2.3. Let A be a distributed synchronous algorithm that runs on a static clique
in T rounds, where T' < an® for some constant a,x € R, and has a probability of success
p. Assume A is robust to f Byzantine nodes, and f < %n — 1. Then, assuming standard
cryptographic tools’, there exists a distributed algorithm A’ that runs on Uniformly Random
Trees in T - 144 - logn - ¢ rounds, and has a probability of success p’ > p(1 — an't*¢), for
any ¢ > 1+ x. Moreover, A’ is robust to f Byzantine nodes.

Proof. The algorithm A" works as follows: Each round of A will be simulated using 32-¢- 7
rounds of Uniformly Random Trees. Each round in A can be seen as (1) a computation step,
where each node decides what message to send to every other node, and (2) a communication
step, where each node sends the messages and receives the messages the other nodes have
sent it. In A’ the computation step is unchanged, except that each node uses the PKI to
sign and encrypt the messages. The communication step on the other hand is extended over
32 ¢- 7 rounds, in which every (honest) node simply forwards all received messages to all its
out-neighbors. Theorem 4.5.2 ensures that with probability at most n'~¢, at least one honest
node fails to send a message to all other honest nodes. By a union bound over the T rounds,
the probability that at least one message fails to be delivered is at most an!**~¢. By taking
its complement, the probability that all messages are delivered in time before the next round'’s
computation step is p’ > 1 — an®t1=¢ O

We now give two applications of this theorem, namely Reliable Broadcast and Byzantine
Consensus.

Corollary 4.2.4. For any ¢ > 1, and f < %n — 1, in the Uniformly Random Trees with f
Byzantine nodes, there exists an algorithm for Reliable Broadcast, that is robust to f Byzantine
nodes, that runs in (f +1)-144-c-logn rounds, and succeeds with probability p > 1 —n*~¢.

Proof. Dolev and Strong [50] have given an algorithm that solves reliable Broadcast, is robust
to f Byzantine nodes, and runsin T" = f+1 rounds. Since T" < n, we can apply Theorem 4.2.3
with z = 1, = 1, and we get the desired result. O

Corollary 4.2.5. For any c > 1 and f < %, in the Uniformly Random Trees with f Byzantine
nodes, there exists an algorithm for Byzantine Consensus, that is robust to f Byzantine nodes,
that runs in 3(f + 1) - 144 - ¢ - logn rounds, and succeeds with probability p > 1 — 2n*©.

Proof. Berman, Garay and Perry [22] have given an algorithm (known as the King's algorithm)
that solves reliable Broadcast, is robust to f Byzantine nodes, and runs in 7" = 3(f + 1)
rounds. Since T" < 2n, we can apply Theorem 4.2.3 with x = 1, « = 2, and we get the desired
result. O

4.9.6 Ommitted proofs of Section 4.6

Lemma 4.6.6 (Distribution Domination). Let ¢t be a round. Let Ey, E5 be two sets of edges
the adversaries could choose for round t. Let N\ (resp. 1) ) be the number (resp. set) of

"Specifically, our approach requires authenticated messages. Encryption may also be needed, only if the
protocol A is vulnerable to eavesdropping. Both can be implemented using standard cryptographic tools.
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informed nodes after round t if £ is chosen, and Nt@) (resp. ]t(Q)) if 5 is chosen. Then if
P(NY > m) > IP’(Nt(Q) > m) for every m € N (that is, if N stochastically dominates
Nt@) ), then choosing Es is a better strategy for the adversary than choosing Ej .

)

Proof. Saying that Nt(l) stochastically dominates Nt@) is equivalent to saying that It(l stochas-

tically dominates It(z). By Theorem 4.6.5, there exists a coupling (At(l),ft@)) of ]t(l) and It(Q)

such that P (‘ft(l)’ > ’ft(Q)D = 1. Consider that coupling and let 3 be a bijection from [n] to
[n] such that ﬂ(ft@)) c IV, By slight abuse of notation we naturally extend [ to also give
a bijection between edges, by setting 3(u,v) = (B(u), 3(v)). For any ¢’ > t, let E¥ and EY
be respectively the edges chosen by the adversary in round t' after choosing F1, respectively
Es, in round t. Let T and T% be respectively the trees in round ¢’ containing E! and EY,
respectively.

We introduce a coupling (T, TY) such that if EY = S(EL) then P(TY = B(TY)) = 1 as
follows: If EY = B(EY), then note that /3 induces a bijection between 7.® = {T € T, :
EY CTYand TV = {T € T, : E CT}. In this case to define the coupling we choose T
uniformly at random from 7. and set 7% = B(T%). Thus, P(T! = p(T¥)) = 1.

Otherwise, i.e., if EI' # B(EY), to define the coupling we choose 7% uniformly at random
from 7, and, independently, T uniformly at random from 7,(1).

Let I!" and I! be the set of informed nodes we get after round # if the trees in round ¢’ were
Tt respectively T%. We will show that P (B(IE') - ff) =1forall ¢’ >t.

Let us now assume that the sequence (E! )y, is an optimal strategy for the adversary after
choosing £ in round ¢ and let us call this sequence (including E; in round t) o;. Then
consider the sequence o, which chooses E in round ¢ then EY := 3~1(E) in rounds ¢’ > t and
compare it with 0. Thus, EY = S(EY) for all t' > t, which implies that P(T} = 5(1¥)) = 1.

Recall that oy is optimal after choosing F; in round t. We show by induction that oy is
a better overall strategy for the adversary than oy. Indeed, we can show by induction on
the number of rounds ¢ > t that IP’(B(I;') C I{') = 1. The induction basis is trivial as

B(It) C It. For the induction step, note that for any v € It either (1) v € 1Y~ which, using
the induction assumption implies with probability 1 that 3(v) € BUEHY It C IV or (2)
Ppy(v) € 157"

As P(T! = B(T¥)) = 1, Case (2) implies that with probability 1, B(Py (v)) = P (B(v)).
As PTQtr(v) € 1Y~ and by induction, with probability 1, (1 ~") C IV "', it follows that with
probability 1, it holds that Py, (B(v)) = B(P@t/ (v)) € I~ and, thus, B(v) € I, Hence, in
both cases, with probability 1, (I%) € IV'.

Now note that P (6([}') - ff) = 1 implies that if ¢’ is the smallest round at which Broadcast

completes after the adversary chooses Ej, that is, if ‘fél’l‘ = n, then Broadcast completes in
a no later round if the adversary chooses F;. O]

Lemma 4.6.10. For any increasing tree U, there exists a correction U’.
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Proof. Let V(U) be the set of nodes of U and let |V (U) N S;_1| = ¢. To show the lemma
we will give a bijection b that maps the ¢ uninformed nodes of V' (U) to the ¢ first nodes of
U in bfs-order (on U) and the informed nodes to the remaining nodes of U such that one of
the nodes u € S; 1 with Py(u) € I,_; becomes the root of U’. The resulting tree will be the
correction U’. As a result of this bijection every uninformed node of U’ has only uninformed
ancestors and, thus, U’ is non-increasing. By construction, U and U’ are isomorphic.

More formally, if U is increasing, then there exists an edge (7, s) such that i € I; 1,5 € S;_;.
Let m be a bijection from [|V(U)|] to V(U) such that n(1) = s,{7(2),...,7({)} C Si_1,
and {7({+1),...,7(|[V(U)|)} C IL—y. Furthermore, let p be a bijection from [|V(U)|] to
V(U) such that p(j) is the j-th node encountered in a breadth-first traversal starting at the
root of U. Then let b = 7w o p~'. We will show next that the tree U’, whose set of edges is
{(b(u),b(v)) : (u,v) € U} is a correction of U. We first need to argue that U’ is a tree. This
is the case as U’ is a graph over the same nodes as U and for every (b(u),b(v)) € U’, u is
encountered in a BFS before v in U, thus p~!(u) < p~*(v). Now we are ready to show that U’
fulfills the conditions of being a correction of U: (1) It follows that U’ cannot contain a cycle.
As U’ is a graph on |U| nodes with |U| — 1 edges, it follows that U’ is a tree. Additionally,
U’ isomorphic to U as b gives the required bijection between U and U’.

(2) Furthermore, p~'(u) < p~'(v) implies that if p='(u) > ¢, we also have p~'(v) > ¢ for
any (. Specifically for ¢ = |S;_1| this means that if b(u) € I;_1, then b(v) € I;_y. Thus U’ is
non-increasing in round t.

3) By construction we made sure that s € S;_; with Py(s) € I,_; is the root of U’. ]
(3) By

Lemma 4.6.11. Let ¢t be a round and N,_, be the number of informed nodes after round
t —1. Let F4, E5 be two sets of edges that the adversary could choose for round t such that

1. FE is a collection of rooted trees such that at least one tree U is information-increasing,
and

2. E5 is obtained from Ey by replacing U with a correction U’ of U.

Let Nt(l) be the number of informed nodes after round t if Fy is chosen, and let Nt@) be that
number if Ey is chosen. Then choosing E is a better strategy for the adversary than choosing
E;.

Proof. We will build a bijection 7 from 7, = {T € T,, : B, C T} to TV = {T € T, :
E, C T} such that for every s € S;_; and any T' € T,®) with Pr(s) € I,_;, we have that
Prr)(s) € I;_1. Hence, 7(T") has more uninformed nodes that become informed than 7". We

will use this property to show that Nt(l) stochastically dominates Nt@).

To do so, let b be the bijection that achieves the isomorphism of the proof of Lemma 4.6.10
from U to U'. 7w(T') is constructed in a way such that all nodes have the same parents as
in T', unless they are in U’. More specifically, we let 7(7T) := m,(T") where m,(T') is the tree
obtained from T by replacing every edge (u,v) € T as follows:

» if u,v € U’, then replace it with the edge (b= (u), b7 (v)).
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» ifug U, vé& U, then keep it the same.
» ifue U, vé&U, then keep it the same.

» ifu¢ U',v €U, then replace it with (u,b~!(v)).

We clearly have that U C Fy C «(T) and U’ C Ey C T. Also, for any node v, the path
from the root to v in 1" can be transformed into a path from the root in 7(7") by replacing
the subpath P = wy,...,u, that is in U’ with the path from b7'(ug) to u, in U. Hence
m(T) € TV. Since m,-1 is clearly an inverse of 7;, we have that 7 is a bijection.

Let s € S;_1 be such that Pr(s) € I,_1. If s ¢ U’, then it has the same parent in 7" and in
7(T). If s € U’, which is a non-increasing tree, then by the fact that the parent of s in T’
belongs to I;_; it follows that s is the root of U’, and, thus, that its parent does not belong
to U’. By the definition of a correction it follows that the parent of s in U is informed. As
U C 7(T) the parent of s in w(7T') is a node of I;_;.

We, therefore, have that, for every x € N:

TecT® :{s€S_1:Pr(s)el,_1} >
P(Nt(Q) - Nt—l Z I|Ft—1> - { |{ i 1(2) T( ) i 1}‘ }‘
7|
_TeT?®: {s € Si1t Pary(s) € L1} > 2}
) 7|
< (TeT®: |{s€Si:Pr(s) € [} >z}
) 7|

=P(NY = Ny > 2| Fot — 1)
The lemma now follows from the Distribution Domination Lemma (Lemma 4.6.6). [

Lemma 4.6.14. Let t be a round and N,_, be the number of informed nodes after round
t—1. Let F1, 5 be two sets of edges that the adversary could choose for round t, as follows:
let Ey be a collection of rooted trees such that every tree is non-increasing, with at least
two non-trivial components U with root r and U’ with root ', and let E5 be obtained from
Ey by merging U and U’. Let Nt(l) be the number of informed nodes after round t if F; is
chosen, and Nt(z) if E5 is chosen. Then choosing F» is a better strategy for the adversary
than choosing E.

Proof. We will show that for any x € N, we have that P(Nt(l) — Ny = x| Fiq) > ]P’(Nt@) —
N;_1 = z|F;_1). Then the result will follow from the Distribution Domination Lemma.

In the following let S be a set of uninformed nodes s4,..., 55, let n; for 1 < j < [S]| be
the number of informed nodes in the connected component of s; in E; and let 7(.S) be the
number of informed nodes that do not belong to the connected component of any s;.

We will analyze the value of P(NsesPi(s) € I;_1|Fi—1) when the adversary chooses E;, and
when it chooses E,. Then two cases can arise: Either the value of 374, P(NsesPi(s) €
I;_1|F;—1) is equal whether the adversary chooses E; or E,, and this for every ¢, and the
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result will follow Lemma 4.9.23, or P(NsesP;(s) € I;_1|Fi—1) will be the same whether the
adversary chooses F; or E5 for every set S except if S includes a particular node, where there

will be a constant factor difference between the two values, and the result will then follow
from Lemma 4.9.24.

As all trees in E (respectively Es,) are non-increasing, the parent in E; (respectively Es) of
every non-root node s € S is uniformed. Thus, if there exists a node in S that is not a root
of Ey (respectively Es) then P(NsesPi(s) € I;_1|F;—1) = 0. Hence, we only need to analyze
the setting where all nodes of .S are roots in Ej.

Case A: Let us first consider the case r € I;_; in which case the merge of U and U’ makes all
children of 7 to children of 7. In that case, r ¢ S and let v = |U| — 1. We have two subcases:
(A1) If ' ¢ S, then the number of informed nodes in none of the components with roots in
S, n(S), remains unchanged. It follows from Lemma 4.6.12 that P(NsesPi(s) € Li—1|Fi-1)
is the same whether the adversary chooses E; or E,. (A2) If ' € S, wlog assume that

" = s;. Then we have that P(NsesPi(s) € I1|F—1) = % if the adversary

chooses Fy, while P(NyesPi(s) € ;1| Fi1) = (,7(5)_7)7%?,1)@71 if the adversary chooses
E,. Applying Lemma 4.9.24 where we set X, = Pi(s) € I;_; if the adversary chooses

Ey, and Y, = Py(s) € I,_; if the adversary chooses E,, and o = 77575()57)7 we have that

Nt(l) — Ni—1 = Y 4es,_, Xs stochastically dominates Nt@) — Nio1 = Y ges,, Ys. The result
follows from the Distribution Domination Lemma.

Case B: Let us now look at the case where r ¢ I, 1. In this case the merge of U and U’
makes all children of U’ children of U.

We consider again two cases: (B1) If 7’ € I;_1, then this case is symmetric to Case (Al) and
the same proof as above applies.

(B2) If ' ¢ I,_4, for any ¢ € N, we have that:

Z P(NsesPi(s) € Ii—1|Fi-1) = Z P(NsesPi(s) € I—1|Fi-1)

|S]=¢ |S|=L:rr' ¢S
+ Y. P(NesPi(s) € L1 Fi-1)
|S|=tr,r'eS
+ Z P(Nsesugry Pi(s) € L1 Fio1)
|S|=C—1:r,r' ¢S

+ P(Nsesupn Pi(s) € L] Fi-1)

We need to analyze the three sums.

For the first two sums, where both r and " or neither belong to S, the number of informed
nodes in none of the components with root in S, 1(5), is not different in £ and in E, and,
thus, Lemma 4.6.12 implies that P(NsesP;(s) € I;_1) does not change whether the adversary
chooses F; or E5.

For the third sum, let v,~" be respectively the number of informed nodes in the component
of r,7" in Ey. Let us first consider the case where the adversary chooses F;. We have, by
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Lemma 4.6.12: .
S) = V) (N,_1)®
P(msESu{r}Pt(S) €l 1| Fi) = (n(5) n|z|)£1 1)
and
S) — AN (N,_)IS
P(Oucsoiry Pis) € | Fimy) = L= 1))
therefore:

(2n(S) =7 =) (Neer)"™!

P(Nsesuqry Pe(s) € Ii—1|Fim1) + P(Nsesupr Pi(s) € L1 Fio1) = ]

If the adversary chooses FEjy, then r has v + +/ informed nodes in its component in F5, while
r’ has 0 of them. by Lemma 4.6.12:

(n(S) — v = ¥)(Ne—y)®!

P(Nsesugry Pi(s) € Ii1|Fioq) =

nlSl+1
and
SY(N,_ )8
P(HSESU{T’}Pt(S) € L] Fia) = W
therefore:

2n(S) — v — 7)) (Ne—y)®!

nlSi+1

P(Nsesugr Pi(s) € L1 Fio1) + P(Nsesupny Pi(s) € L Fior) =

Therefore, >18]=¢ P(NsesP;(s) € I;_1) has the same value whether the adversary chooses E; or
E,. Applying Lemma 4.9.23 where we set X, = P,(s) € I;_; if the adversary chooses E, and
Y = Py(s) € I;_; if the adversary chooses E5, we have that Nt(l) — N1 = > e, , Xs and
Nt@) — N1 = > 4es,_, Ys have the same distribution. The result follows from the Distribution
Domination Lemma.

]

Lemma 4.6.15. Let t be a round and N, be the number of informed nodes after round t. Let
U be a non-increasing tree over k+ 1 nodes in roundt+1. Let o be the number of uninformed
nodes in U and n the number of informed nodes in U. Then the distribution of Ny 1 — N,
equals the sum of of n — N; — o independent Bernoulli random variables of parameter % plus
one Bernoulli random variable of parameter 21

n
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Proof. Let I, = {i1,...,in,} and Sy = {s1,...,8,_n,} such that iy,...,4%, are nodes of U,
S1,...,S,_1 are uninformed nodes of U that are not the root, and s, is the root of U. As U
iS non-increasing si,...S,_1 cannot get informed in round ¢+ 1. As the parent of s, does not
belong to U, it cannot belong to i1,...,%,. We will show that the events uninformed node
s gets informed in round t + 1 for different uninformed nodes s € [o,n — N;] are mutually
independent. To do so we take some J C [0, n— ;| and analyze the event (N, ;(Fi(s,) € I;),
We distinguish two cases.

Case 1: If o ¢ J, then it holds that

P (ﬂ (Pi1(sy) € Ib)

yeJ

]:t): 2 P(m(f’tﬂ(sy):i%)

CLG[Nt]‘J‘ SyGJ

d

{T" € To: Puls,) =ia, ¥y € AU C T'}
HT"e T, :UCT}

- =

CLE[Nt]“”
By Theorem 4.9.1, we have that [{I"eT,:UCT} = n'"%  and
‘{T’ €Tn: Py(sy) =i, Yyec JANU CT'} = n=1=k=1Jl Therefore it follows that:

ne1-lJ N I
-B) = Z nnn—l - (t)

a€[N]l7] n

P (ﬂ (Pi+1(sy) € Ib)

yeJ

Case 2: If 0 € J, we have to take extra care of node s,:

:

{T" € To: Pulsy) =ia, ¥y € JAU C T'}
HT' e T, :UCT}

P (ﬂ (Prra(by) € 1)

yeJ

ﬁ) - ¥ P ( N (Peslby) = i)
]

a€[N] 1= [+1, Ny sy€J

ae[Nt]l‘]‘71 X[n+1,Nt}

By Theorem 4.9.1, we have that |{T"€7,:UCT'} — n" 1=k and
(T € To: Puls,) =i, Yy € JAU C T'}| = 1=,

nn—1-1J| N, [J]-1 N, —n
e xR

a€[Ne]lV1=1x [+1,N:] n n

Therefore we have that:

P (ﬂ (Pi+1(sy) € Ib)

yeJ

This proves that the events P,(s,) € I; are mutually independent for every y > o, each
having probability % except if y = o, which has probability 21

n

O
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4.9.7 Beyond Trees: Broadcast and Consensus in directed
ErdsRényi graphs

In this section, we will study the case where in each round, the communication graph is a
directed ErdsRényi Graph with m edges. Choosing such a graph can be seen as choosing
without replacement m edges in the graph. To do so, we will analyze three different schemes.

In scheme 1, in each round, m edges are chosen uniformly at random without replacement
among the n? possible edges. This is equivalent to our model.

In scheme 2, in each round, m edges are chosen uniformly at random with replacement among
the n? possible edges. This can only result in more rounds than scheme 1 as fewer disjoint
edges are chosen in each round compared to scheme 1.

In scheme 3, we start with a unique informed node 1. There are two types of phases for a
total of 2 [log gw phases. In each phase i with 1 < < [log %W we have NN; = 27! informed
nodes in I; at the beginning of the phase and the goal is to double that number within the
phase. We set £ = & and add to £ one edge at a time, sampled with replacement, until
|I; UNE(L)| = min{2", [%W} We then set I;;; = I; UNE(I;). Note that at the end of phase

1= [log gw Ny = [gw Note that this scheme is independent of m.

Then in each phase i = 2 [log %W —7Jwith 0 <5 < [log %W we initially have N; informed

nodes in I;, and min{2/, BL} uninformed nodes in \S; and the goal is to halve the number of
uninformed nodes in each phase. We set ¥ = @ and add to E, one edge at a time sampled
with replacement, until |S; \ Ng(I;)| = 2771, We then set I;,; = I, U Ng(I;).

Let us intuitively compare scheme 2 and scheme 3 and assume initially that m = 1. Then
scheme 2 in each round chooses an edge uniformly at random, forwards information along it
if its source is an informed node, and then moves on to the following round. Scheme 3 on
the other hand, will continue to sample edges until enough progress can be made along those
edges, and then forward information along those edges all at once, before moving to the next
phase. Overall, scheme 3 will sample more edges than scheme 2, as in scheme 2 any progress
is made as soon as possible, whereas in scheme 3 progress is only made when checkpoints are
reached.

In this section, we will expand this intuition for any m € [n?], give upper bounds on the
number of edges sampled by scheme 3, then use those results to get an upper bound on the
number of rounds needed by scheme 2, and use it to give an upper bound for scheme 1. Note
that in scheme 3, we only count the number of edges sampled, and we will not be talking
about rounds in that scheme. We thus start by analyzing scheme 3:

n

Lemma 4.9.44. Foranyc > 1, any phase i < [log %W needs at most 8-c-max{Inn, 2"_2}21-_2

c

sampled edges to complete with probability p > 1 — n=¢.

Proof. We first note that in phase i with ¢ < [log gw the probability that an edge that is

sampled increases I; UNE(I;) is at least % Indeed, |I; UNg(I;)| < 5 (otherwise the phase
would have ended) and there are |I| - |[n] \ (I; UNE(L;))| > 2°7%n edges that can increase

I;UNE(I;). Thus, picking any of those edges, out of n? possible ones, has probability at least
21'72
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Next, we remark that if we sample % edges, then the probability that at least one of those

edges increases I; UNg(I;) is at least % Indeed, the probability that all of those edges do not
make I; U Ng(I;) larger is (1 — 27_2)2%2 <el< % We will, thus, group the sampled edges
into disjoint “buckets” of 575 consecutively sampled edges.

We then use the fact that we only need 2~! edges that increase I; UNE(I;) to end phase i. If

we take 8- ¢-max{Inn, 2"~} buckets of 35 edges each, then applying Hoeffding's inequality,
we have:

) ) 1 9i—1 2
P(|I; UNg(I;)| <2°—1) < exp (—2 -8c - max{Inn,2""%} <2 ) )

~ 8-¢-max{lnn,22}

1 1\2 e
< exp —16-c-lnn<2—4) =n

Which proves that with probability p > 1 — n™¢, phase i ends after sampling at most 8 - ¢ -
max{Inn,2" 2} edges. O

We have a symmetric result:

Lemma 4.9.45. For any ¢ > 1, any phase i with i = 2 {log %W —jforl1 <j< {log %W needs

[

sampled edges to complete with probability p > 1 — n=¢.

at most 8 - ¢ - max{Inn, 2j_2}21732

Proof. We first note that, by the stopping condition for phase {g] for any phase i with

1= 2 [log %1 —gforl < j < [log %W it holds that N; > [%W We first show that in

phase 7, the probability that a sampled edge decreases S; \ Ng(I;) is at least ? Indeed,
I[n]\ (I, UNE(L))| = |Si \Ne(L;)| > 2°~! (otherwise the phase would have ended) and,
thus, there are N; - |[n] \ (I; UNE(L;))| > 2772n edges that would decrease S; \ Ng(I;). Thus,
picking any of those edges, out of n? possible ones, has probability at least than 2

The rest of the proof is symmetrical to the previous one. m

Lemma 4.9.46. Foranyt € N, p € [0, 1], if Broadcast completes in scheme 2 within t rounds
with probability at least p, then the same result holds for scheme 1.

Proof. We will couple schemes 1 and 2 as follows: One can see sampling without replacement
of m edges as sampling with replacement of as many edges as needed until the number of
different edges sampled is equal to m. Indeed, to sample m edges without replacement, one
first must choose an edge uniformly at random, then another edge uniformly at random among
the remaining edges, and so on until we have sampled m edges. If we sample with replacement
until we have m different edges, then whenever we have sampled i € [m — 1] edges, the next
new edge is chosen by sampling edges with replacement until a new edge is selected. This
new edge is thus chosen uniformly at random among remaining edges.

For each round ¢, we sample m edges with replacement and call the resulting set of edges
Et(Q). This is the set of edges for scheme 2. To build E;(1), the set of edges for scheme 1, we

start with E;(1) = Et@), and add to sampled edges with replacement until ’Et(l)’ =m. The
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set £;(1) sampled that way follows the distribution of m sampled edges without replacement.
We thus have that, with probability 1, Et@) C Et(l).

We now show that in each round ¢, we have that IP)(It(z) C [t(l)) =1, where It(i) is the set of

informed nodes in scheme ¢ after round ¢. Indeed, by induction, this is trivial for ¢ = 0. Let's

assume it is true for some ¢t. Then let v € It(i)l. Then we either have v € It(Q) - It(l) C If}r)l,

or that v ¢ It(2), and thus there exist a node u € 1}(2) such that edge (u,v) € Et(i)l. However,

u € IV by induction hypothesis, and (u,v) € Et(i)l - Egi)l- Therefore v € [t(}r)r

This proves that with probability 1, Broadcast completes in scheme 1 no later than it completes
in scheme 2, and thus the result holds. O

This allows us to prove the following result on scheme 2:

Theorem 4.7.1. For any ¢ > 1, in scheme 2, and therefore scheme 1, Broadcast completes
within O ([%W log n) rounds with probability p > 1 — n™“logn.

Proof. To see this, we are going to simulate scheme 3 with scheme 2. The main idea is that if
a phase (of scheme 3) takes = edges, sampled with replacement, to end with high probability,
and in scheme 2 each round samples y edges with replacement, then in [ﬂ rounds, scheme

2 samples at least = edges, and, thus, we can simulate the phase in scheme 3 with [ﬂ

rounds of scheme 2. The only difference is that scheme 2 groups the edges into rounds to
make intermediate progress, whereas scheme 3 only forwards the information at the end of the
phase, all at once. This implies that in scheme 2 each phase is faster than the corresponding
one in scheme 3, and any upper bound we get with this analysis will thus be an upper bound
on the number of rounds scheme 2 needs to complete Broadcast.

We first start with the phases i < [log %W such that Inn < 2¢=2 and the phases i > [log %W
with i = 2 {log %W — g for 5 > 1 such that Inn < 2772, In that case, phase i needs at

¢. We need at most

most 8 - ¢ - n sampled edges to end with probability larger than 1 — n™
[8'7‘;”} = [Ts/ﬂ rounds to gather that many edges, and thus phase ¢ ends in [Ts/ﬂ rounds
with probability greater than 1 — n=¢. There are at most [logn| such phases, and thus over

all phases we require at most O G < W 1ogn).

m/n

Let us now analyze the phases ¢ < [log %W where Inn > 2972 and symmetrically phases
i > [log %1 , With ¢ = 2 [log %W — j for 7 > 1 such that Inn > 2772, In that case, phase ¢
needs at most 8- c-Inn - 5= sampled edges to end with probability larger than 1 —n~¢. We

8-c:In n-TﬁQ B 8.clnn
m | m/n-2072

need at most { W rounds to gather that many edges, and thus phase

¢ ends in [nf/fllgﬁgw rounds with probability greater than 1 — n=¢. Summing the number of

rounds over all such phases we get:

8-c-Inn 8.-c-lnn 32-¢c-lnn c
—— 1 < —_— )< — 1] =0 |
R TR Yk PR cton =0 ([ < oun)

i i m/n

110



4.9. Appendix

The probability of success p > 1 — n=“logn is simply a union bound on the number of
phases. O

This result is particularly interesting if m < c¢n . We can also show the following result if
m > nlInn, which is more interesting in that particular case.

Theorem 4.7.3. For any ¢ > 1 and m € [n?| such that m/n > Inn, in scheme 2 and in
clogn

W) rounds with probability p > 1—n"logn.

scheme 1, Broadcast completes within O (
Proof. We show that bound for scheme 2. With Lemma 4.9.46 the bound for scheme 1
immediately follows. Again, we introduce scheme 3, however, we modify it so that the goal
of each phase is not to multiply (respectively, divide) the number of informed (respectively,
uninformed) nodes by 2, but instead, it is to multiply (respectively, divide) it by (1 + m/n).

As a result, we get a total number of O (&%) phases.

In this case, as formally discussed below, each phase necessitates 16 - ¢ - m edges to complete
with high probability, but each round provides m edges. Therefore each phase consists of
[16¢] rounds.

log(n/2)
' log(1+m/n) "’
2. (1+m/n)~" edges out of the n* potential edges can inform an uninformed node. Thus,
each sampled edge has probability at least 5- - (1+m/n)"~" of informing an uninformed node.

Hence, by the same argument as in Lemma 4.9.44, we need to sample (an# edges to

Formally, in phase i < we start with (1 + m/n)i_1 informed nodes, and at least

inform a new node with probability at least 3.

To go from (1 +m/n)"~" informed nodes to (1 +m/n)" informed nodes, we need to inform
m/n(1+m/n)"~! uninformed nodes. If we sample 8c-m/n(1+m/n)"~! buckets of (1%3#
edges each(for a total of 16¢ - m edges), we get by Hoeffding's inequality that the probability

that not enough edges inform a new node is:

myi ; m/n m/n)i—1\?
P(|I; UNE(L)| < (l—i-z)z—l) < exp (—2 -8c-m/n(1+m/n)"~! (; - 80/- %(Jlr+ %))zl ) )

1 1\? e
<exp|—16-c-Inn 371 =n

O

We also show a lower bound:

Theorem 4.7.2. In scheme 1, and thus in scheme 2, Broadcast fails to complete within
% rounds with probability at least %

Proof. We will show by induction that, in scheme 1, E(|[;]) < (1 + m/n)’ for every t € N.
We will then apply Markov's inequality to conclude.

Let us first compute E (|It\ ’ I, 1] = x) Let v ¢ I, ; be an uninformed node, and let e
be an incoming edge to v such that its tail is in [;_;. Then the probability that this edge
is picked is 3 := p. By a union bound over the x edges (u,v) such that v € I,_;, we
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have that P(v € It‘ |I;11] = x) < px. Denoting X, the variable v € I;, we then have that
E(X,

[fe1] = z) < pa.

Summing that expectation over all v € [n] \ I;—1, we have that:

E (|| ! L1 =2) =a+ Z E(X,) = x+ Z pr <z+(n—x)pr < zx(l+m/n) (4.1)
Ue[n}fltfl ve[n]flt,l

We can now prove our claim by induction. For the induction basis, we clearly have E(1y) =
1= (1+m/n)° For the induction step, assume that for some ¢ > 1, we have that E(I;_;) <
(1+m/n)=t. Then:

E (L)) = E (E( LI | 11-1])) <E (i) (L4+m/n)) < (1+m/n)’

Where the first inequality holds by Equation 4.1 and the second inequality holds by the induc-
tion hypothesis.

I log(n)—1
log(14+m/n)

Therefore, we have that E( ) < g Using Markov's inequality, we then have that:

e )
P ( 1 log(n)—1 | = n) < log(1+m/n) < -
log(1+m/n) n 2

O

Using a union-bound in the same way as for the uniformly random trees model, we have a
result on All-to-All Broadcast:

Theorem 4.9.47. For any ¢ > 1, n > 5 m € [n?|, All-to-All Broadcast on directed Erd-
W log n) rounds with probability p > 1 — n"!logn.

¢

sRényi graphs completes within O ([m Tn
Moreover, if m/n > Inn, All-to-All Broadcast on directed ErdsRényi graphs completes within

@) (mgaliign?/m) rounds with probability p > 1 — n“"!logn.

Finally, using Algorithm 4.4.10 for Consensus, we have:

Theorem 4.9.48. For any ¢ > 1, n > 5 m € [n?], there exists a protocol for Consen-

sus on directed ErdsRényi graphs that satisfies Agreement and Validity, terminates within
O Gmc/nw log n) rounds with probability p > 1 — # and only requires messages of 1 bit

over each edge in each round. Moreover, if m/n > Inn, then we get the better bound

O (@%) for the number of rounds, with the same probability of success.

4.9.8 Byzantine Nodes in directed ErdsRényi graphs

We now analyze what happens if some nodes deviate arbitrarily from the protocol. More
specifically, we allow up to f < %" nodes, the Byzantine nodes, to coordinate to delay Broad-
cast as much as possible. Moreover, we give every node access to a cryptographic tools, so
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that nodes can sign messages, and ensure any message they receive, even if forwarded, has
been sent “as is” from the not who signed the message. As in Section 4.5, the best strategy
Byzantine nodes can thus have is to stop forwarding messages. To analyze the problem, we
consider the three schemes as above:

In scheme 1, in each round, m edges are chosen uniformly at random without replacement
among the n? possible edges. This is equivalent to our model.

In scheme 2, in each round, m edges are chosen uniformly at random with replacement among
the n? possible edges. This can only result in more rounds than scheme 1 as fewer disjoint
edges are chosen in each round compared to scheme 1.

In scheme 3, we start with a unique informed node 1. We then run [log %W phases. In

phase i, we have N; = 2°=1 honest informed nodes I;. We set £ = @& and add one edge at
a time, sampled with replacement, to F until |I; UNE(I;)| = min{2’, [%W} We then set

We then run {log %W other phases. In phase i = 2 [log ’%ﬂ —j, we have N; honest informed
nodes I;, and honest uninformed nodes S;, with |S;| = min{27, [?J} We set £ = @ and
add to E, one edge at a time, sampled with replacement until |S; \ Nz ([;)| = 2/~1. We then
set ]Z'+1 = Iz UNE(IZ)

As above, we start by analyzing scheme 3:

Lemma 4.9.49. For any ¢ > 1, any phase i < [log ”T_fw needs at most 24 - ¢ -

C

max{Ilnn, 21'_2}2[12 sampled edges to complete with probability p > 1 — n™°.

Proof. We first note that in phase i, the probability that an edge being sampled makes
I; U NE(I;) larger is at least % Indeed, |I; UNR(I;)| < “5L (otherwise the phase would
have ended) and there are |[;| - |[n] \ (I; UNE(L;))| > 272(n — f) edges that would make
L;UNE(I;) larger. Therefore picking any of those edges, out of n? possible ones, has probability

1—2 _ i—
at least 2—(=f) > 212
n 3n

Next, we remark that if we sample 2‘:’7}2 edges, then the probability that at least one of those
edges makes I; UNE(I;) larger is at least % Indeed, the probability that all of those edges do
not make I; U Ng(I;) larger is (1 — 2;;2)23%2 < e ! < 1. We will, thus, group the edges into

“buckets” of 2::’1‘2 edges.

We then use the fact that we only need 2'~! edges that make I; U Nz(I;) larger to end phase
i. If we take 8 - ¢- max{Inn, 2" 2} buckets of 23—?2 edges, then applying Heoffding's inequality,
we have:

) ) 1 9i—1 2
P(|1; UNE(I;)] < 2') <exp (—2 -8 c-max{Inn,2"7%} (2 ) )

8¢ max{lnn,22}

1 1\?2 _
< exp —16-c-lnn(2—4> =n ¢

Which proves that with probability p > 1 — n™¢, phase ¢ ends after sampling at most 24 - ¢ -
max{lnn,2""?} " edges. O
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We have a symmetric result:

Lemma 4.9.50. For any ¢ > 1, any phase i > [log ’%q =2 {log "—gﬂ — j needs at most

24 - ¢- max{Inn, 277} ;5

samplings to complete with probability p > 1 —n~°.

Proof. We first note that in phase i, the probability that an edge being sampled makes
S; \ N(I;) smaller is at least % . Indeed, |S;\ Ng(L;)] > 2/~' (otherwise the phase
would have ended) and there are |[;| - |[n] \ (I; UNE(L))| > 277%(n — f) edges that would
make S; \ Ng(I;) smaller. Therefore picking any of those edges, out of n? possible ones, has

probability at least w > 22

3n

The rest of the proof is symmetrical to the previous one. Il

This allows us to prove the following result on scheme 2:

Theorem 4.9.51. For any ¢ > 1, in scheme 2, and therefore scheme 1, Broadcast completes
within O ([ - W log n) rounds with probability p > 1 — n~¢logn.

m/n

Proof. To see this, we are going to simulate scheme 3 with scheme 2. The main idea is that
if a phase (of scheme 3) takes 2 number of edges to end with high probability, and in scheme

2 each rounds samples y edges without replacement, then in [ﬂ rounds, scheme 2 samples

more than x edge, and thus we can simulate the phase in scheme 3 with E rounds of scheme
2. The only difference is that scheme 2 groups the edges per round to make intermediate
progress, whereas scheme 3 only forwards the information at the end of the phase, all at once.
This is only beneficial to scheme 2, and any upper bound we get with this analysis will thus
be an upper bound on the number of rounds scheme 2 needs to complete Broadcast.

We first start with the phases i < {log qu such that Inn < 22 and the phases i >
[log %W =2 {1og %W — j such that Inn < 27! In that case, phase i needs at most 24 -c-n
sampled edges to end with probability larger than 1 —n~¢. We need at most [24#} = Hf/ﬂ
m‘l/ﬂ rounds with probability

rounds to gather that many edges, and thus phase ¢ ends in

[

greater than 1 — n~¢. There are at most [logn| such phases, and thus over all phases we
require at most O ([ < W logn).

m/n

Let us now analyze the phases ¢ < [log ”T_q where Inn > 272 (And symmetrically phases

i > [log %W o= 2 [log %W — j where Inn > 2772). In that case, phase i needs at most

24 - c-Inn - 5% sampled edges to end with probability larger than 1 —n™°. We need at

24-c:Inn-

most 2t
m

n

ﬂ = m%:lg‘}fﬂ rounds to gather that many edges, and thus phase i ends in

mﬁfjg}fﬂ rounds with probability greater than 1 —n™°. Summing the number of rounds over

all such phases we get:

24 -¢c-Inn 24 -¢c-Inn 72-c-Inn c
—— | < _— 1< — 41 =0|—]|1
Z[m/n-wl—%n-w S T T Gm/J Og”>
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The probability of success p > 1 — n=“logn is simply a union bound on the number of
phases. O

We can expand this result to all-to-all Broadcast, using a simple union-bound:

Corollary 4.9.52. For any ¢ > 1, in scheme 2, and therefore scheme 1, All-to-All Broadcast
completes within O ([mc/nj/ log n) rounds with probability p > 1 — n=“"!logn.

Theorem 4.9.53. Let A be a distributed synchronous algorithm that runs on a static clique
inT" time, where T' < an® for some constant « € R,z € N, and has a probability of success
p. Assume A is robust to f Byzantine nodes, and [ < %n Then, assuming cryptographic
tools that allow nodes to sign and encrypt messages, there exists a distributed algorithm A’
that runs on directed ErdsRényi graphs with m edges in O (T [mc/nw log n) time, and has a
probability of success p' > p(1 — an'™ ¢logn), for any ¢ > 1+ x. Moreover, A’ is robust
to f Byzantine nodes.

Proof. The algorithm A’ works as follows: Each round of A will be simulated using
O ([mc/nw log n% rounds of directed ErdsRényi graphs. Each round in A can be seen as (1) a
computation step, where each node decides what message to send to every other node, and
(2) a communication step, where each node sends the messages and receives the messages
the other nodes have sent it. In A’ the computation step is unchanged, except that each
node uses the PKI to sign and encrypt the messages. The communication step on the other
hand is extended over O (’Vmc/n—‘ log n) rounds, in which every (honest) node simply forwards
all received messages to all its out-neighbors. Theorem 4.9.52 ensures that with probability at
most n'~¢logn, at least one honest node fails to send a message to all other honest nodes.
By a union bound over the T rounds, the probability that at least one message fails to be
delivered is at most an!*®~¢logn. By taking its complement, the probability that all messages
are delivered in time before the next round's computation step is larger than 1 —an®"!1=¢logn.

The probability that A’ succeeds is then p’ > p(1 — an® 1 ¢logn) ]

We now give two applications of this theorem, namely Reliable Broadcast and Byzantine
Consensus.

Theorem 4.9.54. Foranyc > 1, and f < %n — 1, in the directed ErdsRényi graphs model,
there exists an algorithm for Reliable Broadcast, that is robust to f Byzantine nodes, that
runs in O ((f +1) [#W log n) rounds, and succeeds with probability p > 1 — n*¢logn.

m/n

Proof. Dolev and Strong [50] have given an algorithm that solves reliable Broadcast, is ro-
bust to f Byzantine nodes, and runs in 7" = f + 1 rounds. Since T" < n, we can apply
Theorem 4.9.53 with x = 1, = 1, and we get the desired result. O

Theorem 4.9.55. For any ¢ > 1, in the directed ErdsRényi graphs model, there exists an
algorithm for Byzantine Consensus, that is robust to f Byzantine nodes as long as f < %, that

runs in O ((f +1) [ - 1 log n) rounds, and succeeds with probability p > 1 — 2n* ¢logn.

m/n
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Proof. Berman, Garay and Perry [22] have given an algorithm (known as the King's algorithm)
that solves reliable Broadcast, is robust to f Byzantine nodes, and runs in 7' = 3(f + 1)
rounds. Since T" < 2n, we can apply Theorem 4.9.53 with x = 1, = 2, and we get the
desired result. O]

4.9.9 Adversarial Edges in directed ErdsRényi graphs

In this section, we will study the case where in each round, an adversary chooses k edges in
each round, then m — k edges are chosen among the remaining edges. We restrict k to be
smaller than %nQ, so that the adversary is not forced to choose an edge from an informed
node to an uninformed one. In fact, in that case, the edges chosen by the adversary do not
matter (as long as she doesn't choose an edge from an informed node to an uninformed one),
as the edges chosen by the adversary cannot “protect” uninformed nodes as in the case of
the trees. We will, thus, in the rest of this section, simply assume that k£ edges have been
removed from the pool of possible edges, none of them being an edge from an informed node

to an uninformed node.
As before, we will analyze three different schemes.

In scheme 1, in each round, m — k edges are chosen uniformly at random without replacement
among the n? — k possible edges.

In scheme 2, in each round, m — k edges are chosen uniformly at random with replacement
among the n? — k possible edges. This can only result in more rounds than scheme 1 as fewer
disjoint edges are chosen in each round compared to scheme 1.

In scheme 3, we start with a unique informed node, let say node 1. There are two types
of phases for a total of 2 [log %W phases. In each phase i with 1 < 7 < [log gw we have
N; = 271 informed nodes in I; at the beginning of the phase and the goal is to double that
number within the phase. We set £ = @& and add to E one edge at a time, sampled with
replacement, until |I; U Ng(I;)] = min{2’, [%1} We then set I,y = I; U Ng(I;). Note that

at the end of phase 1 = {log %W Niy = [%W and this scheme is independent of m.

Then in each phase i = 2 [log gw —7Jwith0 <5 < [log gw we initially have N; informed

nodes in I;, and min{27, [%J} uninformed nodes in S; and the goal is to half the number of
uninformed nodes in each phase. We set £ = @ and add to E one edge at a time sampled
with replacement, until |S; \ Ng(I;)| = 2771, We then set I;,; = I, U Ng(I;).

We start by analyzing scheme 3:

Lemma 4.9.56. For any ¢ > 1, any phase i < [loggw needs at most 8 - c -

max{Inn, 2%} (1) sampled edges to complete with probability p > 1 — n~°.

2t=1n

Proof. We first note that in phase i with ¢ < [log gw the probability that an edge that is
sampled increases I; U Ng(1;) is at least % Indeed, |I; UNE(L;)| < % (otherwise the
phase would have ended) and there are |[;| - |[n] \ (I; UNE(L;))| > 2"?n edges that can
increase I; U Ng(I;). Thus, picking any of those edges, out of (n? — k) possible ones, has
probability at least %
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Next, we remark that if we sample (22 5, edges, then the probability that at least one of those

edges increases I; U Ng(1;) is at Ieast . Indeed, the probability that all of those edges do
i (72 k)

not increase the size of I; UNg(I;) is (1 - (22 Qk)) 227 < e ' < 1. We will, thus, group the

k)

sampled edges into disjoint “buckets” of & =

consecutively sampled edges.

We then use the fact that we only need 2! edges that increase I; U Ng(I;) to end phase

i. If we take 8 - ¢ - max{Inn, 2"-?} buckets of Z
inequality, we have:

edges each, then applying Hoeffding's

8 - ¢ - max{lnn,2i-2}

1 1\?
Sexp<—16~c-lnn<2—4) ) =n"°

, phase 7 ends after sampling at most 8 - ¢ -

) ) 1 9i—1 2
P(|L; UNE(L;)| < 2'—1) < exp (—2 - 8¢ - max{Ilnn, 2"} <2 - : ) )

—C

which proves that With probability p > 1 —n
max{Inn, 22} 255 edges. O

222

We have a symmetric result for the second phase:

Lemma 4.9.57. Foranyc > 1, any phase i with i =2 [log 91 —jfor0<j < [log EW needs
k)

—C
2]1 .

at most 8 - ¢ - max{Inn, 2/~ 2} sampled edges to complete with probability p > 1 —n

Proof. We first note that, by the stopping condition for phase {%W for any phase i with

=2 [log gw —jfor0 <5 < [log %W it holds that N; > [ﬂ We first show that in

phase i, the probability that a sampled edge decreases S; \ Ng(I;) is at least (2 . Indeed,

I[n] \ (L UNE(L))] = |S: \Ne(L;)| > 297! (otherwise the phase would have ended) and,

thus, there are N;-|[n] \ (I; UNE(L;))| > 2772n edges that would decrease S; \ Nz (I ) Thus,

picking any of those edges, out of (n? — k) possible ones, has probability at least (2

k)'
The rest of the proof is symmetrical to the previous one. Il
This allows us to prove the following result on scheme 2:

Theorem 4. 9 58 For any ¢ > 1, in scheme 2, and therefore scheme 1, Broadcast completes
within O ([ 1 log n) rounds with probability p > 1 — n~“logn.

Proof. To see this, we are going to simulate scheme 3 with scheme 2. The main idea is a
follows: If a phase (of scheme 3) requires = edges, sampled with replacement, in order to
end, and in scheme 2 each round samples y edges with replacement, then in [ﬂ rounds,
scheme 2 samples at least x edges, and, thus, we can simulate the phase in scheme 3 with

ﬂ rounds of scheme 2. The only difference is that scheme 2 groups the edges into rounds to
make intermediate progress, whereas scheme 3 only forwards the information at the end of the
phase, all at once. This implies that in scheme 2 each phase is faster than the corresponding
one in scheme 3, and any upper bound we get with this analysis will thus be an upper bound

on the number of rounds scheme 2 needs to complete Broadcast.
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We first start with the phases i < {log ﬂ such that Inn < 2072 and the phases i > {log %W

with 7 = 2 [log gw — j for j > 1 such that Inn < 2772, In that case, phase i needs at most
8. = (n? — k) sampled edges to end with probability larger than 1 — n~°. We need at most
[85(522_;;“)} rounds to gather that many edges, and thus phase 7 ends in [%&:;ﬂ rounds
with probability greater than 1 — n=¢. There are at most [logn| such phases, and thus over

all phases we require at most O ([C(T(:f;)m log n)

Let us now analyze the phases ¢ < [log gw where Inn > 2972 and symmetrically phases

7> [log %W =2 [log gw — j for j > 1 such that Inn > 2772 In that case, phase i needs at

most 8 - ¢ - Inn - 255 sampled edges to end with probability larger than 1 — n™¢. We need
22 n

8-cInn -2k .elnn-(n2— .

at most | —- ngjj% = [8(;1112)(2?*2:)} rounds to gather that many edges, and thus phase i

ends in [%gﬁ;:w rounds with probability greater than 1 —n~¢. Summing the number of

rounds over all such phases we get:

3

T et )
<2 (712 ﬁ'k(;: M) L ogn =0 dc(ﬂgnj ;)i? W log n>

The probability of success p > 1 — n~“logn is simply a union bound on the number of
phases. Il
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CHAPTER

An Almost Tight Lower Bound for
Plurality Consensus with Undecided
State Dynamics in the Population
Protocol Model

5.1 Abstract

We revisit the majority problem in the population protocol communication model, as first
studied by Angluin et al. (Distributed Computing 2008). We consider a more general version
of this problem known as plurality consensus, which has already been studied intensively in the
literature. In this problem, each node in a system of n nodes, has initially one of k£ different
opinions, and they need to agree on the (relative) majority opinion. In particular, we consider
the important and intensively studied model of Undecided State Dynamics.

Our main contribution is an almost tight lower bound on the stabilization time: we prove
that there exists an initial configuration, even with bias A = w(y/nlogn), where stabilization

requires Q(knlog kl‘égn) interactions, or equivalently, Q(k log kl‘g:n) parallel time for any k =

0 (1;/;)' This bound is tight for any k£ < n%*, where ¢ > 0 can be any small constant, as

Amir et al. (PODC'23) gave a O(klogn) parallel time upper bound for k = O ( vV )

log®n

5.2 Introduction

Population protocols are a simple and natural computational framework, in which n anonymous
nodes (also called agents) communicate and interact with each other to solve a predefined
problem in a distributed manner. In the underlying communication model, a scheduler selects
in each discrete time step two nodes for interaction. The selected nodes exchange their current
states and each of them changes its own state according to the transition function defined
by the population protocol. The set of nodes is expected to eventually stabilize in a final
configuration that is given by the problem definition. In the plurality consensus problem, as
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considered in this paper, every node has at the beginning an opinion assigned from a set of k
different opinions, and in the final configuration all nodes agree on one of the initial opinions.

In the model introduced by Angluin et al. [10] the population is represented by the nodes of a
graph and a scheduler can only choose nodes connected by an edge for interaction. The usual
complexity measures in which one is interested are the cardinality of the state space of the
transition function and the time needed for the population to stabilize. The time is defined as
the number of interactions until a stable configuration is reached. As in previous work, we are
also interested in the so-called parallel time, which corresponds to the number of interactions
divided by the population size n.

Population protocols have various applications. In their original paper, Angulin et al. [10]
motivated population protocols in the context of sensor networks where nodes perform simple
computations. Other motivating examples are processes in chemical reaction networks [121].
Population protocols can also be implemented at the level of DNA molecules, as shown in [37].
Furthermore, Cardelli and Csiksz-Nagy [30] considered similarities between biochemical regula-
tory processes in living cells and population protocols. Population protocols highly influenced
the way certain aspects of distributed computing evolved in recent years, for which in 2020
the original paper by Angluin et al. [10] has been awarded the Edsger W. Dijkstra Prize in
Distributed Computing.

In the vast majority of the related papers, as in our paper as well, it is assumed that the
graph modeling the population is a clique and a random scheduler is in place. That is, in each
discrete time step two nodes are selected uniformly at random for interaction. One of the most
prominent protocols for the plurality consensus problem is the Undecided State Dynamics, on
which we focus in this paper. In its original, unconditional version, this protocol is simple and
only uses k+1 different states (see the problem definition below for details). This protocol and
variants of it have extensively been analyzed in different communication models. Although
very recently an upper bound of O(klogn) on the parallel time has been derived [9], the
question of whether this bound is tight is still open.

5.2.1 Model and problem

A population protocol and its time performance can be formalized as follows (cf. [20]). Let
V' denote the set of agents in the population, and let n = |V|. Let ¥ be the set of states of
the protocol, whose cardinality may grow with n. Two interacting nodes change their states
according to a deterministic function f : X% — X2, That is, f(¢,¢") = (',7") describes the
following transition: if a node in state ¢ interacts with a node in state ¢”, then the first node
changes its state to ' and the second node to r”. A population protocol is also assigned an
output function v : ¥ — I', which maps every state to an output value. The set I' may be
the same as Y.

In this paper we analyze plurality consensus (aka the k-majority problem): Each agent i has as
an input an initial opinion s; € [k], and the goal of the agents is to decide which opinion was
the (relative) majority at the start of the computation. The transition function we consider
is given by the (unconditional) Undecided State Dynamics: ¥ consists of k + 1 states, the
original k opinions, and an extra one, L, that represents the state of being undecided. Then
f(s1,82) = (L, L) if 51 # s9, and s1,52 € [k], f(s,L) = (s,s) for any s € [k]. Otherwise,
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f is just the identity function. In other words, when two agents with different opinions meet,
they both become undecided, but when a decided agent meets an undecided one, the latter
takes on the opinion of the former. Note that in the case of the Undecided State Dynamics
the set I' = X and the output function 7 is the identity. We assume that the interaction graph
is a clique, and at each time step, two nodes are selected for interaction, which are chosen
uniformly at random (without replacement), independently of the other time steps. We ask
how long it takes for the system to stabilize, in the particular case where the majority opinion
starts with an initial additional bias of Q(y/nlogn). Note that such a bias is probably needed
in order to guarantee that w.h.p. the opinion with the largest (relative) initial support wins
(cf. [9, 15]).

5.2.2 Related work

Computations over dynamic networks (such as sensor networks) have already been studied
intensively in the literature for various models [1, 99, 108]. Probably the most studied problems
in the framework of population protocols are leader election and (exact) majority. For two
recent surveys, which focus on these problems, we refer the reader to [7] and [64]. As in this
paper we analyze plurality consensus, we only present the most relevant results on the related
majority problem and adapt the description of [64] to outline the related work on majority in
population protocols. In this problem, at the beginning every node is in one of two states
(called e.g. A and B). In exact majority, the final opinion has to be the one with the largest
initial support, even if at the beginning the difference between the support of the two was
just 1. In approximate majority this requirement is weaker: the initial majority should only
win with high probability if there is a sufficiently large initial bias between the two opinions

(usually this bias is of order Q2(y/nlogn)).

For the majority problem (as well as leader election), there are a number of results, which
present lower bounds on the number of states under certain time requirements, or bound
the (stabilization) time under specific assumptions w.r.t. the number of states. Furthermore,
several majority and leader election algorithms have been derived, which upper bound the
number of states as well as the stabilization time.

Two early papers by Draief and Vojnovi¢ [53] and Mertzios et al. [107] consider population
protocols for exact majority. They studied (almost) the same four-state protocol, which has a
polynomial stabilization time (with high probability’ and in expectation) on any graph.

In an early paper, Angluin et al. [11] presented population protocols with a constant number
of states for several different functions. The protocols they propose are only correct with high
probability and they assume that a designated leader is available from the start of the compu-
tation, which synchronizes the nodes. Their exact majority protocol has a w.h.p. stabilization
time of O(log®n), and it alternates between so-called cancellation and duplication phases, an
idea used in many subsequent papers.

Note that any protocol for exact majority which uses a constant number of states (as the four-
state protocol described above) is in general slow. However, if the initial imbalance between
the support of A and B is large, then the four-state protocol stabilizes fast. In order to

IWith high probability or w.h.p. means with probability at least 1 — n=?(}), where n is the number of
agents.
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increase the initial imbalance, Alistarh et al. [8] multiplied the opinion on each node by some
(large) integer. Based on this idea, Alistarh et al. [4] achieved a stabilization time of O(log® n),
w.h.p. and in expectation, by utilizing O(log® n) states.

Bilke et al. [24] extended the cancellation-duplication framework from [11] to the leaderless
case, provided that the agents have enough states to store the number of interactions they
performed so far. The stabilization time of their majority protocol is O(log?n) w.h.p. and in
expectation, and it utilizes O(log” n) states.

On the lower bound side, Alistarh et al. [5] proved that any exact majority protocol with
expected stabilization time O(n'™) (e can be any positive constant), which satisfies two
natural properties called monotonicity and output dominance, requires 2(logn) states. They
also presented an algorithm with ©(log n) states and O(log® n) stabilization time (w.h.p. and
in expectation). Monotonic protocols have the property that their running time does not
increase if they are run on a smaller number of agents. Output dominance means that “if the
positive counts of states in a stable configuration are changed, then the protocol will stabilize
to the same output" (cf.[64]). The (w.h.p. and expected) stabilization time has subsequently
been improved to O(log®?n) in [20], to O(log*?n) in [19], and finally to O(logn) in [51],
by keeping the number of states at O(logn).

All the results above were derived for stabilization time, and the lower bounds do not hold for
the so-called convergence time. The convergence time is the time required by the protocol to
reach a configuration with the correct output property; however, the system may leave this
configuration with a small probability. In contrast, if the system stabilizes, then the output of
the system does not change anymore.? Kosowski and Uznanski [97] and Berenbrink et al. [21]
derived algorithms with polylogarithmic convergence time, which use o(logn) states. As
outlined in [20], in [97] the authors presented a programming framework that leads to protocols
which require only O(1) states and converge in polylogarithmic time (in expectation), but they
are only correct w.h.p. These protocols can be changed so that they are always correct by
either allowing O(log logn) states, while the convergence time still remains polylogarithmic, or
by allowing O(n¢) convergence time, while keeping the number of states constant. In [21] the
authors presented an always correct protocol with a w.h.p. convergence time of O(log” n/log s)
and O(s + loglogn) states, and an always correct protocol with w.h.p. stabilization time of
O(log® n/log s) and O(s - logn/log s) states, where s € [2,n].

One research direction in plurality consensus focuses on the state complexity (regardless of the
time complexity) of protocols, which are required to always determine the plurality opinion.
While clearly at least k states are required to encode k opinions, [114] shows that always correct
plurality consensus needs even Q(k?) states. The protocol of [72] utilizes O(k'!) states, which
can be improved to O(k%) provided that a total ordering among the opinions exists. Clearly,
the lower bound of Q(k?) only holds, if it is required that the correct plurality opinion is
determined with probability 1. If such strong guarantees are not required, then the number of
states can be much smaller. In [15] a synchronized variant of the Undecided State Dynamics
has been presented that reaches consensus w.h.p. in O(log” n) parallel time using O(klogn)
states. However, this protocol solves approximate plurality consensus, i.e., if the initial bias
is Q(y/nlogn), then w.h.p. the opinion with the initially largest support wins, otherwise a
so-called significant opinion wins w.h.p. In the case £ = 2, the unconditional Undecided

2See e.g. [21] for details. In the Undecided State Dynamics, convergence and stabilization are equivalent.
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State Dynamics has a w.h.p. and expected stabilization time of O(logn) [40]. Recently, Amir
et al. [9] analyzed the unconditional Undecided State Dynamics for the plurality consensus
problem and showed that their protocol stabilizes w.h.p. within O(klogn) parallel time for
any initial configuration as long as k = O(y/n/log®n). The question of whether this bound
on the stabilization time is tight is still open.

We should note that the unconditional Undecided State Dynamics has extensively been ana-
lyzed in the Gossip communication model. In this model (which can be seen as a synchronous
variant of the population protocol model) in each discrete time step, every node randomly
chooses another node for interaction to perform a state transition. Becchetti et al. defined
the concept of monochromatic distance md(c) of a configuration ¢ and showed that in this
model the time needed to reach a final configuration is O(md(c)logn) w.h.p., where ¢ is the
initial configuration in the population [18]. They also derived a lower bound that is asymptot-
ically tight up to a logn factor.

As described by Amir et al. [9], the differences in how nodes are scheduled for interaction
in the population protocol model and the Gossip model, respectively, cause the Undecided
State Dynamics to “exhibit significant qualitative differences when run in either setting, even
in the case when & = 2". One of the reasons for these differences is the fact that while in
the Gossip model in each step a node may change its opinion only once, and each node is
selected for interaction, in the population protocol model a node may change its opinion up to
Q(logn) many times in n consecutive interactions (which corresponds to one parallel round)
while a constant fraction of nodes is not even selected for interaction. Thus, there are so far
no general analysis techniques that allow us to transfer results from one model to the other
one (cf. [40]).

5.2.3 Contribution

Our main contribution is an almost tight lower bound on the stabilization time of Undecided
State Dynamics for plurality consensus in population protocols. Specifically, we show that the

time needed to stabilize is €2 (k;n log kl\ggn) interactions, or in €2 (klog kg‘n) parallel time3,

in the case where k = o(k\gn). In our proofs we assume that our initial configuration has
bias at most O(y/n/(klogn))Y*y/nlogn. Interestingly, this includes even an initial bias of
w(y/nlogn). This bound is tight for any k < nz~¢, where ¢ > 0 can be any small constant, as
Amir, Aspnes, Berenbrink, Biermeier, Hahn, Kaaser, Lazarsfeld [9] gave a O(klogn) parallel
time upper bound. For larger values of k, as any initial configuration that is valid for k is
a.Iso valid for & > kg, we can simply plug in ky = % to get a () (%) parallel
time lower bound.

Our analysis is based on a precise characterization of the number of undecided nodes over
time, using drift analysis and random walks. Our technical approach and its novelty will be
discussed in more details in the next section.

3Recall that the parallel time is equal to the number of interactions divided by n.
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Figure 5.1: Intuition for stabilization of plurality consensus in undecided state dynamics. On
the left figure, we scale up the minority opinions by a k factor for visibility. In this experiment,
n = 1,000,000 agents and k£ = m. In the initial configuration £ — 1 opinions had the
same support, while opinion 1 had an additive advantage of v/nlogn. Out of all the minority

opinions, we plot one with a darker color for visibility.

5.2.4 Notation and organization

Throughout the paper, x represents a configuration the system can be in: x = (21, ..., zg, u),
where x; is the number of agents with opinion ¢ for all 7, and w is the number of undecided
agents. We denote by x(t) the configuration of the system after the ¢-th interaction, and x(0)
is the initial configuration. z;(t) is the number of agents with opinion ¢ after interaction ¢.
Similarly, u(t) is the number of undecided nodes after ¢ interactions. Accordingly, z;(0) is the
initial number of nodes with opinion i (clearly, u(0) = 0). We assume that the opinions are
initially ordered from most common opinion to least common, i.e, z1(0) > z5(0) > --- >

The remainder of this paper is organized as follows. We first provide a technical overview and
an empirical motivation in Section 5.3. Our lower bound analysis is presented in Section 5.4.
We conclude and discuss open research questions in Section 5.5. Some technical details are
deferred to the Appendix.

5.3 Motivation and Technical Overview

Before we delve into the technical details of our lower bound proof, let us provide some
intuition about how agent opinions propagate across the distributed system, and how majority
and minority opinions evolve accordingly. Based on this intuition and the observed challenges,
we will then give an overview of our analytical approach and its key ideas.

To illustrate the evolution of opinions and the stabilization behavior, Figure 5.1 (left) plots
a typical simulation run over parallel time. In this example, all minority opinions are initially
equally frequent, while the majority one has an initial additional bias of /1 logn. The majority
opinion is plotted in red. The minority opinions are plotted in yellow, except for a random
one which we select as an example and which we highlight in orange; for better visibility we
multiplied the number of each minority opinion by k.
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We make several observations which highlight parts of the complexity of the problem. First,
note that different minority opinions evolve differently. In particular, not all minority opinions
are strictly decreasing over time, but many are actually increasing over a long time period. In
the example in Figure 5.1, one opinion even surpasses its initial count. On the other hand,
the majority opinion in this example (which is typical for many runs) remains low for a long
time during stabilization, but then increases quickly toward the end. We can also see that the
number of undecided opinions stays close to § — ;- throughout the execution.

In Figure 5.1 (right), we zoom in on the time period for which it takes z; to double from its
initial number of nodes. We can see that it takes most of the stabilization time to reach this
configuration, as the system needs around 70 parallel time to do so, after which only 20 more
rounds are required to fully stabilize.

These simulations also provide some intuitive motivation for our choices for analyzing the
problem theoretically in the next section. We will prove that the number of undecided nodes
does not substantially exceed § — ;7 with high probability, and we only consider the interactions
before x; reaches 2z,(0), which we will approximate as 27. One particular ingredient we
consider in our analysis is the maximum difference between the majority opinion and minority
ones (also plotted in Figure 5.1 (right)): max;>2{z1 — z;}. The idea is that as long as this
difference stays small, the system is very slow to change.

More concretely, for our analysis, we proceed as follows.

We first observe that a precise characterization of the number of undecided nodes u(t) is key
to understand the state dynamics as, intuitively, for any opinion ¢, the larger the number of
undecided nodes, the more new nodes can the -opinionated nodes “convert” to the opinion
7, hoping to compensate for the i-opinionated nodes that meet nodes with other opinions and
thus become themselves undecided. In fact, in their analysis of the stabilization time, Amir,
Aspnes, Berenbrink, Biermeier, Hahn, Kaaser and Lazarsfeld [9] derived an upper bound and a
lower bound on the number of undecided nodes throughout the interactions: §—% < u(t) < &
for any t after the first nlogn interactions. More precisely, the evolution of the number of
nodes in opinion ¢ is driven by the number of undecided nodes. For each opinion, there exists
a value u; of the number of undecided nodes that acts as a threshold. That is, if the number
of undecided nodes u is above u;, then the corresponding opinion z; increases, whereas if u is
below the threshold, then x; decreases. The threshold is a decreasing function in the number
of nodes in opinion i: the larger x; is, the smaller u; is. One can see this in action in Figure 5.1
on the left. When w(t) is still very small in the beginning, all of the opinions decrease quickly.
Then, once u(t) settles around 5 — i, some opinions start to steadily increase (even minority
ones) while others decrease. One can understand this the following way: in the initial steps,
where the number of undecided nodes increase quickly, some opinions, due to randomness,
end up having an advantage on the others. Towards the end, the number of undecided nodes
starts dropping, it thus goes below all thresholds but the one of the majority opinion, which
means all opinions drop quickly apart from the majority one.

In our case, for the study of the lower bound, we fully control the initial configuration of the
opinions, and we are able to give a better upper bound on u(t) over time, which happens
to be very close to the threshold of any opinion i. To do so, we use drift analysis (for a
nice introduction, we refer to Lengler [100]). More specifically, we use a result by Oliveto
and Witt [115]. Here is a quick intuition on drift analysis: assuming we know the current
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configuration of the system, we compute the expectation of the change in the number of
agents in each state after the next interaction. The idea is, if a number changes in expectation
by a value « at each interaction, and our goal is to show that the actual number does not
wander off by more than /3 from its original value, this takes at least Q(3/«) many interactions.
A few more hypotheses are needed to ensure that this result holds with high probability, and
to ensure that the probabilities are well-behaved, but this is the main idea.

It turns out that u(t) settles around 4 — 47, and to show that u(t) never substantially exceeds

this value, we prove that if it slightly exceeds this value, then at each interaction, in expectation,
u(t) decreases by at least |/logn/n. Drift analysis tools then allow us to ensure that u(t) will
drift no more than (roughly) 6(y/nlogn) away from that position.

The second step we make after giving an upper bound on u(t), is to show that in 6(kn)
3n 2n

interactions, no opinion can go from 5 nodes to <" agents. Here, classic drift analysis
fails to help, and that for one main reason: drift analysis essentially looks at how much the
expectation increases or decreases over time, but sometimes, the expectation gets beaten by
the variance of the process, and drift analysis fails to capture the lack of concentration of the
process. To understand that, consider a random walk starting at 0 and which at each step
either increases or decreases by 1, each with probability 1/2. The expectation of its increase is
0 so in expectation, after m steps, it is still at 0. However, we know that with high probability
it will have reached 6(y/m) at some point during those m steps, as one can see the position
after m steps as the result of a binomial distribution with parameters (1/2,m), whose standard

deviation is of the order of \/m.

In our case, we avoid this problem by looking more carefully at the probabilities involved.
By considering the evolution of x;, while its expectation increases slowly over time, it is not
overtaken by the variance. To see that, think again of our example of our +1 random walk:
Imagine that now, the random walk increases with probability p/2, decreases with probability
p/2, and stays put with probability 1 — p. Look now at what happens after m steps. The
walk actually moved for pm out of those steps, and thus the standard deviation is now around
VP If p=o(1), this has a significant impact.

This is exactly what happens in our case, where for x; to change, in an interaction, a node
with opinion 7 must have been chosen. If at most 2% nodes with this opinion exist, then the
probability of this event happening is of the order of 1/k = o(1).

While we could have chosen to stop here for our analysis, and thus give a (k) lower bound,
we go one step further: there is a weakness in this analysis, i.e., we overestimate the number

of nodes in opinion ¢, by stating that the initial count is at most ‘;—Z while in practice, most

opinions stay close to g; for most of the process. This (high) estimate of 27 then gives a

too low threshold on u for x; to increase, and thus the upper bound on the rate at which z;

increases is not tight enough. To improve the result, we would need to give a better estimate

on the initial x;, and show that it is close to o This is not straightforward, as the initial
n

count is close to 7, and we would thus need to analyze the initial phase where u increases
sharply while all the x; decrease.

We find a workaround for this difficulty: while it might take effort to accurately approximate x;
after the first quick-changing phase, a value that is easier to estimate is A;; = x; — x;. Here,

instead of requiring a good estimate on x; and x; to analyze the evolution of A;;, it turns out
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that we only need their order of magnitude, as well as a good estimate of A;;, which we have.
Therefore, knowing that x; < 27 for 0(kn) iterations allows us to show that the maximum
A;; needs at least 6(kn) iterations to double. However, if all A;; are small enough (if they
are all o(%)), then it means that no opinion drifts far from the others, and thus z; < g—z after
those 0(kn) interactions.

Hence, our high level argument works as follows: First give a good estimate on u, then on
the number of nodes in each opinion, and on the maximum difference between opinions: As
long as x; < g—z at a time ¢ and A;; = o(7) for all 4, 7, then the order of x; does not change
in the next 6(kn) interactions, which in turn is used to show that A;; does not double during
those same interactions. This in turn shows that z; < ‘;—Z which allows us to restart another
iteration of the induction. The induction holds for log (m\égn) iterations, which then gives the
lower bound.

5.4 Lower bound

In this section, we will give a lower bound on the number of rounds needed for the protocol
to stabilize. For that, we analyze the situation where all minority opinions start with the same
number of nodes, that is, z;(0) = z;(0) for any ¢, j € [2, k], while the majority opinion starts

with an initial gap of z;(0) — 25(0) = O ((\/ﬁ/(klogn))l/“\/nlogn). We also require that
k= 0( /n ) Since a 2(log n) lower bound for the problem is trivial (in o(logn) parallel time,

logn
w.h.p. there are nodes that have not interacted at all) which implies a 2(klogn) lower bound
for k = O(1), we focus on the case k = w(1).

We first begin by giving an upper bound on the number of undecided nodes.

Lemma 5.4.1. For any 7 < n*, and any initial configuration, it holds with probability at least
1—n"* thatu(r) < % — - + (klf?)z +(20- 132+ 1)y/nlogn.

Proof. To prove the lemma, we will use Theorem 5.7.1. We model u(t) to be a random walk
over integers, and first compute the expectation of u(t + 1) conditioned on the configuration
of the system at time ¢, which is denoted by x = (z1,...,xy,u) (for ease of notation, we
write x; instead of x;(¢) and u instead of u(t)). Clearly, the number of undecided nodes can
either decrease by 1, if a decided node interacts with an undecided node, or it can increase by
two, if two nodes of different opinions interact. The probability to decrease by one is 27 - *=¢

n—1"
Zie[k] Ti Z]’;ﬁi Zj
n —

while the probability to increase by two is 7-—. Note that ﬁ = %—i— O(%) We

therefore have:

Efu(t + 1)|x(t) = x]
n n n n n

2 et Ti(n — u — x; 1
:u—23+2u—2+226[’“] (2 )+O(>
n n n n
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For the second equality we used }°, ; v; = n —u — ;. Splitting x;(n —u — x;) into z;(n — )
and —z7, and writing 3¢, 23 = 7 — u we obtain

2

22 2 icik T2 1
P D LU S P Z+O<>
n n? n? n? n
2 itk T2 1
:u—6u+ﬁL+2—2ZQHZ+O<>
n n? n? n

Clearly, if we fix n. — u, the sum 3,y 27 is minimized if all z; are equal. Then we have
Efu(t + 1)[x(t) = x|
gu—6“+492+2—2““;w2+0(1)
Z Z2 2 kZZ 2u? ! 1
—w— 6o b b2 = <>

Let us assume that u = § — 57 + (klf?)Q + cy/nlogn for some constant ¢. Then,

n

Efu(t +1)|x(t) = x]

<u—=6
n
(5 — 45 + gty +cv/nlogn)? )
+4 . 2=
n k
4(5 — 45 + (klf?)g + cy/nlogn)
_|_
nk
2(%—&—1—(;97%24-0 nlogn)? 1
: o)
n2k n
3 60 logn
Cu—B3+ o ey 2
ST T e "V
1 1 40
+14+———

for any ¢ > 1 if k is large enough. Define u = 5 — 1 + (191137?)2_

We can now apply Theorem 5.7.1 with X; = —u(t), Xy = 0,a = —u — y/nlogn — 20 -
132y/nlogn,b = —i — /nlogn, ¢ = 20 - 132y/nlogn, e = /%" and r = /5. Then, we

n

obtain that 7™, the first time so that u(7™) > % — ﬁ + (klf%y +v/nlogn+ 20-132y/nlogn,
satisfies:
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P[T* < exp(4logn)] < O(exp(—4logn))

This implies that P[T* < n'] < O(n™*). Therefore, with high probability u(t) is less than
g—ﬁ—i—ﬁ%—\/nbgn—l—%-132\/n10gnfor all 0 <t <n O]

We will need the following lemma to continue our analysis. It is a simplified version of
Theorem 20 in [100], and provides the tool we need for Lemmas 5.4.3 and 5.4.4.

Lemma 5.4.2. Let Y(t), t > 0, be a random walk defined over the set of integers as
follows: Y (0) = O Y(t+ 1) = Y(t) with probability 1 — p(t), Y(t +1) = Y(t) + 1 with
probability W0 +q ,and Y(t +1) = Y(t) — 1 with probability M. Assume there are
values p > 0 and q > 0 such that 0 < p(t) < p and —p(t) < q(t) < q. For any T such that
T > 32 (% - %) log n, with probability at least 1—n"?, Y (t) < T for everyt < min{5_, n’}
steps.

Proof. To prove this lemma, we will need Bernstein's inequality (cf. Theorem 5.7.2). We first
introduce the random variables Y'(¢), coupled to Y (¢) as follows: Y( ) is a random walk such
that with probability 1 —p(t) Y (t+1) = Y(t), with probability 227 V(t + 1) = Y (t) + 1,
and with probability Z8=2 'y (¢t +1) = Y (¢) — 1. Also, with probab|||ty LY(t+1)=Y(t)iif
Y(t+1)=Y(t) and |f Y(t+1)>Y(t), then Y(t+1) > Y(t).

This can easily be done by sampling a random number r(t) € (0,1) uniformly at random for
every t. If r(t) < 1—p(t), weset Y(t+1)=Y(t)and Y(t+1) =Y(¢). If 1 —p(t) <
r(t) < 1—p(t) + 20590 we set Y(t+1) = Y(t) + 1 and Y(t + 1) = Y(t) + 1. If
1—p(t )+p( Jralt) < () < 1—p(t )+p( )19 weset V(t+1) = Y (t)—1and Y (t+1) = Y (t)+1.
Else, we set Y(t +1)=Y(t)—1 and Y(t +1)=Y() —1.

Essentially, if Y'(t) increases, so does Y (t). If Y(t) stays put, so does Y (t). If Y(t) decreases,

Y () might either decrease or increase. This coupling ensures that Y (t) > Y (¢) for all . To
prove the theorem, it thus suffices to prove the theorem for Y (t).

We will now use Bernstein's inequality with X; = Y (i 4+ 1) — Y (i) — ¢. We use M = 2 and
BLXE) = (1~ o)+ (%9°0) (1~ 0 + (40) (-1~ ) = pl0) " < p " Honc
for any N, Yien E[X7] < N(p — ¢°). With N < 2% :

P(Y(N)>T)= (ZX >T - qN> (i Z)
Sl )

< Ty 7
ex — ex —

<n*

Using a union bound over the first min{%,nz} steps, we get that the probability that 7" is
reached within the first min{%, n?} steps is at most n 2. O
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We now prove that w.h.p. any given opinion can not increase too much in 6(kn) interactions,

if it starts with fewer than 32 nodes.

Lemma 5.4.3. Let i € {1,...,k} be an arbitrary but fixed opinion. Let 73,9, < n® be
a time where x;(T3,/01) < 3% and Ton/k the random variable denoting the time at which

2k
i (Ton/k) = 2?” Then, with probability at least 1 — O(n™2) we have T = Top /i — Tanjok > ’;—’5‘

Proof. Let us consider the evolution of x;(t) for some t € {t¢,...,to + kn/25}, where ty =
Tan/2k. For the analysis, we create a new random process y similar to x as follows: y(0) = x(0),
and forevery t, y(t+1) =x(t+1) if y(t) = x(¢) and u(t + 1) < @+ (20- 132+ 1)y/nlogn.
If u(t+ 1) does not satisfy the condition, we halt y (we do not define y(¢ + 1)) and say that
y fails at time ¢ + 1. By Lemma 5.4.1, y fails with probability O(n~*) in the first n* rounds.
The modification described above enforces that in y the number of undecided nodes never
surpasses % — - + (klf?)Q + (20 - 132 + 1)y/nlogn. Clearly, if during the execution of x the
number of undecided nodes does not reach § — & + (/:707?)2 + v/nlogn + 20 - 132y/nlogn,
which happens with probability at least 1 — n~* in the first n* interactions, then x and y
behave identically.

Let us now consider the evolution of x;(¢) in y. x;(t) increases by one if a node of opinion i
meets with an undecided node, which happens with probability

u

P(+1) = P(ai(t + 1) — 24(t) = 1y(t) = y) = 2%71 —1

Similarly, the probability that it decreases by one is

;M —u—T;
P(—1) =Pzt + 1) —ai(t) = -1|y(t) =y) =2————
(1) 1= Pla(t + 1) — (1) = ~1fy(1) = y) = 22"
The goal is to use Lemma 5.4.2. We thus need to compute p(t) = P(+1) + P(—1) and
q(t) = P(+1) — P(=1).
As long as x; < 27, we have that P(41) + P(—1) = 2775 = 2%
difference between the two is

P(+1) —P(-1)
T, (U n—u-—uz X
=2 - — =2 2u — i
n—l(n n ) n(n—1)<u n+ i)
o Li n . n n 2n
—_— —_— — J— n —_—
— n? 2k klogn k
x; 1 \n z;l+o0(l) 6
2 — =3 < —(1 1
n2<3+ <logn))k‘ n k - k2( +o(1))
We apply Lemma 5.4.2, with p = %, q= 6]%, T = 5. It now suffices to check the conditions

of Lemma 5.4.2.
p—q 2
< 555 = O(k) = o(klogn)




5.4. Lower bound

and

n _ k?log’n )
T=—2>—"—= 1

on 2 ok w(klog” n)

Therefore, we have that 7' > 8(% + Z)logn. Thus, z;(to +7) < 2* for any 7 < 2 with
probability at least 1 —n~2 in y. As x and y behave identically with probability 1 — n=* in

the first n* interactions, the lemma follows. O]

Now that we have a good upper bound on u and a good estimate on the order of magnitude
of all of the xz;, we can show that it takes 0(kn) interactions for the difference between two
opinions to double.

Lemma 5.4.4. Assume that at some time step t, < nklog®n the difference between any

two opinions is at most § = w(y/nlogn), where o = o (%) Furthermore, assume that

i(to)) < 3% for every i € [k]. Then, with probability at least 1 — O(k*/n?), the difference
between any two opinions does not exceed o before interaction to + T, where T = ikn.

Proof. Consider two arbitrary but fixed opinions ¢ and j. Similarly to the proof of Lemma
5.4.3 we analyze the evolution of A;;(t) = x;(t) — x;(t) for a time step t € {ty,...,to + 7}
For the analysis, we create a new random process y similar to x as follows: y(0) = x(0), and
forevery t, y(t+1)=x(t+1) if y(t) = x(t) and u(t +1) < u+ (20-132+1)y/nlogn and
z;(t 4+ 1) < 2% for every i. If either u(t + 1) or one of the z; does not satisfy the condition,
we halt y (we do not define y(t + 1)) and say that y fails at time ¢ + 1.

Clearly, x and y behave identically with probability 1 — O(kn~2) according to Lemmas 5.4.1
and 5.4.3 (by union bound over the k different opinions).

We consider now the evolution of A;;(¢) in y. For ease of notation, we set x; = z;(1),
x; = x;(t), and u = u(t). A;;(t) increases by one if x; increases by one, which happens when
a node with opinion 7 interacts with an undecided node, hence with probability 27— It also
increases by 1 if x; decreases by one, but not x;, which happens when a node with opinion j
interacts with a node of opinion in [k]\ {7, j}, hence with probability 22 “——*—%1 " Therefore,
the probability that A;;(t + 1) > A;;(t) is:

P(+1) := P(A;(t +1) = Ay (1) = 1y(t) = y)

nn—1 n n—1
Similarly, the probability that it decreases by one is
P(—1) = P(Ay(t+ 1) — Ay(t) = —1|y(t) = y)
_ g% U +2ﬁn—u—xi—xj
nn—1 n n—1

The goal is to use Lemma 5.4.2. We thus need to compute p(t) = P(+1) + P(—1) and
q(t) = P(+1) — P(—1). Expanding the terms, we get that the sum of P(+1) and P(—1) is:
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Ti+j)u (i + )
n(n —1) n(n—1)

<2—F _(p—w;—x;) = 811{(1 +0(1))

P(+1) + P(-1) = 2! (=i — )

The difference between the two is:

P(+1) — (1)
= m((uxZ +nr; —ur; — Ty — xj)
+ (—ux; — nx; + ux; + %2 + zx;5))
2
= m@u(xz — x5) — n(z; — z5)
+ (2 — o) + (27 — 25) (25 + 25))
2
= W(xi—xj)@u—n-i—xi‘f‘xj)
< m(ffi—fj)(n—%+0(g)_”+2z)
3 1 1

= mAU(% + 0(%))

If the difference at a time t is z;(¢) — x;(t ) < a, then P(+1) — P(—1) < 3%(1 + o(1)).
5. Indeed, we can

We apply Lemma 5.4.2, with p = 9 L q= %, and T =5, Y (t) = Aj;(t) —

see the problem as a random waIk that starts at Y(O) = 0 (which corresponds to Aj; = 5)
and whose target is Y (7) = § (which corresponds to A;; = ). As long as the target is not
reached, we have that A;; < «, and thus, ¢(t) < 6a It now suffices to check the conditions

of Lemma 5.4.2.

We have T = § = w(v/nlogn), 3logn = o(y/nlogn) and %logn < Plogn =
O(Zlogn) = o(mlogn) = o(v/nlogn), and thus 32logn (% + %) = o(yv/nlogn) <
T = w(y/nlogn). We thus know that with probability at least 1 —n~2 the difference will not
exceed « before 21(1 = il{:n.

Taking a union bound over all k(k — 1)/2 pairs of opinions, we know that the probability that
one difference exceeds « at time ¢+ 7 is less than k?/n~2. Since x and y as described at the
beginning of this proof behave identically with probability 1 — O(kn~2), we obtain the lemma.
The lemma also implies that with probability 1 — O(k? /n?) the support of each opinion is less
than 3n/2k at time to + 7. O

We are now ready to prove the main theorem.

Theorem 5.4.5. For any k = w(l),k = o(X%), any initial configurations

logn
where the maximum difference between two opinions is max;jci{z:(0) — z;(0)} =
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5.5. Conclusion

@) ((\/ﬁ/ (klogn))Y 4\/nlog n) under the Undecided State Dynamics for Plurality Consensus

does not stabilize in 5= 1og

Flog — parallel time, with high probability.

1

Proof. Define f: f(n) = ( vn )Z.

klogn
We bunch together the interactions by groups of 7 = 2—? interactions, and use induction on /:
i
I
For ¢ < log \/@f( 7| after the (-th group of interactions, we have that z;(f7) < 3—2 for

every 4, and that A(¢7) := max;; A;;((7) < 2°8 with probability 1 — O(¢k? /n?), where the
initial bias starts at A(0) =5 =0 (f(n)\/nlog n)

3
w\»—- o

The base step is trivial. To show the induction step, we first note that for ¢ < log ngnf( 7|

3 1 3
we have 23 < :—g which in turn means that, using k < 1”;” 26 < ”4 : (kﬁ;n> = o(%).

We then apply Lemma 5.4.3 and Lemma 5.4.4: First, since for any 1, xl(&') < 32 and by
our result on u (Lemma 5.4.1), we apply Lemma 5.4.3 to have that during the whole interval,
with probability at least 1 — O(n~?), z; does not exceed 2% . By union bound over all values of

i, it holds that for all 7, no z; exceeds 2% during the kn

55 mteractions with probability at least
—O(kn™2). Then, since A({1) < 23, x;(t) < 2% for any t < (¢+1)7, and by our result on
u, we can apply Lemma 5.4.4. This ensures t

at A((€+ 1)7) < 2¢F13 with probability at least

3
M\»ﬂ‘ N R o \_/
‘ 3
oo

—O((L+1)k?/n?). For £+1 < log this ensures A((¢+1)7) < “f, which in

Vn 10gnf() ' — K

NI

n? )2 = o(%). Thus z;(((+1)7) < 3%

klogn
Sy iz (+1)7) > 324 (k—1)2 > n

turn means that, using k£ <

22 A((H1)T) <

for every i € [k], as otherwise 3= ;¢ 7;((€+1)7)
This proves the double induction.

> |3
IV 53

3
l\.’)\H NS

. . g e kn .
Hence, with high probability, the system does not stabilize before 72 log \/Wf( | =

’;—’g (% log (m\é;n> log f(n )) =40 (lm log k;{)gn) interactions, concluding the proof. ]

5.5 Conclusion

We presented an almost tight lower bound on the stabilization time of the Undecided State
Dynamics for plurality consensus in the population protocol model. While our result settles the
question about the stabilization time, there are several interesting avenues for future research.
In particular, it would be interesting to explore scenarios where (slightly) more memory is
available at the nodes and where synchronization is possible to some extent: at which point
can we break the lower bound barrier? Another open question concerns the required initial
bias. While it is known from previous work that with an initial bias in the order of O(y/n), the
system can stabilize to a minority opinion with non-negligible probability [40], we assumed a
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slightly higher initial bias of 2(y/nlogn) which ensures stabilization to the majority opinion
(cf. [9]); it remains to close this small gap.

5.6 Acknowledgements

This project has received funding from the European Research Council (ERC) under the
European Union’s Horizon 2020 research and innovation programme (MoDynStruct, No.
101019564) B8 = and the Austrian Science Fund (FWF) grant DOI 10.55776/15862, grant DOI
10.55776/15982, and grant DOI 10.55776/P33775 with additional funding from the netidee
SCIENCE Stiftung, 20202024 and the German Research Foundation (DFG), grant 470029389
(FlexNets).

5.7 Useful theorems

Theorem 5.7.1 (Theorem 2 of [115]). Let Xy, t > 0,be real-valued random variables describ-
ing a stochastic process over some state space. Suppose there exist an interval [a, b] CR
and, possibly depending on { := b — a, a drift bound € := €({) > 0 as well as a scaling factor
r:=r({) such that for all t > 0 the following three conditions hold:

L] ]E[Xt+1 — Xt‘Xo, . ,Xt;a < Xt < b} > €.
L ]P)HXH-I — Xt‘ > jT’|X07 c. ,Xt] < e forj € Np.

2 el
= l<r< 132log =

Then for the first hitting time T* := min{t > 0 : X; < a|Xo, ..., Xy; Xo > b} it holds that
* el _ el
P[7° < exp (55) ] = O (exp (~5352))

Theorem 5.7.2 (Bernstein's Inequality). Let X3, ..., X,, be independent zero-mean random
variables. Suppose that | X;| < M almost surely, for all i. Then, for all positive t,

n lt2
P X, >t <exp|-— 2
(Sx=1) <o (rmporn)

i=1
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CHAPTER

Deterministic and Exact Fully-dynamic
Minimum Cut of Superpolylogarithmic
Size in Subpolynomial Time

This chapter appeared in parts or fully in

Antoine El-Hayek, Monika Henzinger, and Jason Li. “Fully Dynamic Approximate Minimum
Cut in Subpolynomial Time per Operation”. In: Proceedings of the 2025 Annual ACM-SIAM
Symposium on Discrete Algorithms, SODA 2025, New Orleans, LA, USA, January 12-15, 2025.
Ed. by Yossi Azar and Debmalya Panigrahi. SIAM, 2025, pp. 750-784. por: 10.1137/1.
9781611978322.22. URL: https://doi.org/10.1137/1.9781611978322.22

and

Antoine El-Hayek, Monika Henzinger, and Jason Li. “Deterministic and Exact Fully-dynamic
Minimum Cut of Superpolylogarithmic Size in Subpolynomial Time"”. In: Proceedings of the
2026 Annual ACM-SIAM Symposium on Discrete Algorithms, SODA 2026, Vancouver, BC,
Canada, January 11-14, 2026. Ed. by Kasper Green Larsen and Barna Saha. SIAM, 2026,
pp. 613-663. DOI: 10.1137/1.9781611978971.25. URL: https://doi.org/10.
1137/1.9781611978971.25

6.1 Abstract

We present an exact fully-dynamic minimum cut algorithm that runs in n°() deterministic
update time when the minimum cut size is at most 90(og* = n) for any ¢ > 0, improving on
the previous algorithm of Jin, Sun, and Thorup (SODA 2024) whose minimum cut size limit
is (logn)°@). Combined with graph sparsification, we obtain the first (1 + ¢)-approximate
fully-dynamic minimum cut algorithm on weighted graphs, for any e > 2-©Uee”*™*n) iy po(1)
randomized update time.

Our main technical contribution is a deterministic local minimum cut algorithm, which replaces
the randomized LocalKCut procedure from El-Hayek, Henzinger, and Li (SODA 2025).
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FuLLy-DyNnaMIic MINIMUM CUT IN SUBPOLYNOMIAL TIME

6.2 Introduction

We consider the minimum cut problem in an undirected, unweighted graph: find a set of
edges of minimum size whose removal disconnects the graph. This is a basic problem in
combinatorial optimization with a rich body of work, and its study has led to the discovery
of many fundamental concepts in graph algorithms, such as randomized contractions [92] and
graph sparsification [93]. The randomized running time was famously settled by Karger [91],
who also posed as an open problem whether a fast deterministic algorithm exists. That
problem proved notoriously difficult and resisted progress for 20 years, until a recent sequence
of works [95, 102, 101, 82] finally obtained a deterministic algorithm that is optimal up to
polylogarithmic factors.

However, on dynamic graphs undergoing edge insertions and deletions, this problem is much
less understood. For a long time, the state of the art algorithm for (1 + o(1))-approximate
minimum cut was due to Thorup [123], which is Monte-Carlo randomized and runs in O(,/n)
worst-case update time. Recently, El-Hayek, Henzinger, and Li [82] improved the running time
to n°(M) amortized update time [59], also by a Monte-Carlo randomized algorithm. In compari-
son, the fastest deterministic approximation algorithm is the /2 + o(1)-approximate algorithm
of Thorup and Karger [125], which runs in O(A*polylog(n)) time where X is the minimum cut
of the graph, but is only capable of outputting the (approximate) cut-size of the minimum cut.
For larger approximations, Goranci, Racke, Saranurak and Tan [77], then van den Brand, Chen,
Kyng, Liu, Meierhans, Gutenberg, and Sachdeva [26] gave an n°M-approximate algorithm
that runs in n°) worst-case deterministic update time, in unweighted and weighted graphs
respectively. For exact minimum cut, Jin, Sun, and Thorup [89] obtained n°1) worst-case
deterministic update time when the minimum cut-size is (log n)o(l), while Goranci, Henzinger,
Nanongkai, Saranurak, Thorup, and Wulff-Nilsen [75] obtained the first sublinear-time algo-
rithm for all cut-sizes, which takes O(n) worst-case randomized time or O(m3%/3!) amortized
deterministic time, which was further improved by de Vos and Christiansen [126] to O(m!'!/1?)
update time with a deterministic algorithm. Overall, the randomized running times are no-
tably better than the deterministic ones, which suggests that deterministic minimum cut is
notoriously difficult even in the dynamic setting.

In this paper, we significantly advance the state of the art for exact algorithms, obtaining an
algorithm in n°") amortized deterministic update time for minimum cut-sizes up to 96(log 4~ )
for any ¢ > 0. This is a significant leap over the (logn)°™®) cut-size limit of Jin, Sun, and
Thorup [89], at a cost of amortized instead of worst-case update time. Most notably, due
to the increased minimum cut-size that our algorithm can handle, we can use the standard
approach of sparsifying the graph to reduce the minimum cut-size to O(lofé”) and then applying
our algorithm on the resulting graph. This leads to the first (1 4 o(1))-approximate dynamic

minimum cut algorithm even on weighted graphs in n°") update time.

To construct our deterministic algorithm, we replace the randomized LocalKCut procedure
of [59] with an entirely new algorithm based on tree packing and color coding, based on
the techniques of Lokshtanov, Saurabh, and Surianarayanan [103]. This new deterministic
LocalKCut procedure is one of our main technical contributions. Furthermore, to increase
the minimum cut-size bound to 20(os™*™“n) for any ¢ > 0, we adapt an idea from the static
setting [82] to the dynamic setting.
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Our main result and its applications. We next describe our main result as well as its
applications. Since our main result is about proper cuts, we need to generalize the minimum
cut problem to the minimum proper cut problem.

Definition 6.2.1 (Minimum proper cut). Let G = (V, E) be a graph, and F' C E be a subset
of edges. F' is said to be a proper cut of GG if the removal of F' strictly increases the number
of connected components of G, and is minimal for this property. Equivalently, a set U C V'
of nodes is said to be a proper cut if it is connected and has at least one outgoing edge.

Thus, a minimum proper cut is the smallest non-zero cut in a potentially disconnected graph.
Our data structure will work recursively, where in each level of the recursion only a subset
of the cuts is analyzed. To do so, certain edges have been removed from the graph, which
might lead to a disconnected subgraph on this level. Instead of starting a new data structure
for each connected component, which is what is usually done in this case, we maintain one
data structure per level, representing the subgraph on this level. This is crucial for achieving
our improvements, but in turn we need for each level an algorithm that is able to maintain a
minimum proper cut.

More specifically, our main technical contribution is a deterministic algorithm that solves
the dynamic minimum proper cut problem for specific parameter ranges: [Bounded Dynamic
Minimum Proper Cut] Let G be an unweighted fully dynamic graph with n nodes under edge
updates, and let Auin < Amax € N be two values with Apax < 1.2Amim = 2000871 for some
¢ > 0. Assume that the minimum proper cut of GG is at least A, at all times. The Bounded
Dynamic Minimum Proper Cut problem is to maintain a data structure that, depending on
the value of the minimum proper cut )\, gives the following output:

noitemsep If Apin < A < Ajax, outputs the (exact) value of the minimum proper cut. More-
over, a partition achieving the minimum proper cut should be stored implicitly.

noiitemsep If A > A\, outputs “A > A

Theorem 6.2.2. There exists a deterministic algorithm that solves Section 6.2 in n°!) update
time.

Before we delve into the main techniques we developed to prove this theorem, we first discuss its
implications. The first one is an exact algorithm for dynamic minimum cut for A < 20(g®*~*n)
for any ¢ > 0:

Theorem 6.2.3 (Fully Dynamic Exact Mincut). There exists a deterministic algorithm that
solves the minimum cut problem exactly on a fully dynamic unweighted graph in n°V) update
time, as long as the value of the minimum cut is \ < 2000~ n) for some ¢ > 0. It outputs
the value of the minimum cut and stores a partition achieving the minimum cut implicitly.

To prove Theorem 6.2.3 from Theorem 6.2.2, simply run a connectivity algorithm and addi-
tionally O(logn) many instances of the algorithm from Theorem 6.2.2, one per range where
Amin = 1.2° and A\pax = 1.2°71, for all ranges, i.e., all values of i € [0, [21logn]]. Note that
each instance is built for the whole graph, whether it is connected or disconnected, there is
not one instance per connected component and range — in fact, we ensure, as we discuss
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below, that the input for every instance is connected at all times, by delaying updates to the
different instances to ensure connectivity guarantees. Whenever the connectivity algorithm
returns that the graph is disconnected, simply output that the minimum cut is 0. Otherwise,
we need to find the minimum proper cut, which is equal to the minimum cut. To ensure that
the minimum proper cut is at least \.;, for every instance, we give first the initial graph to
the instance with smallest index ¢ = 0. If that instance returns “\ > A\,.«", this ensures that
A > 1.27%1 which is the A\nin of the next instance. We thus give the graph to the next instance,
and do that iteratively until one instance returns a value for the minimum proper cut that is in
its range. We then store for each instance an integer “Last update time", that is either O if it
has been instantiated, or —1 otherwise. To handle an update, we proceed similarly, updating
the connectivity algorithm first, and if it returns that the graph is connected, updating or
instantiating all the instances in increasing order of indices, and stopping when one instance
returns “A > A...". During that phase, when considering an instance, we know that before
updating it, either the instance has not been instantiated, or the graph it is considering — which
might be out of date — satisfies A > A\;,. In the first case, since we know from the instance
with lower index that A > A, in the current graph, we can instantiate the instance with the
current graph. In the latter case, we know, since the graph is connected (from the connectivity
algorithm), that handling all edge insertions then all edge deletions since the last update to
the instance, will bring the instance up to date, and ensure that A > \.;, throughout. We
then update the variable “Last update time" accordingly. To answer the query, we report the
value of the one algorithm that outputs a value inside its range and is up to date. We update
the instances in this way as we have to guarantee that the minimum proper cut in any instance
is at least A\, at all time.

A note on the maximum value of A\, A\, and \,..: It is worth discussing briefly why
we require Api, = 90(0g*~n) for any ¢ > 0, as opposed to having an algorithm valid for all
values of A that runs in time poly(Api) - n°(Y. As we discuss below, our algorithm is in fact a
(1 + &)-approximate algorithm, for § = 2-000s”*“n) Gaid differently, our algorithm can only
be exact for values of \,., that are less than 1/5. We cannot decrease our approximation
ratio, as our algorithm is recursive, and the graph size (number of edges in the graph) and
recourse for each recursive call depends on § and A,..: more precisely, the recourse per level
is O(2mex) with p = 20V1%8™) for any ¢ > 0, and after a recursive depth of r = {/Iogn, the

goal is to have a recourse of 90(log!~“n) — o) Thys, making 0 too small or A\, too high

would make the overall recourse too high.

Note also that our algorithm relies on the dynamic expander decomposition of Goranci, Racke,

Saranurak and Tan [77]. This algorithm maintains an expander hierarchy with expander param-
eter ¢ = 9-0(og®*n) and recourse p= 2600g"?n) — Qur cluster decomposition achieves then
the same depth as their expander hierarchy, a depth of O(+/logn), which is a direct conse-
quence of the choice of the value of ¢, as the number of edges is multiplied by ¢ from a level to
the next, and m<b“<l/m = 1 for a constant a that is large enough. Importantly, their recourse
per level is truly smaller than % and hence, after O(+y/logn) many levels, the recourse is
pP(Vlogn) — o) One could hope for other dynamic expander decompositions with different
tradeoffs for ¢ and p. In that case, our algorithm would adapt very effectively: For example,
let v > 0 be a real value and assume that we have an algorithm that maintains an expander
decomposition for ¢ = n~°) . The depth of recursion would then be O(%) and assume the
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recourse per level is p for a new value of p. Then our recourse per level would be O(’)’\(S%),

o oJ¢!

and over O(%) levels, this would add up to (%) (7). Each update requiring (pz—(;‘x) W
o(L oL

time to be processed, this would yield a total update time of (p’\%) ) é = (P ) O n’.

5
This could be leveraged to get different tradeoffs between running time and largest acceptable

)\max .

The second implication of our algorithm is an approximation algorithm for the dynamic min-
imum cut problem, where there are no restrictions on the size of A nor on the edges being
unweighted. Note that this is the first algorithm that maintains a (14-¢)-approximate minimum
cut in weighted graphs:

Theorem 6.2.4 (Fully Dynamic Approximate Mincut). Let G, be a weighted fully dynamic
graph with n nodes under edge updates, and let ¢ > 9-O(og* 1" n) £, any ¢ > 0. There exists
a dynamic algorithm that maintains a (1 + ¢)-approximation of the value of the minimum cut

in n°Y update time. Moreover, a partition achieving the minimum cut is stored implicitly.

The algorithm is randomized and works against an oblivious adversary, and is correct with high
probability.

Let us quickly discuss how we obtain Theorem 6.2.4 from Theorem 6.2.2. Our first step
is to sparsify the graph as to ensure that the minimum cut value is reduced to at most
O(loe#) < 208" n) for some ¢ > 0 using the edge-sampling approach of Karger [93]. It
samples each edge with a probability p aptly chosen as described in the following lemma:

Theorem 6.2.5 (Theorem 2.1 and Corollary 2.1 of [93]). Let G be any graph with minimum
cut X, let € > 0, and let p > 28" Let G(p) be the graph obtained from G by sampling
each edge independently with probability p. Then with high probability, the minimum cut S
in G(p) will correspond to a (1 + €)-minimum cut of G. Moreover, also with high probability,
the value of any cut S in G(p) has value no less than (1 — ¢) and no more than (1 + €) times

its expected value.

We adapt this sparsifying technique to weighted graphs, and sparsify the graph for different

values of estimates of A\ Aq, ..., )\logl L(n2-1) where \; = L - 1.1° for every i € [log; ,(n? - %)]
We then run the algorithm from Theorem 6.2.2 on each sparsified graph, and return the value

of the algorithm with the correct estimate.

Organization. The paper is organized as follows: in Section 6.3, we formally define the
problem and introduce definitions and notations. In Section 6.4, we give a technical overview
of our work. In Section 6.5, we present our deterministic LocalKCut. In Section 6.6, we
present our fragmenting algorithm. In Section 6.7, we present the Cluster decomposition and
Hierarchy. In Section 6.8, we discuss how to maintain mirror cuts, a building block of our data
structure. In Section 6.9, we present a static algorithm for the minimum proper cut problem
for a specific range, and make this algorithm dynamic in Section 6.10. In Section 6.11, we
present the last details needed for our data structure. And finally, in Section 6.12, we discuss
how to deal with weighted graphs.
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6.3 Preliminaries

Problem Definition. We are given an undirected unweighted graph G = (V| E), where V
is the set of vertices, and E is the set of edges. Every vertex subset ) C S C V is also called
a cut of G. We denote by Vol(S) the sum of the degrees of the nodes in S. We define, for
every T' C V, a cost associated with T', that we call the boundary-size of T, or equivalently,
the (cut-)size of T

or = |E(T,V\T)|

Typically, we will use the term “cut-size” when 7" is a candidate to be the minimum cut, while
we will prefer the term “boundary-size” when T is a cluster in our cluster decomposition (which
is the internal data structure that we introduce later on), and thus OT is a value that we do
not wish to compare (yet) to the cut-sizes of other cuts.

A minimum proper cut of G is a set MC(G) C V that minimizes the cut-size, while still
being non-zero: MC(G) € argmingcpcy o740 (OT). Note that there are dynamic algorithms
with polylogarithmic time per operation that maintain the connected components of a graph
(See e.g. Holm, de Lichtenberg, and Thorup [86]). However, we do not rely on them. Our
algorithm detects connected components itself.

We study the problem in the dynamic setting under edge updates, that is, at every time step,
an edge can be either inserted or deleted.

Remark 6.3.1. We allow parallel edges. All our running times that include the number of
edges count their multiplicities. For example, in a graph with two nodes and 3 parallel edges
between them, we have that m = 3.

Definitions and Notations. For any sets A, B C V, with AN B = &, we use E(A, B) to
denote the set of edges going from A to B and w(A, B) to denote |E(A, B)].

For any subset C' C V, G/C' is the graph where the set C' is contracted to a single node,
adding parallel edges if necessary. No self-loops are allowed.

Let H = (Vig, Ey) with Vy CV and Ey C E, be a subgraph of G. We define the boundary
OgT of aset T C Vy to be the boundary of T in H. If Ey is not defined explicitly, by
convention we mean H is the subgraph of G induced by V. We also identify V; and H.

A cluster is a set of vertices that are “highly connected”. It is defined in more detail below.

Definition 6.3.1 (Crossing and uncrossing). We say that a cut S crosses cluster C' if both
SNC and C'\ S are nonempty. A cut S’ uncrosses a cut S in a cluster C' if S crosses C' and
S’ either equals S U C or S\ C.

Our algorithm only uncrosses a cut S in a cluster C' when SN C'is not (1 —§)-boundary sparse
(see Definition 6.4.1) in C', which will imply that S” is a (1 + O(¢))-approximation of S.

Definition 6.3.2 (Induced subgraph with self-loops). For any subset U C V, G[U] is the
subgraph induced by U, and G[U|" for r € R is the subgraph induced by U where for every
boundary edge {v,xz},v € U,z ¢ U we add [r] self-loops to v.
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Definition 6.3.3 (Conductance of a cut). The conductance of a cut U C V' in the graph G

IS
w(U,V\U)

min{Volg(U), Volg(V\U)}

dc(U) =

A graph G is a ¢p-expander if every cut in G has conductance at least ¢.

Definition 6.3.4 ((«, ¢)-expander). (Definition 4.1 of [77]) For a graph G = (V, E) and
parameters o, ¢ € (0,1) and H € R, a subgraph U C V is («, ¢)-boundary-linked expander
with slack H in G if the graph G[U|? is a ¢/ H-expander.

We will maintain a partition of the graph into vertex-disjoint expanders, called expander decom-
position. An inter-expander edge is an edge whose endpoints belong two different expanders.
We will further maintain a pre-cluster decomposition and a cluster decomposition that is a
refinement of the expander decomposition. In the pre-cluster decomposition, each cluster is
a set of vertices and any edge that lies between two different clusters is an inter-cluster edge.
A cluster decomposition is a refinement of the pre-cluster decomposition, and any edge that
lies between two clusters of the cluster decomposition but inside a cluster of the pre-cluster
decomposition is a “fragmented” edge.

To compute and maintain the expander decomposition under edge insertions and deletions we
use the following result from Goranci, Racke, Saranurak and Tan [77]. In this theorem, the
term contracted graph refers to the graph obtained from the original graph by merging all
nodes in an expander into one (for each expander). Recourse is the number of changes made
to the contracted graph, which correspond to the number of edges that switch from being
intra-cluster edges to inter-cluster edges or vice-versa.

Theorem 6.3.5 (Dynamic Expander Decomposition, Lemma 7.3 of [77]). Let ¢ = 2-©os™"n)
Suppose a graph G initially contains m edges and undergoes a sequence of at most O(n%b)
adaptive updates such that V(G) < n and E(G) < m always hold. Then there exists an
algorithm that maintains an («, ¢')-expander decomposition with slack 38" = 9-0(0g'*n) anq
its contracted graph with the following properties:

1. update time: O(wfjh)

2. preprocessing time: O(%)
3. initial volume of the contracted graph (after preprocessing): O(¢m)

4. amortized recourse (number of updates to the contracted graph): O(p)

Since the amortized recourse is O(p), and the algorithm can handle O(T”T‘ﬁ) updates, this shows
that overall the number of edges that are initially or became inter-cluster edges during the
given sequence of updates is O(mo).

Choice of parameter values. Throughout the paper we assume ¢ > 0, § = 90(log?/*=¢n)

0.04. We set Apin = 2008 7°m) and Ao < 1.2\, H = 387 = 2-000s"2n) 4 — &°

38h
276(10g3/4n), p= 2@(log1/2 n) and a = 1 )
poly logn

I IA
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6.4 Technical Overview

6.4.1 Overview of [59]

As our result builds up on the work of El-Hayek, Henzinger and Li [59], we start by giving an
overview of their techniques first. The core of their algorithm is a fully-dynamic subroutine
that takes as input two parameters, A\yin and An.x, and is able to maintain the value of the
minimum cut if that value falls in the range [Amin, Amax]- If it falls outside of this range, then
it simply outputs “A < Apin” or “A > Anax accordingly.

Let G be a graph. The starting point of the algorithm is the expander decomposition of
Goranci, Racke, Saranurak and Tan [77]. Then, the key point is to realize that any cut S of
cut-size at most A\, in GG leads to a cut of cut-size at most A, in the graph induced by
any of the expanders in the expander decomposition of G. Recall that for any ¢-expander C,
we have min{vzjl((ggg’f&i)c\s)} > ¢, which implies an upper bound of A.</® on the volume
of the smaller side of the cut in the expander. Finding these cuts of small volume can be
efficiently done using the algorithm from Nalam and Saranurak [86], the so-called LocalKCut
algorithm. Thus, refining the expander decomposition by repeatedly cutting expanders along
cuts of cut-size at most A,.x and of volume at most ’\mT;*" ensures that if the minimum cut

has value at most Ap..y, it does not cut any cluster obtained from that refined decomposition.

The problem with this approach, however, is that cutting along all such cuts can lead to a
decomposition that is “too fine-grained”: In the extreme case, each vertex forms its own cluster,
meaning that the contracted graph is identical to the original graph. This is problematic, as
the algorithm then contracts each cluster in the decomposition and calls itself recursively on
the contracted graph, that, for efficiency reasons, needs to be “sufficiently smaller” than the
original graph. To guarantee that the contracted graph is indeed “small enough”, the idea
of [59] is to filter the cuts returned by the LocalKCut algorithm and to only cut along cuts
that are (1 — d)-boundary sparse, a concept introduced by Henzinger, Li, Rao, and Wang [82]:

Definition 6.4.1 (Boundary-sparse). ( Def. 2.3 of [82]) For a set C' C V' and parameter
d<1,acutU C Cis(1—0)-boundary sparse in C iff

w(U,C\U) < (1 - &) min{w(U,V\ C),w(C\U,V\C)}

Intuitively, the cut U C C is boundary sparse! in C' if the number of edges connecting it to
the rest of C'is a (1 — §) factor smaller than the number of edges that connect it to V' \ C
and, for symmetry, C'\ U also fulfills this property. Thus, if the minimum cut S is such that
SN C = U, one can “uncross” S into S\ C or S U C, whichever results in a cut of smaller
cut-size, and the resulting near-minimum cut will only gain a (1 + O(¢)) factor in cut-size.
Therefore, from the expander decomposition, if one decomposes the expanders further along
cuts that have volume at most AT;‘" cut-size at most Ap.x and are (1 — §)-boundary sparse,
then in most cases the minimum cut can be approximated by a cut that does not cross any
cluster. The only case where this does not happen is when the minimum cut is contained in
at most two expanders. In that case, one can show that this cut can be retrieved by looking
at the minimum cut of small volume in the so-called mirror clusters, where a mirror cluster of
a cluster C' is obtained from GG by contracting all nodes outside of C' into one node.

IBoundary sparseness indicates sparseness in comparison to the boundary.
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Therefore, the algorithm maintains the following invariant for its cluster decomposition: at no
point in time does there exist a cut in a cluster that (1) has volume at most Aj‘f in the cluster
and (2) cut-size at most Ap.x and (3) is (1 — d§)-boundary sparse. It also maintains the mirror
clusters and the cuts of small volume in it.

6.4.2 Our techniques

To prove Theorem 6.2.2 we (1) derandomize the LocalKCut algorithm and (2) improve the
approximation ratio of the algorithm in [59] which we described above.

Throughout this paper, Amax is set to be at most 2008 *™“n) \yith ¢ > 0. As discussed below,

this is because the recourse of our algorithm is dependent on A.x. Over r = y/logn many
. A 4 . . .
levels of recursion, this is at most A2(Y1°6™)  However to achieve an n°(!) update time, this

value has to be n°"), which in turn requires that Ay is at most 20(10g®/*=n) \yith ¢ > 0.

A deterministic LocalKCut algorithm

The input of the LocalKCut algorithm is a vertex v, a volume v and a cut-size \.x, and a
cluster C' and its goal is to return all cuts in C' that contain v, are of volume (in G[C]) at
most v, are of cut-size at most A, and are connected. The LocalKCut algorithm by Nalam
and Saranurak [112] heavily relies on randomization, as at its core, the algorithm starts at v,
and randomly explores the graph checking at each step if the set of all vertices visited until
that point form a cut that satisfies the desired conditions or not. They show that with a “high
enough” probability, any cut that satisfies the desired conditions is found in this way, and thus,
running this algorithm enough times guarantees that all such cuts are found whp.

We, thus, have to develop a whole new technique to derandomize it. For that, we rely on the
greedy tree packing technique developed by Karger [91]. The tree packing technique works as
follows: start with the graph itself, assign to each edge a weight of 0, and create an empty set
of trees, called the tree packing. Then iteratively find a minimum spanning tree of the graph,
add it to the tree packing, and increase the weight of every edge in that tree by 1.

Karger showed that if we choose enough trees in the tree-packing, then for every minimum
cut S, there must be a tree that 2-respects .S, that is, the edges of the minimum cut intersect
the edges of the tree at most twice. We show an immediate generalization of this result: for
any [-approximation of the minimum cut, there exists a tree that 23-respects the cut for a
suitable integer constant 3. Assume for the moment that any cut in G of cut-size at most
Amax 1S @ B-approximation of the minimum cut.

We discuss below how to guarantee this condition for the graphs on which LocalKCut is
executed.

Now we implement a deterministic version of LocalKCut inspired by techniques of Lokshtanov,
Saurabh, and Surianarayanan [103] for approximate minimum k-cut as follows: A red-blue
edge coloring is a coloring of the edges where every edge is either red or blue, but not both.
We assume for the moment that we are given a family F; of red-blue edge colorings and also
a family F;, of green-yellow edge colorings and discuss later how we find and maintain such
colorings efficiently. The first family F; consists of a collection of red-blue edge colorings such
that for any two disjoint edge sets F,, F}, with |F,.| < 2/ and |F},| < v, there exists a coloring
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in F; with all edges in F,. red and all edges in F} blue. The second family F, consists of a
collection of green-yellow edge colorings such that for any two disjoint edge sets [, I}, with
|Fy| <28 —1and |F,| < Apax, there is a coloring in F, with all edges in F, green and all
edges in F), yellow. We use the term pair of colorings to denote a pair of colorings consisting
of one coloring of F; and one of F5.

The algorithm maintains during the sequence of edge updates a greedy tree packing of G, and
the two edge coloring families F; and F».

Then, whenever LocalKCut is started on a vertex v it performs, for every pair of colorings
and every tree T', a breadth-first search using only the blue edges that belong to T and the
green edges that do not belong to T. Red edges and yellow edges are ignored. If the BFS
visits nodes of total volume more than v, LocalKCut stops the current BFS, and moves to the
next pair of colorings. If the BFS cannot visit any new vertices and is still below the volume
threshold of v, LocalKCut checks whether the resulting cut induced by the visited vertices
fulfills the desired conditions on cut-size and volume (i.e. has edge capacity at most A\, and
volume at most /) and if so, it adds the cut to the collection of cuts to be returned. It then
moves on to the next pairs of colorings.

We claim that this deterministic version of LocalKCut finds every cut S that contains v, is
connected, has volume at most v, and cut-size at most A, using the following argument
and setting 3 > 8§, as long as S is a -approximation of the minimum cut in C'.

As, by assumption, S is (-approximation of the minimum cut in C, we are guaranteed that
there exists a tree 1" in our tree packing that 23-respects S, i.e., at most 23 of the edges of T’
cross the cut induced by S. Choose F; to be these cut edges and choose F}, to be all the edges
of T" with both endpoints in S. By the conditions that S fulfills, it follows that |F,.| < 203
and |F,| < v. Hence there exists a blue-red coloring in F; where all edges in F,. are red, and
all edges in F, are blue. As the edges in F, are edges of T' (that spans the cluster C') and
they are connected by at most 23 (red) tree edges to the rest of T', they can form at most 23
distinct connected components. As S is connected, these components can be connected by
at most 23 — 1 edges of G. Let Fj; be a minimum-cardinality set of edges that connect these
components. Then |F,;| <25 —1 and all these edges have both endpoints in S. Furthermore,
let F,, = E(S,V'\ S). Note that |F,| < Ayax. Therefore, there exists a green-yellow coloring
in F5 where all the edges in F, are yellow and all edges in I, are green. As a result it holds
that F, U F}, spans S and all tree edges leaving S are red and and all non-tree edges leaving
S are yellow. Recall that the algorithm explores the graph in BFS fashion using only the blue
tree edges and the green non-tree edges for all trees in our tree packing and all pairs of edge
colorings in F1 X F5. Thus, when our algorithm described above runs with that particular tree
and these particular colorings it is guaranteed to find S as F}, U F; spans S and none of the
tree edges leaving S are blue and none of the non-tree edges leaving S are green.

In the above argument we used the fact that every cut in G of cut-size at most \,., is a
[-approximation of the minimum cut. Note that our algorithm in [59] only runs LocalKCut on
either clusters or mirror clusters, and not on arbitrary graphs G. Therefore, if we can ensure
that the minimum cut-size is at least % in every cluster and mirror cluster, and then run
our deterministic LocalKCut algorithm on every cluster and mirror cluster, we are guaranteed
to find all cuts that we need.
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To ensure this property we note that if a cut in a cluster has cut-size smaller than 2max with
£ > 3, and if the graph has minimum cut at least A;,, then the cut must be (1 —¢)-boundary
sparse in the cluster. Note that the correctness proof for the cluster decomposition [59] (and
we will we will also base our correctness proof on it) does not place any conditions on cutting
clusters other than requiring that the cuts are (1 — §)-boundary-sparse. Thus, our algorithms
is allowed to cut the cluster along any cut of cut-size smaller than % and do so repeatedly
until no such cut remains. After recursively cutting all these small cuts the cluster has the
desired property and we can run our deterministic LocalKCut routine on it.

The question remains on how to efficiently (1) find such cuts and (2) how many colorings are
needed and how to find and maintain them dynamically.

(1) We need determine new cuts that fulfill the requirements of our LocalKCut algorithm after
each edge update and if an update splits a custer, we need to run our LocalKCut algorithm
recursively on the new clusters. To do so we maintain a LocalKCut data structure that allows
to quickly output all desired cuts after an edge update. However, after an update a cluster C'
might be split into two clusters that are not connected with each other in C', rendering the
LocalKCut data structure for this cluster useless since it only works for $-approximations of
the minimum cut in that cluster, which is now 0. We could create a separate LocalKCut data
structure for each cluster, creating new LocalKCut data structures whenever a cluster is split
into two, but this proves to be too slow.

Instead, our solution is to not run and maintain one LocalKCut data structure per cluster, but
instead build one LocalKCut data structure for all clusters, i.e., for the whole graph. Thus, to
split a cluster it suffices to simply delete from the data structure the edges that connect the
two new clusters. This also works fine with our constructions in general, although one needs
to be careful. For example, the greedy tree packing for our LocalKCut data structure now
needs to be replaced by a greedy forest packing, which is a greedy tree packing on each of
the connected components. The resulting LocalKCut data structure maintains a subgraph G’
of G and implements the following operations:

Definition 6.4.2 (LocalKCut). Let G be a graph that is updated by a sequence of edge
insertions and deletions. A LocalKCut data structure parametrized by v € N;s € N, € N
maintains a subgraph G' of G and implements the following operations:

(i) LocalKCut query(v): Return all connected cuts in G' containing v of volume (in G') at
most v and cut-size in G' at most s, that are a [-approximation of the minimum proper cut
of G'.

(ii) DeleteEdge(e): Remove the edge e from G'.
(iii) InsertEdge(e): Add the edge e to G'.

For our LocalKCut data structure the time for each LocalKCut query is O(3%(Amaxv)°?).
The amortized time for every DeleteEdge and InsertEdge operations is O (54()\maxy)o(5)).
1

Using 3 = O(1) and \, v = n°) we get that every operation takes amortized time n°(!).

(2) Let us now discuss how to find the red-blue and yellow-green colorings. For that, we use the
following lemma which was shown by Chitnis, Cygan, Hajiaghayi, Pilipczuk and Pilipczuk [39]
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and that guarantees the existence of a family of colorings of a set of elements and gives a fast
algorithm for finding them. In our case each element is an edge.

Lemma 6.4.3 (Lemma 1.1 of [39]). Given a set U of cardinality n, and integers 0 < a, b < n,
one can in time 20(in(@b)log(a b))y 1601y construct a family F of at most 20(min(a.b)log(a+b)) oo
subsets of U, such that the following holds: for any sets A, B C U, ANB =0, |A| < a, |B| <
b, there exists a set S € F with A C S and BN S = .

In our case, U is the set of edges, and a and b are respectively 25 and v for the red-blue
coloring, and 23 — 1 and Apax for the green-yellow coloring. Plugging in Amax, 7 = n°) and
3 = O(1) we have that at most n°(!) many of these colorings are necessary to ensure the
properties that we need.

Another feature of this construction is that it is remarkably robust against updates: indeed,
if an edge is deleted, the colorings do not have to change, and the properties we require still
hold. If another edge is then inserted, then it can take over the colors of the deleted edge,
and the properties still hold, as it is a set-theoretic result, and not a graph-theoretic one.
Therefore, when computing colorings, one can do so for 2m many edges, and assign only the
first m colors of a coloring to the existing edges, sparing the m other ones for potential edge
insertions. These colorings will thus be valid until the number of edges in the graph doubles.
When this happens we can afford to compute new family of colorings. Overall, we spend
m!*+°() time to compute these colorings, that we can amortize over at least m updates, for
an update time of at most n°().

Getting a better approximation ratio

In [59], the approximation ratio is (1 + @(\/1;@)) As a consequence, if we want to use this

algorithm to compute an exact answer, the minimum cut can only be as large as O(/logn),
as otherwise the approximation ratio is not small enough to guarantee that the answer is exact.

The reason for such a weak approximation ratio is that cutting along (1 — §)-boundary sparse
cuts is done in an arbitrary order. As a result, we only achieve an upper bound on the total
number of inter-cluster edges created between any two rebuilds of the expander decomposition
of roughly M2°G), where M is the number of inter-expander edges in the expander decom-
position, which is typically m¢ = m2-00g® 1) " \We need ¢ to dominate 20(5) to ensure
that the total number of inter-cluster edges can still be bounded by m2—©log**n) and, thus,
in [59] § cannot be truly smaller than Q(logs%n) In this work we aim for § = 2-O(leg®*~*n)

M ;) many inter-cluster

poly(d
edges. Since M = O(m¢), the ¢ factor dominates the m factor, as ¢ = 208" 1) 3nd
3/4—c n)

§ = 270We®*™°n) \Ne are, thus, able to show an approximation ratio of 1 4 208
which implies that our new algorithm gives an exact solution for A\j.c = 90(1og®*=n) \yith
¢ > 0, improving on the result of [59].

with ¢ > 0, and thus need a cluster decomposition with at most O(

We now explain how to achieve a better approximation ratio. Henzinger, Li, Rao, and Wang,
who presented the first near-linear time deterministic static exact minimum cut algorithm in
weighted graphs [82], also cut clusters along (1 —d)-boundary sparse cut. They are able to get

the desired O(pof\;[(é)) upper bound on the number of inter-cluster edges by performing the cuts
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in a different manner than [59]: If the cluster has high boundary-size (say, at least 3\.x), they
cut the cluster along any boundary sparse cuts; if, however, the cluster has small boundary-
size, then they call a subroutine, which we name fragmenting, which carefully selects the order
in which the (1 — ¢)-boundary sparse cuts are performed, and outputs which edges need to
be cut to get the decomposition — that is, which edges need to become inter-cluster edges.
Fragmenting runs in time polynomial in the volume of the cluster that is decomposed, but this
is not a problem for them as the clusters they consider have only volume polylogarithmic in n.

We cannot run this algorithm in a black-box manner for the following reasons: (a) The cluster
we want to fragment might have large volume as they might be the expanders of the expander
decomposition, and (b) their algorithm is static and not dynamic. Thus, we instead adapt their
fragmenting algorithm to our needs, solving both problems simultaneously: we give a static
deterministic algorithm that runs in n°() time on clusters of boundary-size O(Apax) = n°M
and has output of size O(pﬁliy?’g)) = n°M. This is fast enough so that we can simply rerun it
after every update on each affected cluster. Running the algorithm from scratch after every

update makes it dynamic: Since its output is of size O(p’(\)i‘;(’g)), which corresponds to the cut-

size of the cuts along which the cluster has to be partitioned, the recourse is O(pﬁi’%)). Its

static running time of n°() translates then in a n°(Y) time per update on clusters of boundary-
size at most O(Apax)-

To speed up the algorithm we rely on two observations: the first one is that, for clusters C' of
small boundary-size, that is, 0C' = O(Ayax), the running time of the fragmenting algorithm
is dominated by the time needed to find the set of all (1 — §)-boundary sparse cuts in the
cluster. We can replace this step by running our version of LocalKCut instead, only looking at
cuts of small volume. Since any (1 — d)-boundary sparse cut must have at least one boundary
edge, it thus suffices to run LocalKCut from every node incident to a boundary edge. This
takes n°() time per LocalKCut query. As the number of queries is O(Apay) = n°Y) exploring
only volume v = n°M in C, this leads to a Apaxn®? = n°M overall running time for the
fragmenting algorithm.

The second observation is that the number of edges that our fragmenting algorithm cuts, that
is, the number of inter-cluster edges that it creates, is 0(2—?), as we can show that it creates at

most O() many clusters of cut-size at most OC' = O(Ayax) each. This number increases the

recourse of our cluster decomposition. As long as § = 2700087 n) and )\ = 900og™"~*n)
the additive increase in the recourse is still dominated by é and thus we can afford such
a recourse increase for the cluster decomposition. We can therefore run our fragmenting
algorithm from scratch on every cluster that is affected by an update of the dynamic expander
decomposition as both the running time and the recourse stay sufficiently bounded.

Overall, to maintain our cluster decomposition, we run three dynamic algorithms back-to-
back: the dynamic expander decomposition, the pre-cluster decomposition that cuts along
(1 — &)-boundary-sparse cuts arbitrarily as long as the clusters have boundary-size at least
Q(Amax), and the fragmenting algorithm that only runs on clusters of boundary-size O(Apax)
and that chooses which (1 — §)-boundary-sparse cuts to cut and in which order. The expander
decomposition has recourse p = 20(VI°en) the pre-cluster decomposition has recourse O(%)
for each update caused by the expander decomposition, while the fragmenting algorithm has
recourse O(’\g‘%) for each update caused by any of the prior two decomposition algorithms.
Overall we thus get a recourse which is a product of these three factors, i.e., of O(p’\&%) =

155



6.

FuLLy-DyNnaMIic MINIMUM CUT IN SUBPOLYNOMIAL TIME

20(0g™*~n) per level of recursion. As we show that the recursive depth is at most O(+/Iog n),

this yields a total recourse of 20U°s'“n) \which we can process in n°® time per change, thus
n°1) overall time.

Hence, we get an algorithm that in n°() time per update maintains a cluster hierarchy, that is,
a collection of graphs associated to a cluster decomposition each, where each graph is obained
from the previous graph by contracting each cluster. As in [59], we show that any minimum
proper cut is well-approximated by a cut of small volume in a graph of this hierarchy. We
thus maintain additionally, for each vertex v, the best proper cut of small volume in which v
is contained if there exists one small enough, store them in a heap data structure, and simply
return the cut of smallest cut-size among all these cuts to obtain our result and return an
approximate minimum cut.

6.5 A deterministic LocalKCut data structure

In this section, we present a deterministic LocalKCut data structure that achieves the following
bounds:

Theorem 6.5.1. For any parameters Ay, v, B € Ny with A\p.x < v, there is a deterministic,
fully dynamic LocalKCut data structure that outputs, on each LocalKCut query specified by
a vertexv € V, a collection S of cuts S C V containing v such that

1. Each cut S C 'V satisfies 0S < Apax, v0I(S) < v, and G[S] is connected.

2. S contains all $-approximate mincuts S C V' satisfying condition (1).

The data structure runs in O(m?(Amaxv)°?®)) preprocessing time, O (B4()\maxu)o(5)) amor-
tized update time and O(5%(Amaxv)°?)) query time.

The goal is to set 3 = O(1), Amax = n°Y and v = n°() so that the preprocessing time is
m!+°(1) and the update and query time are n°W).

6.5.1 Description of the algorithm and proof of correctness

The full description of the algorithm can be found in Algorithm 6.5.1, but we present it step
by step here. We begin with some preliminaries from [125].

A tree packing is an assignment of weights to spanning trees of G so that each edge e gets
load

T>oe

The value of the tree packing is > pw(7T). We let 7 denote the value of the maximum tree
packing of GG. The classic Nash-Williams' theorem relates 7 to the mincut A of the graph.

Theorem 6.5.2 (Nash-Williams [113]). A\/2 <7 < A\
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A tree packing is (1 + €)-approximate if > w(T) > 7/(1 + €). In order to use the same
parameters as prior work, we slightly abuse the notation in this section: The € in this section
is independent from the e from all other sections.

Theorem 6.5.3 (Generalisation of [91]). For any [3-approximate mincut and any (1 + ¢)-
approximate tree packing, there is a tree in the packing that |2(1 + €)[3]-respects the [3-
approximate mincut.

Proof. Since the tree packing T is (1 + €)-approximate, we have > w(T) > 7/(1+¢€). If we
sample a random tree T' € T with probability proportional to w(7T’), then the probability that
the sampled tree contains a given edge e is

ZTBew(T) 1 1
Sew@) S Srw@) S f1te)

For a given (3-approximate mincut, the expected number of edges in the sampled tree is at
most

1
A = (14 &8N,
AN g — (0
which is at most 2(1 + ¢)5 by Nash-Williams’ theorem. It follows that there exists a tree
T € T that [2(1 + €)3]-respects the S-approximate mincut. ]

Our goal now is to have good approximate tree packings. An easy way to get an approximate
tree packing is by looking at Greedy Tree Packings, popularized by Karger and Thorup [125,
123]. Let H be a connected unweighted graph. A greedy tree packing with k trees is a
packing obtained using the following procedure: start with H with weights 0 on all edges.
Take a minimum spanning tree on H, add it to the packing, then increase the weights of all
edges included in that tree. Repeat the instructions in the former sentence until k trees are in
the packing.

Theorem 6.5.4 (Lemma 5 of [123]). A greedy tree packing with at least 6\logm/e* trees
is (1 + €)-approximate.

We modify this slightly and consider a Greedy Forest Packing, where we take the exact same
procedure as for greedy tree packings, but the graph GG does not have to be connected, and
the minimum spanning tree is replaced by a minimum spanning forest, that is, a forest where
each tree is a minimum spanning tree of its connected component in G.

The idea here is that a greedy forest packing is essentially a greedy tree packing on each of
the connected components of (&, which has the nice properties discussed above that we will
harness.

We first discuss how to maintain a greedy forest packing dynamically:

Theorem 6.5.5 (Theorem 8 of [86]). There is a fully dynamic deterministic Minimum Span-
ning Forest algorithm that for a graph with n vertices, starting with no edges, maintains a
minimum spanning forest in O(log* n) amortized time per edge insertion or deletion.
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As discussed in Section 3.2 of [125], by adding priorities to the edges, one can ensure that
there is a unique minimum spanning forest in each graph. This leads to the following lemma,
which we prove similarly to [125]:

Lemma 6.5.6. Each insertion or deletion of an edge changes at most i edges in the i-th
forest.

Proof. We will consider only edge deletions, as the edge insertions are treated symmetrically.

Let (u,v) be the deleted edge.

» |f the edge deletion disconnects a component, then the edge load drops to 0. On each
connected component of GG, the tree packing does not change, as otherwise the forest
packing before the deletion was not greedy. We have thus only 1 edge change on the
i-th forest, for each 3.

= If the edge deletion does not disconnect a component: For any edge e, we define /;(e)
to be the number of forests with index smaller or equal to 7 that contain e. This is the
load of e after forst i. We distinguish (9'(e) from (7¢“(e), the former being the load
of e before the edge deletion, and the latter being the load of e after the edge deletion.

Then we prove by induction that, for every j > 1:

old new(e)
5% (e) < 15 Ve e B

J

that is, the edge deletion only increases the loads for all j.

This, coupled to the fact that for each j, the total load of the edges apart from (u,v)
is equal to j - (n — number of components of (7), proves that at most j edges e satisfy
E;?ld(e) < 7 (e).

— Base case: for j = 1, if an edge is deleted within a component, this edge is replaced
by another one in the acyclic matroid.

e)

— Induction step: Assume we have that (9"(e) < é}ww( Ve € E, and we want to

show that (97, (e) < K?ff(e) Ve € E. There are three cases:

x Either f = (u,v) is in the j 4+ 1-th forest after the edge deletion. Then
B () = e (f) + 12 69(0f) + 1 = 684 (f),

* or f = (u,v) was not in the j 4 1-th forest before the edge deletion. Then
(L) = 6f) < G () < G (f),

% or f = (u,v) was in the j + 1-th forest before the deletion and is not in the
forest after the deletion. This means that before the edge deletions, f was in
the minimum spanning forest in G' with weights Kjld, but is not anymore after
the deletions with weights £7. Since, by induction, none of the weights have
decreased between E;?ld and (7, this means that the load on f has strictly
increased: (7 > (9141 Hence: (757(f) = £7“(f) > £5"(f)+1 = 28, (f).

O
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This, in turn, ensures that we can maintain a dynamic greedy forest packing with k trees in
O(k?) time per update operations

Theorem 6.5.7 (Direct Generalization of Theorem 4 of [125]). For any parameter A.x, there
is a fully dynamic algorithm that maintains a greedy forest packing of O(Amax/€2) trees in
O(N2,,. /€*) amortized time per update. Whenever the graph has edge connectivity < Amax,
the tree packing is (1 + €)-approximate. Whenever the edge connectivity of the graph is
> Amax, the tree packing has no guarantees.

Our dynamic algorithm calls Theorem 6.5.7 with parameters A, and € = % Remember that
we want to find all cuts containing v that have volume smaller than v, cut-size smaller than
Amax and are [B-approximations of the minimum cut. By Theorem 6.5.3, this cut 23-respects
a tree in the forest packing. Therefore, it suffices to implement the following dynamic data
structure, and run the queries on each tree currently in the packing.

Lemma 6.5.8. For any parameters A\y.x, v, 5 € Ny, there is a fully dynamic algorithm that
outputs, on each query specified by a vertex v € V' and a spanning tree T' of the connected
component of v, the collection of all cuts S C V satisfying 0S < Apax, VOI(S) < v, G[S5]
is connected, and S 2(3-respects the tree T. The algorithm runs in O(Amax)°?) time per
update and query.

More precisely, the proof of Theorem 6.5.1 proceeds as follows: Given a query vertex v € V,
our dynamic algorithm runs Lemma 6.5.8 on the queries (v, T') for each T currently in the
packing, and takes the union of all sets & returned by the queries. The final running time
is O(Amax) many calls, one per tree, each taking O(Amax)?® time, which is O(Apaxr)°)
overall.

It remains to prove Lemma 6.5.8. The algorithm is inspired by the fixed-parameter tractable
(FPT) algorithm for approximate minimum k-cut [103]. The algorithm maintains two families
of 2-colorings of edges of the graph. The first family consists of red-blue edge colorings such
that for any disjoint sets F,., F} of edges with |F,.| < 23 and |Fy| < v, there is a coloring
with all edges in F, red and all edges in F} blue. We discuss the size and maintenance of this
family later on. The second family consists of green-yellow edge colorings such that for any
disjoint sets F,, F, of edges with |F| <25 — 1 and |F,| < Aj.x, there is a coloring with all
edges in F, green and all edges in F}, yellow.

Algorithm for answering a LocalKCut Query. The algorithm iterates over all pairs of colorings,
one red-blue coloring and one green-yellow coloring. For each pair of colorings, the algorithm
runs a depth-first search in the subgraph H consisting of blue edges in the tree T" and green
edges from the graph that are not in 7. If this depth-first search for this pair of colorings
encounters more than v edges, then it terminates early, spending time O(v). Let S C V
be the set of vertices visited by the search. If S satisfies S < A\jax, vol(S) < v, G[S] is
connected, and S 2(-respects the tree T', then add it to the final collection & then proceeds
to the next pair of colorings.

Correctness. We claim that any set S satisfying the above requirements is added to S for some
pair of colorings. To prove this, it suffices to show that S is precisely the connected component
containing v in the subgraph H on some pair of colorings, so that the depth-first search visits
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exactly the vertices in S. Since |S| < vol(S) < v, there are at most |S| — 1 < v — 1 many
tree edges in G/[S], and since S 2(3-respects T', there are at most 23 tree edges in JS. So
there is a red-blue coloring with all tree edges in G[S] colored blue, and all tree edges in
0S colored red. Moreover, since S 2(3-respects T', the tree edges in G[S] form at most 2/3
connected components. Let 1 < j < 2/ be the number of connected components formed by
the tree edges in G[S]. Then these connected components are connected in G by exactly j —1
non-tree edges £ because G[S] is connected. There is a green-yellow coloring such that the
edges & (if £ # () are green and all edges in 95 are yellow (of which there are at most Ay ).
In the iteration where these two colorings are considered, by construction S is the connected
component containing v in the graph H, and we are done.

It remains to bound the number of colorings. We use the lemma below.

Lemma 6.4.3 (Lemma 1.1 of [39]). Given a set U of cardinality n, and integers 0 <
a,b < n, one can in time 20Mmin(ab)logatb))y ooy construct a family F of at most
20(min(a.b)log(a+b)) 10 1y subsets of U, such that the following holds: for any sets A, B C U,
ANB =1, |A| <a, |B| <b, there exists a set S € F with AC S and BN S = (.

At the beginning of the algorithm, and at every point where the number of edges double
compared to the last recomputation, we set U to be a universe of elements of size at most
2m (where m is the number of edges at this point in time) and associate each current edge
of the graph with a unique element in U. On each edge insertion, associate the new edge to
an unassigned element in U. If there are no unassigned elements remaining, then recompute
U to be double the size. This way, the time spent recomputing is amortized among the edge
insertions.

For the family of red-blue colorings, we set a = 25 and b = v and map each set S € F to
the coloring that colors all edges with associated element in S red and all other edges blue.
This family has size (23)°1°8") logn = %) logn. For the family of green-yellow colorings,
we set a = 23 — 1 and b = A,.x and map each set S € F to the coloring that colors all
edges with associated element in S green and all other edges yellow. This family has size
(23)C00g Amax) Jogn, = A9 Jog .

The pseudocode of the algorithm is given next.

Algorithm 6.5.1 (Deterministic LocalKCut). Input:

1. A dynamic unweighted graph G
2. A maximum cut-size Apax € Ny
3. A maximum volume v € N, v > A\pax

4. An approximation ratio 5 € N, 8 < Apax.
Preprocessing and maintained variables:

_ 1

1. Set € = ﬁ
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2. Start an instance of Theorem 6.5.7 — a greedy forest packing with 6\ .y log m /e? forests.
3. Create red-blue colorings of 2m edges with a = 23 and b = v using Lemma 6.4.3.

4. Create yellow-green colorings of 2m the edges with a = 25, b = Ayjax using
Lemma 6.4.3.

Processing an edge insertion:

1. Feed it to Theorem 6.5.7, updating the greedy forest packing.

2. Give it an unused color for each of the colorings. If there are no unused colors, create
new colorings of double the size.

Processing an edge deletion:

1. Give it to Theorem 6.5.7, updating the greedy forest packing.

2. Free its colors in each coloring to make it available for a future edge insertion.
Processing a request on node v:

1. S+ o
2. For each forest, red-blue and yellow-green colorings:

a) Do a DFS starting at v, exploring edges that are blue if they are in the forest,
yellow if not in the tree, capped at v volume visited.

b) If the DFS terminates before the cap, let S be the set of explored vertices. If
0S5 < Apax, add S to S.

3. return S.

6.5.2 Running time analysis
Lemma 6.5.9. The preprocessing time of Algorithm 6.5.1 is O(mf?(Amaxt)°?).

Proof. Step 1 of preprocessing takes constant time. Step 2 takes O(m-log4 M-6Amax logm/e?).
Indeed, we initialize the forests by inserting each edge one by one in the first instance of The-
orem 6.5.5, then on to the second one, and so on until the last one. Each edge inserted
takes O(log*n) time, and there are O(m) many edge, each inserted into 6.y logm /e
many trees. Setting € to % we get that Step 2 takes O(mAmax3?). Step 3 takes, by
Lemma 6.4.3, 20min81)10g(25+0)m Jogm = O(mr°P)), where we use § < v. Step 4
takes, by Lemma 6.4.3, 2028 max)log20+Amax)in logm = O(mAQP), where we use

max

B < Amax- O

Lemma 6.5.10. The amortized update time of Algorithm 6.5.1 on an update is
O (B (Amax)°®).
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Proof. Let us first consider an edge insertion. Step 1 takes O(A\2, 3%) by Theorem 6.5.7,
where ¢ = % Step 2 takes O(1) time if we do not compute new colorings, but
O(m(Amaxv)°®) if we need to compute new ones, as discussed in the previous proof. How-
ever, if it is the case, it means the number of edges have been doubled since the last time
colorings were computed, and thus we can amortize this recomputation over the last 7 edges.

This yields an amortized update time of O((Apaxv)??).

The case for edge deletions is similar (and easier as we do not need to recompute any colorings).
O

Lemma 6.5.11. The query time of Algorithm 6.5.1 is O((Amaxv)°™).

Proof. For every forest in the forest packing, red-blue coloring and yellow-green coloring, we
run a DFS that can explore nodes of at most O(v) volume. Hence, every DFS takes O(v) time.
There are O(3*Amay) many forests, 20(min(5»)log(25+v)) — (9(B)) many red-blue colorings,
and 2020 Amax) 10g(26+Amax) — O(A\9F)) many yellow-green colorings, which means we run
overall O(?(Amax?)°?) many DFS. O

6.6 Fragmenting a Cluster

In this section, we discuss how to fragment a cluster. Note that this algorithm is static. This
algorithm and its analysis closely follow Lemma 6.4 of [82]. For this section, we assume that
the data structure we present in Section 6.11 supports our cluster decomposition.

Theorem 6.6.1 (Fragmenting, inspired by Lemma 6.4 of [82]). Let G be a graph, and C a
cluster in that graph. Let A ax, Amin, V, 0, 3 be parameters and assume that:

1. The minimum cut of G[C] is at least A\, > A'%ax

2. 0C < 6Apax-

3. an instance of the LocalKCut data structure (Theorem 6.5.1) is running on the intra-
cluster edges of G with parameters Ay, V, 3.

Then, there exists an algorithm that decomposes C' into a disjoint union of clusters Cy, . .., Cy
for some k € N, such that:

1. For any set S C C with Vol(S) < v and Ogjc]S < Amax, there exists a partition A of
{C4,...,Cy} such that for each element A € A (which is a subset of {C1,...,Cy}),
the set S N (UacaA’) is not (1 — &)-boundary sparse in Urca A’

2. There are at most O(5-210g® Y |C|) many clusters, and each cluster satisfies 9C; < OC'.

The algorithm runs in O(6 232 (VAmax)°?) time.

Definition 6.6.2 (Intersection of a set and a set of sets). Let A be a set, C a set of subsets
of A and S C A a subset of A. Then the intersection CN S of C and S is the set of subsets
of S:CNS={TnNS:TeC}.
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Algorithm 6.6.1.

Input:

1. a graph G with a partition P
2. aclusterC € P
3. access to a LocalKCut instance on G \ {e € E(G) : label(e) = “intercluster”}

4. A maximum cut value \,.., a maximum volume v, an approximation ratio [3, with
Amax < V.

Algorithm:

1. Run a LocalKCut query on every vertex v in the set C N N (N(C)) of vertices in C
incident to boundary edges of C, which outputs C,, = {Uy,...,Us}, a collection of cuts
returned for v.

2. Let C be the collection of cuts obtained by taking the union of the collection of cuts
returned by LocalKCut: C = Uyepnr(c)Co-

3. TriM(C,C)
TriM(C', (")

1. Remove from C' all cuts that are not (1 — 0)-boundary sparse in C' (we call this the
pruning step).

2. If there is a D € C' that crosses C' such that OgicnD < 0.4Apax, remove C' from
P, add C"\ D and D to P and recursively call TRiM(C" \ D,C’' N (C"\ D)) and
TriM(D,C'N D).

3. Otherwise, if C' # &, choose the set D € C' with minimum min{|D|,|C"\ D|} (in
other words, D is the most unbalanced — cardinality wise — cut in C'). Remove C’
from P, add C'\ D and D to P and recursively call TRiM(C"\ D,C' N (C"\ D)) and
TriM(D,C'N D).

6.6.1 Correctness

Proof of item 1. Consider a set S C C' with Vol(S) < v and a5 < Amax-

Case 1: If S = @ or S = C, then item 1 is trivial because @ and C' are always non-(1 — 9)-
boundary-sparse in C, and we can set A = {{C},...,C}}}.

Case 2: If w(S,V \ C) = 0, then similarly, S is trivially non-(1 — §)-boundary-sparse in C,
and we can set A = {{C},...,Ci}}.

Case 3: Thus we are left to consider the case S # @,5 C C, and w(S,V \ C) > 0. Since
0115 < Amax and w(S, V' \ C) > 0, there exists an edge (u,v) withu e SNC,v € V' \ C.
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Querying LocalKCut on v, as TRIM does in the first step, finds S, by Theorem 6.5.1. Therefore,
we have that S € C, the collection of cuts found at the root instance TRIM(C,C). Moreover,
the property SN C” € C’ holds recursively along the recursion tree as long as Step 1 of TRIM
does not apply.

We now prove item 1 for S’ = SN C’ € C' by bottom-up induction on the recursion tree of
the TRIM subroutine, starting at the calls where S” = SN C" is pruned from C’ in Step 1. As
base cases, we consider instances of TRIM with first parameter C’ where S is removed from
C’ in the initial pruning step of TRIM. Since S’ is removed from C’, it is non-(1 — §)-boundary
sparse in C’, that is, we can set A = {{C; C C'},{C,...,Ci} \ {C; C C'}}.

For the induction step, we consider sets S’, where S’ survives the initial pruning step of
TRIM. Then C' # & after Step 1. This implies that C” is replaced by D and C’ \ D
for some D C C’. By induction on the recursive instances TRIM(C' \ D,C' N (C" \ D))
and TRIM(D,C’ N D), there exist two partitions Pp and Penp of {C4,...Cy}, the first of
{C1,...C}ND C {C4,...Ck} and the latter of {Cy,...Cx}NC"\ D C {C},...Cy\}, where
for each collection A € Pp U Pen p, such that SN (UarcaA’) is not (1 — 0)-boundary sparse
in UgreaA’. Thus, we simply set A = Pp U Penp. O

The rest of this subsection is devoted to prove item 2, focusing on the TRIM subroutine. We
start by showing that the boundary-size of the clusters only gets smaller as we run TRIM.
Observation 6.6.3. /f TRIM decomposes C' into D and C' \ D in Step (2), then 0D <
0C" — 0.04\pin and O(C" \ D) < 0C" — 0.04 A i -

Proof. Recall that Apax = 1.2Ai,. In Step (2) we have that
w(D,V\ C") = 0D —w(D,C"\ D) > A — 0.4\ max > Amin — 0.4\ maxe = 0.52\min
= 9(C'\D) = dC"—w(D, V\C")+w(D,C"\D) < dC"—0.52 min+0.A e < OC"—0.04\min

and by symmetry, we also obtain 0D < 9C” — 0.04\ ;. In other words, the boundary-size
decreases by at least 0.04\,;, on both recursive instances. O

Observation 6.6.4. /f TRIM decomposes in Step (3) into D and C'\ D, then 0D <
80/ — 045}\m1n and 8(0’ \ D) S 80/0.4(5/\111111.

Proof. If the algorithm decomposes in Step (3), then since D is (1 — d)-boundary sparse in
’,

H(C'\ D) = OC" — w(D,V\ ') + w(D,C"\ D)
< OC — (D, '\ D)+ w(D,C'\ D) < 0C" — 5u(D, '\ D) < A" — 0.A5 A

1-9¢
where we used that w(D,C’"\ D) > 0.4\pax Since we are not in Step (2). By symmetry,
0D < 9C" — 0.40 Apax < 0C" — 0.40 A - O

The two observations together show that the boundary-size of the cluster C' TRIM is called
on decreases by at least min{0.04\in, 0.40 Amin } on both recursive instances D and C' N D.

We now upper bound the number of clusters by tracking the following three parameters of a
cluster C' as TRIM is called on it:
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1. The boundary-size 0C’,

2. The maximum cut-size within C’ of a cut in C’ after the pruning step (Step 1 of TRIM),
defined by
C' = OcionD
AC) = max G

after
pruning

which we define as 0 if ' = &,

3. The cluster cardinality |C”|.

We will give an upper bound on the number of clusters parametrized by those three parameters,
by casing on the value of the maximum cut-size within C’ and a double induction on the other
two parameters.

We claim that the first two parameters are at most 6. and An.x respectively. The first
parameter is always at most 6. since originally 0C' < 6. by assumption, and we have
shown in the two observations above that boundary-size never increases upon recursion. The
second parameter is at most Ay originally (since it is the parameter given to LocalKCut)
and it never increases upon recursion since the value Jgx]D decreases as X gets replaced by
smaller (inclusion-wise) and smaller clusters upon recursion and C’ can only lose elements as
one walks down the recursion tree.

Let f(b,c,d) be the maximum number of clusters in the final decomposition starting from a
cluster C” with 9C" < b, ¢(C") < ¢ and |C’| < d. Our goal is to show that

2
) (]_Ogd)O(b/Amin)>‘

We recursively bound f(b, ¢, d) by stepping through each case of the TRIM algorithm. To do
so, we first make two observations.

f(b,e,d) <O ((

6 min

Observation 6.6.5. /f TRIM decomposes in Step (2) into D and C'\ D, then the maximum
number of clusters in the final decomposition of each recursive instance is upper bounded by

f(b—0.04\yin, ¢, d), ie., we have f(b,c,d) = 2f(b — 0.04 i, ¢, d).

Proof. This observation follows directly from Observation 6.6.3 as it shows that 0D, d(C" \
D) < 0C" = 0.04 min < b — 0.04\ i [

Observation 6.6.6. /f TRIM decomposes in Step (3), let D' = D if|D| = min{|D|, |C" \ D|
and D' = C"\ D otherwise. Then we must have |D’| < |C'| /2. Moreover, all sets U € C’
that cross D' must also cross C" \ D'.

Proof. The first statement is trivial. For the second statement, recall that D € C’ when this
step is executed. Suppose for contradiction that there exists U € C’ that crosses D’ but not
C"\ D'. Note that this implies that U # D’ and U # C"\ D’. Furthermore it either implies
that U C D' or '\ D' C U. The latter is equivalent to C’"\U C D’. This contradicts that D
is chosen in Step (3) to minimize min{|D|, |C" \ D|}, as U would have smaller cardinality. [
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Observation 6.6.7. /f TRIM decomposes in Step (3), we obtain the recursive bound

f(b,e,d) <max{l, 2f(b—0.04\nin,c,d)+f(b,c,d/2), f(b,0.6¢,d)+f(b—0.46Anin, ¢, d)}

Proof. Suppose that TRIM decomposes in Step (3) into D’ and C’\ D', with D’ defined as
in Observation 6.6.6. By that observation, we have that |D’| < |C’| /2 and moreover, all sets
U € C' that cross D' must also cross C'\ D'. We case on whether ¢(D’) > 0.6¢(C"), i.e.,
whether there exists U € C’ that crosses D’ with dgp U > 0.6¢(C”).

1. If such aset U exists, then from dgpnU +0gjcnp U < OgienU, we obtain dgjon pU <
OcienU — OgipnU < ¢(C') — 0.6¢(C") < 0.4¢(C"). Since U also crosses "\ D',
it follows that the recursive instance C’\ D’ must go through Step (2). Let Uy, Us
be the decomposition of C’\ D’. Then by Observation 6.6.3, 0U; < 9(C"\ D) —
0.04 A min < OC" — 0.04Amin and AU < A(C"\ D') — 0.04Amin < OC" — 0.04Apuin. Also
by Observation 6.6.6 |D'| < |C’|/2 < d/2. By induction on clusters D', Uy, Us, the
total number of clusters at the end is at most

2f(b— 0.04Amin, ¢,b) + f(b,c,d/2)

2. Otherwise, we have ¢(D’) < 0.6¢(C") < ¢/2. By Observation 6.6.4, we have that
I(C"\ D) < 9C" — 0.4\ pin. By induction on D’ and C”"\ D', the total number of
clusters at the end is at most

f(b,0.6¢,d) + f(b— 0.4 A\pin, ¢, d)

Overall, if the algorithm decomposes by Step (3), we obtain the recursive bound

f(b,e,d) <max{l, 2f(b—0.04 \pm,c,d)+f(b,c,d/2), [f(b,0.6¢,d)+f(b—0.46 A min,c,d)}

L
Next, we state the base cases for our induction that bounds f(b, ¢, d).

1. Since we always have 0C" > X\ > Ay, we have the vacuous bound f(b,¢,d) = 0 for
b < )\min-

2. If ' = &, no further recursion is necessary. Thus, f(b,0,d) = 1.

3. If |C’| =1, the cluster cannot be cut any further. Thus, f(b,c,1) = 1.

We now bound f(b, ¢, d) using a case analysis depending on the value of the second parameter.
As shown by Observation 6.6.5 and Observation 6.6.7, the value of the second parameter never
increases. Furthermore, if it drops to at most 0.4\, on a set C’, then the algorithm always
executes Step (2) on subsets of C’. Thus, we can bound this setting first.
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Case 1. If ¢(C") < 0.4\ pax, then TRIM either takes Step (2) or does nothing (in the case
C' =), so

f(b,e,d) < max{1,2f(b—0.04\pin,c,d)}  for ¢ < 0.4\

Every recursive call with first parameter D still has ¢(D) < 0.4\, so all recursive calls made
in the subtree of the call with first parameter C” is made in Step (2). We bound f(b, ¢, d) by
bounding the number of recursive calls of TRIM as each call increases the number of clusters

in P by 1. The number of recursive calls in Step (2) doubles for at most [0”.0’4{\“’} W < sog— <

25%in levels of recursion and 2% > 1 for all positive z, so it holds that f(b,c,d) < 22°/Amin.

Case 2. For ¢ € (0.4\nax, 0.61\ax], TRIM either takes Step (2) or Step (3), or does
nothing. Note that by Observation 6.6.5 and Observation 6.6.7, in both cases we have

f(b,c,d) <max{l, 2f(b—0.04\nin,c,d)+f(b,c,d/2), f(b,0.6¢,d)+f(b—0.46Ayin, ¢, d)}

We show the following bound by double induction on b and d.

f(b,c,d) 2 + 2log d)?b/ Amin (6.1)

< —(
0.46 A yin

The base case is trivially true if either b < A or d = 1. For the induction step, note
that 0.6¢ < 0.6 - 0.61 A2 < 0.4\ L.y, so that a call on a set with second parameter 0.6¢
guarantees that Step (2) is executed on this call and we can apply the bound from Case 1.
Now by Observation 6.6.7 it holds that:

f(b,c,d) < max{l
2f(b— 0.04Amin, ¢, d) + f(b, c,d/2), (6.2)
£(b,0.6¢,d) + F(b— 0.46Amin, ¢, d)} (6.3)

We apply the induction hypothesis (Equation (6.1)) to both terms of Equation (6.2) and
the second term of Equation (6.3), while we apply the bound of Case 1 to the first term of
Equation (6.3):

f(b,c,d) < max{l,

d
2 P — 2 21 d 25(b70-04)\nlin)/)\min - 2 21 - 25b/)\min
0400, T 2108 0y 2108 ’
(6.4)
b — 0.46 \min |
225b/)\min + MT(2 + zlog d)25b/)\mm} (65)
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We develop the exponent in the first term of Equation (6.4), and develop the logarithm in its
second term. We upper bound 2 by 2 4+ 2logd in Equation (6.5):

< max{1,

(2 + 210g d)25b/)\min—1 +

b— 0.46 A
255/ Amin min
(2 4 2log d)2 LTS
b

= 2 + 2log d)2°b/ Amin,
0y 2 218 d)

(2 + 2log d)®/Amin=l . (2 4 21og d — 2),

0.46 A
(2 + 2log d)#H/Amin}

2.
0.40 Ain

(2 + 2 10g d)25b/)\mm > 2256/)\""“ >

where the last equality comes from the fact that ;- 4& S

1925
192 > 1,

Case 3. For ¢ € [0.61\pax, Amax), TRIM either takes Step (2) or Step (3), or does nothing.
Note that by Observation 6.6.5 and Observation 6.6.7, in both cases we have

F(b,e,d) < max{l, 2f(b—0.04\mim, ¢, d)+f(b,c,d/2), F(b,0.6¢,d)+f(b—0.4Amin, ¢, d)}

We show the bound

b

2
T ) (2 + 2log d)?5b/ Amin (6.6)

Fib,e.d) < (

by induction on b and d.

The base case is trivially true if either b < A\, or d = 1. For the induction step, note that
0.6¢ < 0.6\ pax, Which implies that a call on a set with second parameter 0.6¢ guarantees that
the bound from Case 2 can be applied to this call. Now by induction on b > A\;, and d > 1,
it holds that

f(b,c,d) < max{1l
2f(b— 0.04Amin, ¢, d) + f(b, c,d/2), (6.7)
f(b,0.6¢,d) + f(b— 0.40Amin, ¢, d) } (6.8)

We apply the induction hypothesis (Equation (6.6)) to both terms of Equation (6.7) and
the second term of Equation (6.8), while we apply the bound of Case 2 to the first term of
Equation (6.8):

< max{1,

b 2
2 [ ——— ] (24 2log d)25=0-04Mmin)/Amin
<0.45Amm> (2+2logd) +

2 d
> (2+ 2log 5)251’/’\‘“‘“,
(6.9)

0.40 Apin

2
b . 25/\5)\m1n> (2 +9 IOg d)25b/)\min}

(6.10)

2 + 2log d)2°b/Amin
0asy (2 +2logd) +
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6.6. Fragmenting a Cluster

We develop the exponent in the first term of Equation (6.9), and develop the logarithm in its
second term. We upper bound b — 0.46 A\, by b in Equation (6.10):

< max{1,

b 2
o [ ) (94 2100 )25/ Amin—1
<0.45Amm> 2+ 2logd)

b 2
+ <0 IS ) (2 + 2log d)?*/ =1 (2 4 21og d — 2),

b— 0.45Amin> ( bAmin

0.46 Anin

2 + 2log d) "/ Amin
(2+2logd) T\ 0400 ) \ 0400

> (2 + 2log d)#P/ Amin}

b 2
= ——— | (2 + 2log d)*/ Amn,
(0.45>\mm> 2+ 2log d)

Since for the set C' on which the algorithm was run we know that b < 6ALax, ¢ < Apax,
d < |C| and Apax < 1.2\, we obtain the desired bound O(5~2 logO(l) |C'|) on the number
of clusters, which concludes the proof of item 2.

6.6.2 Running Time analysis

Lemma 6.6.8. The running time of Algorithm 6.6.1 is O(6~23%(1Amax)°?).

Proof. Step (1) of Algorithm 6.6.1 makes O(Amax) many requests to LocalKCut. By Theo-
rem 6.5.1, this takes O(53?(VAmax)??)) time. In particular, we know that we have at most
O(B* (¥ Amax) ) many cuts in C in Step (2) of Algorithm 6.6.1, each of volume v.

It remains to bound the time for Step (3) of Algorithm 6.6.1. Since we proved in the correctness
proof that the algorithm added at most O(6-21og®" |C|) many clusters to P at termination,
the recursion tree is binary and each recursive call increases the number of clusters in P by 1,
we know that TRIM is run at most O(6-21og®M |C) times. It thus suffices to show that a
run of TRIM takes O(8%(1Amax)°?)) time.

In Step (1), for every cut in C', it takes O(v) time to check whether a cut is boundary sparse by
Theorem 6.11.1, and thus O(3?(VAmax)°"?)) to check all cuts. Similarly, in Step (2), it takes
O(v) time for each cut to decide if a cut satisfies the if condition, O(5?(VAmax)°?) overall.
Removing C’ and adding D and C’\ D takes O(v) time, as this is encoded by simply changing
the labels of the boundary edges to inter-cluster. Creating C' N D and C' N (C"\ D) takes
O(B2(VAmax)CP) time, as there are O(B(VAmax)°?)) cuts of volume v each to intersect
with another set.

Similarly, in Step (3), it takes O(v) time for each cut to find its cardinality and the one of its
complement, thus O(32(VAmax)°"?)) overall to find the minimum. Removing C’ and adding D
and C"\ D takes O(v) time, as this is encoded by simply changing the labels of the boundary
edges to inter-cluster. Creating C' N D and C' N (C"\ D) takes O(B?(VAmax)°?)) time, as
there are O(2(VAmax)°?)) cuts of volume v each to intersect with another set. O
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6.7 The Cluster Decomposition and the Cluster
Hierarchy

In this section, we lay out the main definitions and data structures that we maintain throughout
our algorithm. The central object we maintain is the cluster hierarchy, a hierarchy of cluster
decompositions.

3/4—c n)

Choice of parameter values. We remind the reader that we have ¢ > 0, § = 20(°e <
0.04. We set )\min — 26(log3/4fcn) and )\max S 1'2)\minv H = 38h — 2—O(logl/2n)y ¢ — Sdéh =
2*6(10.%3/4 n) p= 2@(10g1/2 n) and a = 1

1 polylogn*

6.7.1 Cluster Decomposition

Definition 6.7.1 (Pre-Cluster decomposition). Let a,¢,0,H € R, Apax,€ N.  An
(e, @, Amax, H, 0)- pre-cluster decomposition of a graph G is a partition {C}} jciq of the vertex
set of G, for some ¢ € N,. Moreover, that partition satisfies, for each j € [{]:

i. C; is connected.
ii. C; is contained in an (o, ¢’ = ¢H)-boundary linked expander.
iii. Cj; satisfies either:

a) it contains no (1 — §)-boundary sparse cut S with 0g(S) < Amax and Vol(S) < Afg“‘,
or

b) it satisfies 0C; < 6Amax-

Definition 6.7.2 (Cluster decomposition). Let «,¢,d € R, Amax, Amin € N. An
(e, @, Amax, H, 0)-cluster decomposition of a graph G is a partition {C;}jcq of the vertex
set of G, for some { € N, obtained from an (a, ¢, Amax, H, 0)-pre-cluster decomposition,
where each cluster C; that does not satisfy Condition ?a is fragmented using Algorithm 6.6.1
(see Theorem 6.6.1).

As o, ¢, Anax, H and 0 do not change, we simply use cluster decomposition to denote an
(0, @, Amax, H, §)-cluster decomposition in the following.

The main point of the cluster decomposition is that it can approximate most minimum proper
cuts, that is, in most cases, if S is a minimum proper cut in G of cut-size A with A, < A <
Amax, then we can uncross S by a cut S’ that consists of the union of some clusters, and that
is an approximate minimum proper cut.

Let us now talk about the corner cases. In fact, given a cluster decomposition we can always
uncross a cut S into a set S’. However, S’ is not guaranteed to be a proper cut, that is, we
could have 95" = 0. In this case, we show S is a local cut in a mirror cluster, defined next.

Definition 6.7.3 (Local cut). A local cut is a cut of volume at most 4A"T‘j".
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Local cuts are central in our analysis, as they are easier to find and maintain than non-local
cuts. To deal with the local cuts, we introduce mirror clusters, one for each cluster.

Definition 6.7.4 (Mirror clusters, graphs and cuts). The mirror cluster C’ of a cluster C' in
graph G is the graph G/(V \ C), that is, the graph where all nodes outside of C' have been
contracted into one node.

A mirror graph Gp, of G according to partition Py is the graph that is the collection of all
mirror clusters of the clusters in P;.

A mirror cut S, of a vertex v € V of a graph G, given a partition P, a volume v and a
maximum cut value \,.., is defined as follows. Let C, € P, be the cluster of G such that
v e C,. Then S, is a proper cut of smallest cut-value among proper local cuts S C C,, of
cut-value at most \..., and that contain v. Note that many cuts can be mirror cuts of v, and
that such a cut may also not exist.

Mirror clusters have the nice property that all local cuts can be found by running LocalKCut
on them. We can thus state the main property of a cluster decomposition:

Proposition 6.7.5 (Cluster Decomposition Uncrossing). Let {Cj}jcq be an
(e, ¢, Amax, H, 0)-cluster decomposition of a graph G. If Apin < A < Apax, then ev-
ery minimum proper cut S of value A can be (1 + 26)-approximated by a cut S’, that can be
one of two cases:

1. S is a cut of G and S’ crosses no cluster.

2. There exists a cluster C; such that S is a local cut in the mirror cluster of C;.

We prove this proposition in the rest of this section.

We let {C;};ciq be a cluster decomposition as defined in Proposition 6.7.5, and first show
that any minimum cut can cross at most two clusters using the following lemmata.

Lemma 6.7.6. Let {C};ciq be an (v, ¢, Amax, H, §)-cluster decomposition of a graph G' with
a > ¢. Let S be a cut of G, and let C; be a cluster that S crosses. Let X equal S N Cj if

Vol(SN () < % and let X equal C;\ S otherwise. We have that Vol(X) < %S.

In particular, if S is a minimum proper cut of cut-size at most Ap.x, we have that Vol(X) <

Amax

e
Proof. As C; is a cluster in the expander decomposition, C; is contained (or equal to) a
cluster in the pre-cluster decomposition, which itself is contained in an («, ¢’)-boundary linked
expander as per Condition 7 of Definition 6.7.1. Let C' be this expander. All volumes in this
proof are the volumes of the sets in G[C]¢, which are an upper bound of the volumes in G.

We use G[C’]ﬁ as this is the graph on which we have the guarantee of being a ¢-expander as
per Theorem 6.3.5.

Let X' = SNCif Vol(SNC) < YU and X' = C'\ S otherwise. Since G[C]¥ is a

2

¢-expander, we have that Vol(X') < % < %. Therefore, Vol(X' N C;) < %. Recall
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that Vol(X) = min{Vol(SNCj}), Vol(C; \ S)}. If X’ = SNC then Vol(X) < Vol(SNC;) <
Vol(S N C) = Vol(X') < %. If X’ = C\ S then Vol(X) < Vol(C; \ §) < Vol(C'\ 5) =
Vol(X') < %S. Thus, the result follows. O

For the rest of this paper, we will thus simply call our («, ¢')-boundary linked expanders as
¢-expanders.

Corollary 6.7.7. Let Py be a pre-cluster decomposition, and let C; be a cluster in that
decomposition. Let S C C; be a proper cut of G of cut-size A. Then there exists in the
mirror cluster of C; a cut of cut-size 0S, of volume at most 3% (in G).

Proof. By Lemma 6.7.6, we have that either S or C; \ S has volume at most % In the case

where Vol(S) < % the claim is trivial. In the case where Vol(C; \ S) < % note that in the
mirror cluster, we have that X = (C;\ S)U{v} has boundary-size equal to S = A, where v

is the vertex representing the contracted G\ Cj. It remains to show that Vol(X) < 3%. Note
that Vol(v) < Vol(C; \ S) 4+ 05 < 2%, and thus Vol(X') < Vol(v) + Vol(C; \ 5) < 3%. O

Lemma 6.7.8. Let Py be an (o, ¢, Amax, H, 6)-pre cluster decomposition, and P, be its
associated cluster decomposition. Let f : Py — Py be the mapping that maps each cluster
C € P, to the cluster it is contained in in Py. Let S be a minimum proper cut S of cut-size at
most Apax. Let C1, ..., C}. € Py be the clusters that S crosses. Then |{f(C}),..., f(C})} <
2.

Proof. Recall that § < . Assume by contradiction that |[{f(C}),..., f(C})}| > 3, and wlog
assume the clusters Cy, Cy and Cj5 belong to {f(C}),..., f(C})}. Since S is a minimum
proper cut, we know that w(S,V \ S) < Apax. As the clusters are vertex disjoint, w(S N
C1,C1\ S)+w(SNCy Co\S)+w(SNCs,C3\ S) <w(S,V\.S) and thus there exists a
C; such that w(SNC;, C; \ S) < A5

We have two cases. Either C; satisfies Condition ?a of Definition 6.7.1, which means C;

contains no (1 — ¢)-boundary sparse cut of volume at most ’\T;" and of cut-size at most Ay,
or it satisfies Condition 7b.

1. In the first case, since C; contains no (1 — §)-boundary-sparse cuts of cut-size at most
Amax and of volume at most AT;”‘ and as by Lemma 6.7.6, S N C; has volume at most

Amax e have that S N C; is not (1 — §)-boundary-sparse:

ol
w(s"gf\s) > W(SNC, CAS) > (1—8) min{w(SNCs, V\C), w(V\(SNC;), V\C))}
And hence either w(SNC;, V\ C;) < “’éfl":})s) < “’(S’;/\S) and SNC; is a cut of cut-size

at most w(SNC;, C;\S)+w(SNC;, V\C;) < w(S,;/\S) + w(S,;/\S), a contradiction to S
being a minimum proper cut (remember that C; is connected by definition of a pre-cluster
decomposition and thus SNC; is a proper cut), or w(C;\ S, V\C;) < w?()(sl":(\sf) < w(S’;/\S)
w(SV\S) | w(S.V\S)
3 2

, also a contradiction to S

and C; \ S is a cut of cut-size at most
being a minimum proper cut.
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2. If C; satisfies Condition ?b, then let {A;,..., A,} C P, be the partition of C; obtained
by fragmenting C;, and let A; € {C1,...,C;}N{A;,..., A.} be one of the fragmented
clusters that .S crosses. Then SNA; is a proper cut. By Theorem 6.6.1, there is a subset
of indices () C [k] such that A = U,cqA, satisfies that SN A is not (1 — d)-boundary
sparse in A. Similarly to the first case, we then have:

w(S,V\9)

3 > w(SNC;, C;\S) > w(SNA, A\S) > (1—0) min{w(SNA, V\A), w(V\(SNA),V\A)}

And hence either w(SN A,V \ A) < wé*(gl":(\s)s) < “’(S’;\S) and SN Ais a cut of cut-size

at most w(SNA, A\ S)+w(SNAV\A) < w(S’;/\S) + w(S,;/\S)' a contradiction to S
being a minimum proper cut (S N A must be a proper cut of A as otherwise it cannot
be non (1 — d)-boundary-sparse in A), or w(A\ S,V \ A) < @SS < w(S,;/\S) and

3(1-0)
(S’;/\S) + w(Sg/\S), also a contradiction to S being

A\ S is a cut of cut-size at most ©
a minimum proper cut.

O

Corollary 6.7.9. Let P; be an («, ¢, Anax, H, 0)-pre-cluster decomposition, and Py be its
associated cluster decomposition. Let f : Py — Py be the mapping that maps each cluster
C € P, to the cluster that contains it in Py. Let S be a minimum proper cut S of cut-size at
most Apmax. Let C1, ..., C) € Py be the clusters S crosses, if any. We have 3 cases:

(1) KF(C), -, F(C)} = 0.
(2) {F(C), .-, f(C)} =1
(3) KA(Ch),-.. F(C)} = 2.

If we are in Case (1) of Corollary 6.7.9, then we trivially are in Case 1. of Proposition 6.7.5 by
simply setting S’ = S, as {f(C7),..., f(C})} being empty can only mean that S crosses no
cluster. If on the other hand we are in either case (2) or (3), we need to uncross S to get S’
Next we show that in those two cases there exists a cut S’ of cut cut-size at most (1 + 2J)\
that crosses no cluster. The proofs exploit the definition of (1 — ¢)-boundary sparseness and
Lemma 6.7.6.

Lemma 6.7.10. /f we are in Case (2) of Corollary 6.7.9, then there exists a cut S’ that is a
(1 + 26)-approximation of S, and satisfies either:

i. Volg/ane)(S') < 4Amax, where C, is a cluster of Py, and S is a cut of G/(V \ C}), or

ii. 8" C 'V crosses no cluster and S" is a cut of G.
Proof. Wlog, assume that S is connected. Also, wlog, let C'; be the unique element of
{f(C)),..., f(C})}. We have two cases. Either C; satisfies Condition ?7a, which means

contains no (1 — §)-boundary sparse cut of volume at most ’\%’;" and of cut-size at most Aax,
or it satisfies Condition 7b.
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1. Since C} contains no (1 —§)-boundary sparse cut of volume at most Afj‘% and of cut-size

at most A\ .x, and SNC; has volume at most ’\% by Lemma 6.7.6, we have that w(SN
C1,C1\S) > (1-9) min{w(C1NS, V\Cy),w(C1\S,V\C1)}. Let X be the set among
CiNS, C1\ S that satisfies w(X, V' \ C;) = min{w(C1NS, V\C1),w(Cy \ S,V \Ci)}.
Note that w(X,V \ Cy) <w(SNCy,Ci\ 5)/(1—-6) =w(X,Cy \ X)/(1—49), which
implies that w(X,V \ C;) —w(X,C; \ X) < J-w(X,V\C;) < (6/(1 —=6)w(SN
01,01 \ S) S (35/2) . U)(S N Cl,Cl \ S)

Let's now temporarily set S’ = SUX if X ¢ S, or ' = S\ X otherwise, i.e., we

“uncross” S. Then we have that w(S", V\S") < w(S,V\S)—w(X,Ci\ X)+w(X,V\

Ch) <w(S,V\S)+35/2-w(SNCy,Cy\S) < (1+35/2)w(S,V\S).
If S”is a proper cut (05" # 0), we are in Case 7

If 05" = 0, let K be the connected component of GG that contains S. Then either
S=X(and S’ =0)or S =K\ X (and S’ = K). We conclude by Corollary 6.7.7
that we are in Case ?.

. If ¢y satisfies Condition ?b, then let {A4,..., A.} C P be the partition of C; obtained

by fragmenting C;, and let A; € {C1,...,C}}N{A;,..., A,} be one of the fragmented
clusters that .S crosses. Then SNA; is a proper cut. By Theorem 6.6.1, there is a subset
of indices ) C [x] such that A = U A, satisfies that SN A is not (1 — §)-boundary
sparse in A.

Similarly to the first case, we have that w(SN A, A\ S) > (1 — ) min{w(ANS,V \
A),w(A\S,V\A)}. Let X be the set among ANS, A\ S that satisfies w(X,V\ A) =
min{w(AN S,V \ A),w(A\ S,V \ A)}. Note that w(X,V \ 4A) < w(SNA A\
S)/(1—=0) =w(X,A\ X)/(1—0), which implies that w(X,V \ A) —w(X, A\ X) <
J-w(X,VNA) < (0/(1—0)w(SNAA\S) <(36/2) - w(SNAA\S).

Let's now temporarily set S’ = SUX if X ¢ S, or ' = S\ X otherwise, i.e., we
“uncross” S. Then we have that w(S", V' \S") < w(S,V\S)—w(X, A\ X)+w(X,V\
A) <w(S,V\S)+35/2-w(SNAA\S) < (1+35/2)w(S,V\S).

If S is a proper cut (0S” # 0), we are in Case ?

If 05" = 0, let K be the connected component of G that contains S. Then either
S=X(and 8'=0)or S=K\ X (and §' = K).

We conclude by Corollary 6.7.7 that we are in Case ?.

]

Lemma 6.7.11. /f we are in Case 3 of Corollary 6.7.9, then there exists a cut S’ of either
G/(V\Cy) or G/(V\Cs) ({C1, Co} = {f(CY), ..., f(C})}) that is a (1+20)-approximation
of S, and satisfies Vol /\c;)(S") < 4Amax (where j € {1,2} depending on where S’ exists).

Proof. Let A = w(S,V \ S). We have that w(C; NS, C; \ S) +w(CyN S,Cy \ S) <
w(S,V'\ S) = \. Assume thus wlog that w(C; N S, Cy \ S) < 3.

Again, we have two cases:
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1. If C satisfies Condition 7a, it contains no (1 — §)-boundary sparse cuts of volume at
most Afﬁ% of cut-size at most A\y,ax, and thus we have that SNCY is not (1—4d)-boundary
sparse in Cy. Thus w(SNCy, C1\S) > (1-9) min{w(C1NS, V\C),w(Ci\ S, V\C)}.
Let X be the set among C, NS, Cy \ S that satisfies w(X,V \ C1) = min{w(Cy N
S, % \ C’l),w(C’l \ S, |4 \ Ol)} It follows that w(X, Cl \ X) = w(S N 01,01 \ S) Z
(1—0)w(X,V\C1). We thus have that w(X,V\ X) = w(X,V\Ci)+w(X,C1\X) <
((1/(1=0) + Dw(X,C1 \ X) < (52550 = (1+ 555)A < (14 36/4)A.

2(1=5)
We conclude by Corollary 6.7.7.

2. If C} satisfies Condition ?b, then let {Ay,..., A.} C P be the partition of C obtained
by fragmenting C1, and let A; € {C1,...,C,}N{A;,..., A} be one of the fragmented
clusters that .S crosses. Then SN A; is a proper cut. By Theorem 6.6.1, there is a subset
of indices @ C [x] such that A = U,cqA, satisfies that SN A is not (1 — §)-boundary
sparse in A, and A; C A.

Similarly to the first case, we have that SN A is not (1 —J)-boundary sparse in A. Thus
w(SNAA\S) > (1—0)min{fw(ANS,V\A),w(A\S,V\A)} Let X be the set
among ANS, A\ S that satisfies w(X,V\ A) = min{w(ANS,V\ A),w(A\S,V\A)}.
It follows that w(X, A\ X) =w(SNA,A\S) > (1—-35§w(X,V\A). We thus have
that w(X,V\ X)) =w(X,V\A) +w(X,A\X) < ((1/1-6§)+1Dw(X, A\ X) <
(5525)A = (1 + 5255)A < (1 +35/4)A. We conclude by Corollary 6.7.7 that we are in

2(1-5)
Case ?.

]

Note that both lemmata show the existence of a proper cut S, i.e., S’ is required to be both
nonempty and different from V. This concludes the proof of Proposition 6.7.5.

6.7.2 Cluster Hierarchy

The (o, ¢, Amax, H, 0)-cluster decomposition and the mirror clusters are the building blocks of
the cluster hierarchy, defined as follows:

Definition 6.7.12 (Cluster Hierarchy). Let h be a positive integer. An h-cluster hierarchy
is a set of graphs G1,...,G, with G1 = G with Vol(G}) < Ar‘;ﬁ together with h many
(e, @, Amax, H, 0)-cluster decompositions, one for each G;,j € [h], and a mirror cluster for
each cluster of the pre-cluster decomposition of each graph. Moreover, each G;,j5 > 1 is
obtained from G;_; by contracting each cluster in the cluster decomposition.

The main point of the h-cluster hierarchy is to ensure that we only have to maintain local cuts
and their cut-sizes, in other words, to transform any minimum cut into a local cut, if not on
this level of the hierarchy then further down in the hierarchy.

We will use the h-cluster hierarchy as follows: Let S be a minimum proper cut of cut-size
in [Amin, Amax|- Assume for the moment, that we have access to all local cuts. By Propo-
sition 6.7.5 there exists in GG; an approximate cut S| that is either local or that crosses no
cluster. In the former case, we are done. In the latter, S7 induces a cut in G5. Again by
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Proposition 6.7.5 there exists in G5 an approximation S} of S| that is either local or that
crosses no cluster. Again, if it is local, we are done. If it is not, then we move on to Gj.
Following this logic, we arrive the following proposition:

Proposition 6.7.13. Let h be a positive integer. In an h-cluster hierarchy of G, there exists
a local cut S" in a mirror cluster C' of the pre-cluster decomposition of a collapsed graph G
or in the final collapsed graph, that is a (1+20)" approximation of the minimum proper cut S.
Moreover, there exists a corresponding cut S in G such that S and S’ have the same cut-size.
If, in addition, § < %, then 0S = 05, that is, S" is a minumum proper cut.

Proof. It suffices to apply Proposition 6.7.5 iteratively starting at G until we end up in Case
2. of that proposition. If we never arrive in Case 2, it follows that the recursion reaches the
graph G}, which has volume ’\fj‘% Thus, all its cuts are local. Once a local cut is found, to
find the corresponding cut in G, since all graphs (including mirror clusters) in the hierarchy are
contractions of graphs from the level above, it suffices to uncontract the graph. Uncontracting
all the way to the top gives the result. The approximation value comes from the fact that on
each level, the cut-size of the cut increases by a factor of at most (1 + 20). ]

The goal of further sections will thus be to compute and maintain such a cluster hierarchy.

6.8 The Mirror Cuts Data Structure

In this section, we present the Mirror Cuts Data Structure, which maintains the mirror graph
and mirror cuts under a sequence of batch edge updates. A batch update is an update that
includes many edge insertions and deletions at once.

It is necessary to consider batch updates, as the data structure is designed to handle the
refinement of clusters, that is, replacing a cluster C' by S C C' and C'\ S. Typically, this is
done by deleting all of the edges between S and C'\ S. Doing so one by one proves to not
work, as our data structure relies on the LocalKCut algorithm, which is only guaranteed to be
correct if at every request, one can ensure that the minimum cut of the cluster is large enough.
However, by deleting the edges one by one, the two clusters are only considered two different
ones by the LocalKCut when they are not connected anymore, and thus C' is still a cluster,
with minimum cut exactly 1 just before the deletion of the last edge. This breaks our data
structure.

Hence, we introduce batch updates, so all of the edge deletions can be forwarded to the
LocaKCut algorithm before any request to it is made.

The results in this section rely on the results of Section 6.5, and we assume that the data
structure we present in Section 6.11 supports our cluster decomposition. First, we remind the
reader about mirror clusters, mirror graphs and mirror cuts:

Definition 6.7.4 (Mirror clusters, graphs and cuts). The mirror cluster C' of a cluster C' in
graph G is the graph G/(V \ C), that is, the graph where all nodes outside of C' have been
contracted into one node.

A mirror graph Gp, of G according to partition Py is the graph that is the collection of all
mirror clusters of the clusters in P;.
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A mirror cut S, of a vertex v € V of a graph GG, given a partition P,, a volume v and a
maximum cut value \,.., is defined as follows. Let C, € P; be the cluster of G such that
v e C,. Then S, is a proper cut of smallest cut-value among proper local cuts S C C, of
cut-value at most \...x and that contain v. Note that many cuts can be mirror cuts of v, and
that such a cut may also not exist.

Theorem 6.8.1 (Mirror Cuts). Let Gp, = (V, E) be a fully-dynamic mirror graph under
batch updates (updates with up to m many insertions or deletions) of a graph G and partition
P1 and Aax, v, B € Ny satisfying f < Amax < v, and no mirror cluster C' C Gp, strictly
contains a cut S with 0o S < )‘“;%

There exists a data structure that maintains, for each vertex v € V', one of its mirror cuts S,,.
It can return in constant time the value of the smallest mirror cut S,,_. , a pointer to vy, and
in |Sy,...| pointers to the vertices of S,,_,. .

The algorithm runs in O~~((m+n)62()\maxy)o(ﬁ)) preprocessing time, O(3*(Amaxv)°®)) update
time per edge update, O(K - B*(Amaxt)°®) update time for an update with K edge updates,
and O(1) request time.

The idea is as follows. We run an instance of LocalKCut (Theorem 6.5.1) on Gp,, with
parameters Ay, V, 3, updating it as updates arrive. As no mirror cluster C' C Gp, strictly
contains a cut S with 0S5 < A“;X, any request on a node v € (' yields all cuts S C C! with
Vol(S) < v, 0c; S < Amax and v € S.

When an edge is deleted, what can happen is that this edge used to contribute to a cut that
was too large to be the only mirror cut of a node v, and thus was not necessarily the one
maintained by the data structure, but it now needs to be one. This cut is easily found by
formulating a request on both endpoints of that edge, and then can be stored at any vertex it
includes for which it is a mirror cut.

When an edge is inserted, it might contribute to a cut that was a mirror cut, and thus
maintained, but is not anymore after the insertion. In fact, there might be many such cuts,
but we show below that there cannot be too many of them. We must then formulate a
request to LocalKCut from all those vertices whose maintained cut has changed due to that
edge insertion.

Finally, we deal with set deletions by simply deleting all the edges in the set in a batch update.

6.8.1 Data Structure and Algorithm Description

We store these cuts using the following data structure:

» For each mirror cut, we keep pointers to all the vertices for which it is the mirror cut.
We also keep pointers to all the vertices it contains. We moreover keep the cut-size
of the cut. We delete the cut once it is not a mirror cut anymore, as described in
Algorithm 6.8.1.

» For each vertex in a cluster C' we keep a pointer to one of its mirror cuts and its
corresponding cut-size. We also keep pointers to all the mirror cuts of other vertices
that it is contained in.
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» We also maintain a heap of the mirror cuts, prioritized by their cut-sizes.

Algorithm 6.8.1 (Deleting a mirror cut). Whenever the mirror cut of a node u changes from
S to S’, we remove u from the list of nodes stored at S, for which S is the mirror cut. We
check if this list becomes empty. If it is the case, we delete all pointers from and to the nodes
it contains and then delete the mirror cut and update the heap accordingly.

Lemma 6.8.2. Algorithm 6.8.1 takes O(v) time as a mirror cuts has volume O(v).

The high-level description of the Mirror Cuts Data Structure is as follows: During preprocessing
of this data structure, we build this data structure. To process an edge insertion, we note that
the edge insertion might increase the cut-size of the mirror cuts it is incident to. We must
therefore request LocalKCut on all the vertices whose stored cut has been affected by this
insertion, as the stored cut might not be the mirror cut anymore. Note that we can ensure
that not many such nodes exist. To process an edge deletion, we note that the deletion can
decrease the cut-size of a cut that was not a mirror cut before the deletion, but becomes one
after this deletion. We can find all such cuts by running LocalKCut from the endpoints of the
deleted edge.

We next give the details of this algorithm.

Algorithm 6.8.2 (Mirror Cuts Data Structure).

Input:

1. A mirror graph G'p, of graph GG, where edges can be inserted and deleted in batches
2. A maximum cut value A\ .x
3. A maximum volume value v

4. An approximation ratio 3
Data Structure:

1. For every node, we maintain its Mirror Cut and the corresponding value.

2. For every Mirror Cut, we maintain pointers from and to the vertices it contains in a
sorted list.

3. A LocalKCut data structure for Gp, with parameters Ayax, Vv, 3

4. A heap on the vertices prioritized by the cut-size of the associated mirror cut
Preprocessing:

1. Instantiate the LocalKCut data structure

2. Process every node using Algorithm 6.8.3.
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3. Instantiate the heap
Handling updates:

1. Update the LocalKCut data structure.
2. For every insertion of an edge (u,v):

a) Update the value of all maintained mirror cuts that contain exactly one of its
endpoints u or v. Update the heap accordingly.

b) Mark for processing all the nodes u whose maintained mirror cut has seen its value
increase because of the update.

3. For every deletion of an edge (u,v):

a) Update the value of all maintained mirror cuts that contain either v or v but not
both. Update the heap accordingly.

b) Mark for processing the endpoints of the deleted edge.
4. Call Algorithm 6.8.3 for all the nodes marked for processing.

Algorithm 6.8.3 (Processing). Input: a vertex v.

1. Issue a LocalKCut query for v, which returns a set of cuts S.

2. For every cut S € S with Og, S # 0, for every u € S, if S is a smaller cut than the
one maintained for wu:
(a) Build a data structure for S if S was no mirror cut before the update.
(b) Store S as mirror cut of u.

(c) Remove the old mirror cut of u
We first show the correctness of the above algorithm and then analyze its running time.

6.8.2 Correctness

Lemma 6.8.3. The Mirror Cuts Data Structure (Algorithm 6.8.2) maintains a mirror cut of
G for every vertex v € G according to partition Py .

Proof. We will prove this by induction on the number ¢ of batch updates. The base case
is clear, as after preprocessing, after all nodes are processed, the minimum local cut around
each node is found, as guaranteed by Theorem 6.5.1 and then stored. For the induction step,
assume that after update ¢, for ¢ > 0, we have that all cuts stored are mirror cuts.

Let u be a node and let S be its maintained mirror cut after the batch of updates ¢. Note
that .S could still be a mirror cut of w at time ¢ + 1, in which case there is nothing to do, and
no processing can change S into another cut. Indeed, Algorithm 6.8.3 will only overwrite it if
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it finds a smaller local cut, which is impossible. Assume next that there exists a local cut S’
such that u € S’ and 0,415 < 0;41S. By definition, we have that 9;,S < 9,S’. Then either
we have that the cut value of S has increased, or the one of S’ has decreased. In the first
case, an edge insertion (u,v) with u € S’, v ¢ S’ forces the processing of u. S’ is then found
by processing u, as S’ has small volume and thus is found by the request to LocalKCut. In
the second case, an edge deletion (u,v) with u € S, v ¢ S’ forces the processing of u, which
finds S’. Both processing steps will update the cut associated with u. n

6.8.3 Running time analysis

Lemma 6.8.4. Processing a vertex with Algorithm 6.8.3 takes O(?(Amax?)°?) time.

Proof. Each time we process a node, we make a request to LocalKCut. By Theorem 6.5.1,
each request takes O(%(Amaxv)??)) time. It outputs at most O(B2(Amaxv)°?) many cuts,
and each cut can update at most v many vertices, which in turn could each enforce the
deletion of one maintained cut, which takes O(v) time by Lemma 6.8.2. Hence, the deletions
of maintained cuts can take time O(5?(Amax?)??).

Moreover, each cut found by LocalKCut might need to be stored. In the worst case, each cut
needs to be created in the Mirror Cuts data structure, and be linked to all its vertices, this
takes time O(v). Overall, the running time is O(3?(Apaxv)??). O

Corollary 6.8.5. Preprocessing of the Mirror Cuts Data Structure (Algorithm 6.8.2) on a
mirror graph G'p, with m edges and n nodes takes O((m + )% (Amax?)°?) time.

Proof. By Theorem 6.5.1, Step 1 of preprocessing takes O(m@2(>\maxy)0(5)) time.
By Lemma 6.8.4, Step 2 takes O(n3%(Amax)?®@) time. Step 3 takes O(n) time. O

Corollary 6.8.6. Handling an edge deletion in Steps 3 and 4 in the Mirror Cuts Data Structure
(Algorithm 6.8.2) takes O(?(Amaxv)°?)) time.

Proof. Let e = (u,v) be a deleted edge. We start by arguing that there are not many mirror
cuts that need to be updated in Step 3a. Consider a mirror cut S containing node wu, that is,
there exists a node v’ such that S is the mirror cut of v/, and u € S. All of these cuts are
found by a request on node u to LocalKCut, which takes O(5?(Amax?)°?) time, and thus
there are at most O(5?(Amax)°?) such cuts. Hence, deleting an edge can affect at most
O(2(Amax?)°?) many cuts whose cut-size have to be updated. Finding those cuts in the
data structure is trivial as one can access all cuts including u or v from the endpoints of the
deleted edge and check in 0(1) whether they include both or only one vertex by looking at
the sorted list of nodes in each cut, and thus Step 3a takes O(3%(Amaxv)?®) time.

For Step 3b, the deleted edge marks two vertices for processing in Step 4. Processing both
endpoints of the deleted edge takes O(5%(Amaxv)??) time by Lemma 6.8.4, hence the result
follows. 0

Corollary 6.8.7. Handling an edge insertion in Steps 2 and 4 in the Mirror Cuts Data Structure
(Algorithm 6.8.2) takes O(*(Amaxv)??)) time.
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Proof. Let e = (u,v) be an inserted edge. We start by arguing that there are not many mirror
cuts that need to be updated in Step 2a. As in the case for edge deletions, consider a mirror
cut S containing node u, that is, there exists a node u' such that S is the mirror cut of «/,
and u € S. All of these cuts would be found by a request on node u to LocalKCut, which
takes O(3%(Amaxv)°?) time, and thus there are at most O(3(Amax?)°?) such cuts. Hence,
inserting an edge can affect at most O(5%(Amax)°?)) many cuts whose cut-size have to be
updated. Finding those cuts in the data structure is trivial as one can access all cuts including
u or v from the endpoints of the deleted edge and check in O(l) whether they include both
or only one vertex by looking at the sorted list of nodes in each cut, and thus Step 2a takes
O(82(Amax?)°P) time.

Each affected cut in Step 2a induces the marking in Step 2b for processing in Step 4 of all
of the nodes it is the mirror cut of, which there might be O(v) of. Hence, inserting an edge
can affect at most O(5?(Amax)?”) many nodes that all need to be processed, which takes
O(2(Amax?)°?) time each by Lemma 6.8.4, hence the result follows. O

Lemma 6.8.8. Handling a batch of updates with K edge updates takes
@) (K . 54()\maxy)o(5)> amortized update time.

Proof. Step 1 takes O (54()\maxy)o(5)) per edge by Theorem 6.5.1. The times for Step 2 and
Step 3 are discussed in the two corrolaries just above. O]

6.9 Static (1 + 9)-Approximate Minimum Proper Cut
Algorithm for a Restricted Minimum Cut Range

For this section, we assume that the data structure we present in Section 6.11 supports our
cluster decomposition.

Before diving into the dynamic algorithm, we present a simple static algorithm that we will
dynamize in later sections.

Theorem 6.9.1. Let G be an unweighted undirected graph. Let ¢ > 0. Let Ayin and Apax
be parameters with Ay < 1.2\ 0im = 2000%3/4_8”), and assume that the minimum proper cut
of G is at least A\yin. Let ¢ = 270U0™*n) apg § = 2=0We®*~“n) " Then there is an algorithm
that, if Vol(G) # O(*=):

~

. Computes a pre-cluster decomposition P, of G.

2. Computes a corresponding cluster decomposition Py
3. Creates the mirror graph Gp,.

4. Calls itself recursively on the contracted graph G /Px.

5. If the minimum proper cut of G is at most Ay, returns a (1+ 0)-approximation of the
minimum proper cut value.
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6. If the minimum proper cut of G is at most A,.x, maintains pointers to the cut that
achieves the minimum proper cut, and can return on request the nodes of the side S of
smaller volume in time O(|S|) or the cut-edges in time Ayan®L).

7. If the value of the minimum proper cut is strictly larger than Apy.x, report “\ > Aoy "

If Vol(G) = O(’\mT;X) the algorithm simply returns the minimum proper cut.

This algorithm runs in m'+°(") time.

The main idea is as follows: we first decompose the graph into expanders, then decompose the
expanders further into smaller connected graphs, called clusters, so that every minimum proper
cut S in the graph can be uncrossed for each cluster that it cuts. This step is decomposed
into two substeps, one is to compute the pre-cluster decomposition P, and then compute the
cluster decomposition Ps. In the end, S can be approximated either by a cut that consists of
a union of (full) clusters or by a local cut. We then contract the clusters and recurse on the
resulting graph, as clustering only once reduces the number of edges by an n°() factor only,
and thus we need to recurse multiple times before we get a graph of volume n°") on which
we can run any static algorithm.

We describe below first the data structure that the algorithm maintains during its computation
on the static graph. We then describe the algorithm, called APPROXMINCUT algorithm,
which basically instantiates the data structures it uses to compute the partition P, and then
calls itself recursively on the contracted graph. The main work in initializing and updating these
data structures is done in the subroutine UPDATEPARTITION , which is presented afterwards.
Note that we maintain one APPROXMINCUT data structure for each \.x, i.€., for each .

A ¢ = 270008 ) and that § < 1 with § < 0.04, which holds
poy Ogn max
3/4—c 3/470,’1) and

by our above choice of ¢ > 0, § = 20(s n) < 0.04. We set A\, = 20008

Amax < 1.2\, H = 38" = 2700082m) g — & 9-600g”"n) -, — 90(log!n) 34
1

= polylogn”

Note that % > 1. We also set v = 6.

Recall that o =

Algorithm 6.9.1 (Static Algorithm). The static algorithm works as follows:

Input:

1. An unweighted undirected graph GG with possibly parallel edges.
2. An integer Anin Such that the minimum proper cut of G is no less than A,.

3. An integer Amax With Amax < 1.2Amim = 20008"*7°) with ¢ > 0.

APPROXMINCUT Data Structure:
If G has volume Q(’\mT;‘X)

1. An approximation value [ = 8.

182



6.9. Static (1 + d)-Approximate Minimum Proper Cut Algorithm for a Restricted Minimum Cut

Range

2. An expansion parameter ¢ = 3% == 960" n)

3. A two-level partition P1, P, of G defined by a labeling of the edges as “intercluster”,
“intracluster” or “fragmented”.

noou

4. A labeling of each cluster C' as either “well-connected”, “poorly-connected”, or “frag-
mented”.

5. A labeling of each node as “checked” or “unchecked’.

6. An instance of Algorithm 6.11.1 which maintains the mirror graph Gp, and the con-
tracted graph G /P,. (See Theorem 6.11.1).

7. An instance of LocalKCut (Algorithm 6.5.1) on G where “intercluster” edges have been
removed, and Apax, V = 4’\%;*,6. (See Theorem 6.5.1)

8. An instance of Algorithm 6.8.2, the Mirror Cuts Data Structure, on Gp, and Ayax, V =
4’\“3%,6. (See Theorem 6.8.1)

9. A recursive call of the dynamic algorithm on G where “intercluster” edges have been
removed, with Ay = [1.2°] and A\pax = [1.2°71] for all i € Ny satisfying 1.2° < %.

10. A recursive call of Algorithm 6.9.1 on the contracted graph G /Px.
Rules for cluster classifications:

1. Initially, every cluster is “well-connected”.
2. Any cluster C' that satisfies 0C' < 3\ ax becomes “poorly-connected”

3. In Py, any cluster that is created by the fragmenting algorithm (Algorithm 6.6.1) be-
comes “fragmented” (note that a “poorly-connected” cluster that goes through the
fragmenting algorithm untouched still becomes “fragmented”). This overrides other
rules.

Processing:

(1) If the graph has volume O(’\mTf") run a connectivity algorithm then a static minimum
cut algorithm ([82]) on all connected components. If the graph has no edges, output
“N > Apax - In any case, stop this call to the algorithm.

(2) Compute an («, ¢')-boundary-linked expander decomposition of G, using the algorithm
in [77].

(3) Run UPDATEPARTITION (given below) to instantiate the APPROXMINCUT data struc-
ture.

(4) Run Algorithm 6.9.2 on each expander, which computes a pre-cluster decomposition P;.
Every time Algorithm 6.9.2 splits a cluster it calls UPDATEPARTITION to guarantee that
the APPROXMINCUT data structure reflects the current P;.

183



6.

FuLLy-DyNnaMIic MINIMUM CUT IN SUBPOLYNOMIAL TIME

(5) Run the fragmenting algorithm (Algorithm 6.6.1) on each “poorly connected” cluster from
P1 to get a cluster decomposition P,. Update the data structure accordingly.

(6) Call Algorithm 6.9.1 recursively on the contracted graph G /Ps.

(7) Return the smallest cut value found among the recursive call in Step 7 and the request
on the Mirror Cuts Data Structure (Algorithm 6.8.2), if this value is smaller than Ap.x.
Store the pointer to the cut that achieved this value (if the algorithm is required to return
cuts).

If either no cut is found or the smallest found cut is strictly larger than \.x, then report
N> Apax -

UPDATEPARTITION:

1. If not yet instantiated, instantiate P, by setting the label of every edge to “intracluster”.

2. Update Py, by changing the labels of the intercluster edges to “intercluster”. Update or
instantiate Items 4 and 6. Mark the vertices adjacent to a newly “intercluster” edge as
“unchecked”

3. Update or instantiate the recursive calls of the APPROXMINCUT algorithm that main-
tains Item 9 of the APPROXMINCUT data structure in increasing order of i, i.e. for all
suitable i starting from 0.

Stop this call to UPDATEPARTITION whenever a recursive call returns a cut, cut the
partition along this cut and run UPDATEPARTITION from scratch.

4. Update or instantiate every other structure in the APPROXMINCUT data structure.

6.9.1 Correctness of Algorithm 6.9.1

First, let's argue about the base case. For a graph with volume O(AT;”‘) the result holds by
correctness of the algorithms we call. This trivially satisfies the requirements of our algorithm.

Let us now argue in the general case. Note that if A > A,.«, the algorithm cannot find a cut
smaller than A« (as such a cut does not exist), and will report that A > A ax.

If A < Amax, then we need to show that for any minimum proper cut S in G, we can find a
(1 + 20)-approximate mincut S’ in G with either the calls to the Mirror Cuts Data Structure
(Algorithm 6.8.2) in Step 8 or the recursive call of Step ?. For this we rely on the following
lemma.

Lemma 6.9.2. In Algorithm 6.9.1, the contracted graph of Item 7 and the mirror clusters of
Item 8 preserve the cut values of the corresponding non-contracted cuts of G and given a cut
in one of them, one can reconstruct the corresponding cut in G.

Proof. This is immediate as they are contractions of the original graph, and thus preserve
cuts. O]

184



6.9. Static (1 + d)-Approximate Minimum Proper Cut Algorithm for a Restricted Minimum Cut

Range

As we prove in Lemma 6.9.8 in Section 6.9.2, the graph is decomposed into a valid cluster
pre-decomposition P;. As we show in Section 6.8, Algorithm 6.8.2 in Item 8 of our data
structure correctly finds all local cuts in the mirror graph G'p, at this level of the cluster
hierarchy. Step 7 of the APPROXMINCUT algorithm calls itself recursively, which ensures
the full cluster hierarchy is built until only one or two nodes are left. In the case where
Amin < A < Apax, by Proposition 6.7.13, the minimum proper cut can be approximated by
a local cut in a mirror graph or in the most-collapsed graph of the cluster hierarchy. Since
all such local cuts are computed in Item 8, and their minimum is returned in Step 7, this
completes the correctness proof if A < A,... Note that APPROXMINCUT algorithm only
returns a value in Step 7 and that it only returns the value of an existing cut in GG. In the case
where A > A\.«, since the algorithm only returns the value of an existing cut, it either outputs
a value strictly larger than \,,.«, or reports that A > A,.«. This concludes correctness.

6.9.2 Decomposing Expanders

In this subsection, we present an algorithm, called Algorithm 6.9.2, that implements Step 7 in
Algorithm 6.9.1. It takes as input an expander decomposition, and outputs a decomposition
such that every cluster C' with OC' > 3,5 contains no (1 — §)-boundary-sparse cut S with
0c(S) < Amax and Vol(S) < Apax/¢. It also maintains or instantiates an instance of the
Mirror Cuts Data Structure (Algorithm 6.8.2) for G'p, by calling UPDATEPARTITION when
needed.

This algorithm is very similar to the one in [59], but works with a different data structure,
described in Section 6.11. We include the new analysis here for completeness.

Algorithm 6.9.2 takes as input an expander decomposition, initializes the data structures, and
then repeatedly calls Algorithm 6.9.3 on each cluster until no cluster with an unchecked vertex
exists. Algorithm 6.9.3 performs the actual cut finding and graph cutting.

Each node stores a boolean value, which represents whether it is checked or unchecked. Intu-
itively, node v being checked means that LocalKCut has already been executed at v and the
cut-size of the returned cuts has already been taken into account, while being unchecked means
that LocalKCut needs to be executed at v. Algorithm 6.9.2 runs as subroutine Algorithm 6.9.3
that takes a cluster decomposition, a cluster C' of that decomposition together with a set of
unchecked vertices in C' as input and (a) either cuts the cluster along a (1 — d)-boundary
sparse cut or (b) certifies that no cut is (1 — §)-boundary sparse. Algorithm 6.9.2 repeats this
procedure until no cluster with minimum cut at least A,,;, containing a (1—9)-boundary-sparse
cut exists. Our algorithm will maintain the following invariant:

Invariant 6.9.1. For every cluster C' and every cut S C C such that S is (1 — 0)-boundary-
sparse in C, Vol(S) < ’\‘j‘% and Apin < w(S,C\ S) < Mnax, there exists a node v € S such
that v is unchecked.

The goal of the algorithm is not to miss any (1 — §)-boundary-sparse cut. We use procedure
LocalKCut to find such cuts. Checking node v refers to executing LocalKCut with v as starting
point. As we will show, it suffices to make sure that for every cut that might be boundary-
sparse there is at least one node in the cut on which the subroutine LocalKCut is requested
to guarantee that the cut is found.
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Note that if a set S C C has no edges leaving C, then w(S,V \ C) =0 < w(S,C\ S) and,
thus, S cannot be (1 — d)-boundary-sparse in C. Thus, vertices in C' that are not incident
to a boundary edge of C' do not need to be checked in C', i.e., we do not need to mark
them as unchecked. Hence, only vertices that are incident to a boundary edge are marked as
unchecked, all others are marked as checked.

We call the decomposition of the vertex set after the algorithm terminates the pre-cluster
decomposition.

Algorithm 6.9.2 (Decomposing Expanders). Input:

an («, ¢')-boundary-linked expander decomposition Vi, ..., V,, specified by edge labels.

Access to a LocalKCut instance on the graph where intercluster edges have been re-
moved.

The parameters \nax, Amin, V, 0.

set C < {Vi,..., Vi}.

Mark every node incident to an inter-expander edge as unchecked, and all other nodes
as checked.

While there exists in C a cluster C' satisfying 0C' > 3\ ax and containing an unchecked

vertex, we run the Find and Cut subroutine (Algorithm 6.9.3) on C', which might change
C.

Algorithm 6.9.3 (Find and Cut Subroutine). Input:

a pointer to a graph G, with a partition P, of G defined by a labeling of the edges.
a pointer to a set C' € P
a set of unchecked vertices satisfying Invariant 6.9.1

an instance of LocalKCut on G where intercluster edges have been removed.

For every unchecked vertex v in C':

1

2.

3.

Make a request to LocalKCut on v. Let S be the set of outputs from all LocalKCuts.

For every S € S:

Check if S is (1 — §)-boundary-sparse. If it is the case, cut the cluster along S, and run
UPDATEPARTITION thereby removing C' and creating two new clusters S and C'\ S in
‘P1, and mark any node incident to a newly cut edge as unchecked. The node v remains
unchecked. End the current call to Algorithm 6.9.3.

Mark the node v as checked and move on to the next unchecked vertex in C.
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Correctness

We need to show that Invariant 6.9.1 holds at the termination of Algorithm 6.9.2. For that,
we start by showing that the invariant holds before the while loop in Algorithm 6.9.2, and that
each step of Algorithm 6.9.3 which is called in the while loop of Algorithm 6.9.2 maintains
Invariant 6.9.1. Thus, the invariant holds after Algorithm 6.9.2 has terminated. As there are no
unchecked nodes left in clusters C' with 0C' < 3\« at that point in time, it follows that every
cluster C' with 9C' < 3\ . contains no (1 — §)-boundary-sparse cut S with 05(S) < Apmax
and Vol(S) < A\pax/o.

Lemma 6.9.3. Right after Step 2 in Algorithm 6.9.2, Invariant 6.9.1 holds.

Proof. Right after Step 2 every cluster is an expander in the expander decomposition. Thus,
any cut S in a cluster C' can only be (1 — §)-boundary-sparse if it contains a node v that is
incident to an inter-expander edge, that is, if w(S, V' \V;) # 0 as we have (1—0)w(S,V\V;) >
w(S,V;\'S) > 0, by the definition of boundary-sparsity. As all the nodes incident to all inter-
expander edges were marked as unchecked in Step 2, Invariant 6.9.1 holds. O

Lemma 6.9.4. Cutting a cluster C' along a (1 — §)-boundary-sparse cut C’, then marking
every node adjacent to an edge in E(C",C \ C") as “unchecked” maintains Invariant 6.9.1.

Proof. To show Invariant 6.9.1 we need to show that every (1 — d)-boundary sparse cut S in
C" with Vol(S) < A‘Tj" and w(S,C"\ S) < Amax contains an unchecked vertex. By symmetry
the same claim follows for C'\ C".

Assume by contradiction that there exists a (1 —§)-boundary sparse cut S with Vol(S) < ’\"%
and w(S,C"\ S) < Apax such that no vertex in S is unchecked after marking every node
adjacent to an edge in E(C’,C \ C") as “unchecked" , i.e. every vertex in S is checked. As
cutting does not change the marking of the vertices, this implies that (a) every vertex in S
was also checked in C, and (b) no edge incident to S was cut, i.e., became a new inter-cluster
edge as the endpoints of such edges are marked “unchecked” in Step 2 of Algorithm 6.9.3.
Specifically, there exists no edge from a node in S to a node in C'\ C’. To achieve a
contradiction we will show that S must have been (i) a (1 — d)-boundary-sparse cut in C, (ii)
that S has volume at most A\jyax /@, and (iii) Apin < w(S,C'\'S) < Apax- As, by assumption,
Invariant 6.9.1 was satisfied in C' before Step 2, it follows that S must have contained an
unchecked vertex in C, leading to a contradiction.

It remains to show (i) to (iii). We first show (i). Recall that C" C C. Then we know
that w(S,C"\ §) = w(S,C \ S), as otherwise there would be an edge from a node in S
to a node in C'\ C'. Thus w(S,C\ S) = w(S,C"\ 5) and w(S,V \ C") = w(S,V\ C).
Since C" is a (1 — 0)-boundary-sparse cut in C, we have that w(C’,C\ C") < (1 — §)w(C'\
C"V\C) <w(C\C',V\C). Also since S is (1 — §)-boundary sparse in C’, it holds that
w(S,C"\'S) < (1 —0)w(C"\ S,V \C).

187



6. FurLLy-DyNnaMmIic MINIMUM CUT IN SUBPOLYNOMIAL TIME

Therefore,

w(S,C\ S) = w(S,C"\ S)

Furthermore, since S is (1 — d)-boundary sparse in C”, it also holds that
w(S,C\ S) = w(S,C'\ 8) < (1 - 8)w(S,V\ ') = w(8,V\ C)
Thus S is (1 — §)-boundary sparse in C.

We next show (ii). As S C C' C C, it follows that the volume of S is the same, and thus, it
is at most Apax /0.

Finally we show (iii). As there exists no edge from a node in S to a node in C'\ " it follows
that w(S,C"\ S) = w(S,C \ S) and, thus, w(S,C\ S) = w(S,C"\ 5) < Apnax-

Thus (i) to (iii) hold, completing the proof of the lemma. O

Lemma 6.9.5. /f UPDATEPARTITION cuts along a cut C' in a cluster C, C" is (1 — §)-
boundary sparse in C'.

Proof. UPDATEPARTITION cuts along cuts that are returned by a recursive call from Item 9,
that is, where the cut-size is at most %. More specifically, in a cluster C, it cuts along a
cut C” which satisfies w(C’,C'\ C’) < 222 However, w(C’,C'\ ') + w(C", V' \ C) > Ain
by the assumptions of Theorem 6.9.1, and therefore, w(C", V' \ C) > A\uin — ’\‘g& > 0.7 A\max
(where we use that Apax < 1.2\i,). Similarly, w(C'\ C', V' \ C) > 0.7Apax. This proves that
C" is (1 — §)-boundary-sparse in C for 6 < 0.82, which holds for our choice of . O

Lemma 6.9.6. Each execution of Algorithm 6.9.3 maintains Invariant 6.9.1 if there are no
cuts of cut-size at most % in the cluster C' given as second parameter.

Proof. Step 1: Step 1 of Algorithm 6.9.3 neither affects the marking of vertices nor the
cluster decomposition and, thus, does not affect Invariant 6.9.1.

Step 2: We will next show that the invariant is maintained in Step 2. In Step 2 a cluster C'
is cut along a (1 — §)-boundary-sparse cut C" C C into a new cluster C' and into C'\ C’ and
the endpoints of new inter-cluster edges are marked as unchecked, whether this happens in
Algorithm 6.9.3 itself or the call to UPDATEPARTITION (Lemma 6.9.5), which by Lemma 6.9.4
maintains the invariant.

Step 3: It remains to show that the invariant is maintained in Step 3. If this step is executed,
(a) the status of only one node can change, namely the one of v and (b) the execution of the
for-loop for v modified neither the cluster decomposition nor the status of any other unchecked
node. Thus Invariant 6.9.1 continues to hold for all clusters that do not contain v. We need
to argue that it also holds for the (unique) cluster C, that contains v. For that, we will start
by making the following claim, which is crucial to ensure that LocalKCut finds all the cuts
necessary for our analysis:
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Claim 6.9.7. For any cluster C' and any subset @ C S C C, at any point outside of
UPDATEPARTITION, we have that oS > Amex.

Proof. Note that apart from inside UPDATEPARTITION , the only two steps in the algorithm
where P; changes is in Steps 7 and 7. Any change is immediately followed by a call to
UPDATEPARTITION , which then runs until 9c.S > 2max for all C' € Py, S C C, hence the
claim. O]

We now continue arguing about Step 3. Assume by contradiction that a cut S exists in cluster
C,, at the end of Step 3 such that S (a) is (1 — d)-boundary sparse in C,, (b) has volume at
most Amax/®, (c) satisfies w (S, C, \ ) < Amax, and (d) contains only checked vertices. As
Invariant 6.9.1 held at the beginning of Step 3, S must have had an unchecked vertex then
and as v is the only vertex whose status changed since then, v must belong to S.

By Claim 6.9.7, in C' there are no cuts of cut-size at most A“é&, and we have that 005 < A\pax.
Hence S is a 8-approximate minimum cut in C, and a call to LocalKCut with vertex v and
B = 8 is guaranteed to find S. and that LocalKCut is run with approximation parameter 5§ = 8
by Theorem 6.5.1. But then, as S is found, Algorithm 6.9.3 would have cut it instead in Step
2 instead of proceeding to Step 3 and of unchecking v, and thus we have a contradiction. [J

Now we can finish the correctness proof.

Lemma 6.9.8. /t holds that (a) at the termination of Algorithm 6.9.2 Invariant 6.9.1 holds;
(b) the partition P, computed by Algorithm 6.9.2 satisfies that no cluster C' with 0C' > 3\ ax
contains a (1 — 0)-boundary-sparse cut of cut-size at most Apax and volume at most AmTj" and
thus Py is a pre-cluster decomposition.

Proof. Since we only uncheck a vertex if it is contained in no cuts that are (1 — )-boundary-
sparse with cut value at most A,., and volume at most ’\%;" this lemma relies on Invari-
ant 6.9.1. By Lemma 6.9.3, the invariant holds at the beginning of the while loop in Algo-
rithm 6.9.2.

We now have to show that the invariant holds until the end of the while loop. This is now
immediate as the while loop is simply a call to Algorithm 6.9.3, and Algorithm 6.9.3 does not
affect the invariant by Lemma 6.9.6.

The fact that the while loops in Algorithm 6.9.2 ends when each cluster C' either satisfies
0C' < 3Anax or contains no unchecked vertex, together with Invariant 6.9.1, concludes the
proof. O

Bounding the number of inter-cluster edges

This subsection is dedicated to the analysis of the number of inter-cluster edges in our final
cluster decomposition, i.e., it proves Proposition 6.9.9.

Proposition 6.9.9. Let M be the number of inter-expander edges after the expander decom-
position in Algorithm 6.9.1. Then there are O (%) many inter-cluster edges in the cluster
decomposition after the execution of Step 7 of Algorithm 6.9.2.
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Consider the following rooted forest F' in which each node represents a cluster of G at some
point during the computation: the roots are the expanders output by the expander decomposi-
tion. For each node representing a cluster, its two children (if any) are the clusters formed by
splitting the corresponding cluster. By slight abuse of notation we do not distinguish between
clusters of the cluster decomposition and nodes in the forest.

Note that a cluster is always split along a (1 — §)-boundary-sparse cut, whether it is in
UPDATEPARTITION, Algorithm 6.9.3 or Algorithm 6.6.1.

We first show that the boundary-size of a node is always smaller than the one of its parent by
at least 0\ pin /2.

Lemma 6.9.10. Let C' be a node in F' and let S,C'\ S be its children. Then we have that
0C > max{0S,0(C \ S)} + (0 min)/2.

Proof. Since S is a (1 — §)-boundary-sparse cut, we have that

which implies that w(C'\ S,V \ C) > w(C'\ S, S). As it holds that w(C'\ S,V \ C) 4+ w(C'\
S,8) =0(C\ 'S) > Auin, it follows that w(C'\ S,V \ C) > 2uin,

The boundary-sparseness of S also implies that
0S = w(S,V\C)+w(S,C\S) < w(S,V\C)+(1-56)w(C\S,V\C) = 0C—-ow(C\S,V\C)

i.e.,

OC > 0S + 6w(C\ S,V \ C) > dS + Amin/2.

The same bound holds by symmetry for 9(C'\ S) and the result follows. O

Nonte that the lemma implies that 0C > 05 and O(C'\ S). Thus, along any path in F' from
a root to a leaf the boundary-size of the clusters strictly decreases. Specifically, if a cluster
has boundary-size less than some value, let's say 3\..«, then all its descendants in F' has
boundary-size less than 3)\,.x. We now look only at the subforest F’ of F' created from F' by
deleting from F' all internal nodes with boundary at most 3\ ... More formally, F” is defined
as follows: All roots of F' are also in F’, and moreover, for every C € F' with 0C' > 3Aax,
all its children in F are also in F’. However, for C € F’ with 0C < 3\,,.x, their children do
not belong to F”, i.e., C'is a leaf in F'. As discussed, F'\ F’ contains no node of boundary
larger than 3\ .x.

Lemma 6.9.11. The total number of inter-cluster edges of the leaves of F' is at most O(4}),
where M is the number of inter-expander edges output by the expander decomposition.

Proof. We count the number of inter-cluster edges by bounding the sum of the boundary-sizes
for every cluster that is a descendant of a root cluster V;. Any inter-cluster edge that is created
at some descendant of V; is also an inter-cluster edge at a leaf descendant of V; in F” since
clusters are never merged. Thus, it suffices to bound the sum of the boundary-sizes of the
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leaf descendants of V; in F”. Let C; contain exactly these clusters. We bound this sum by
splitting C; into two sums that we will analyze separately:

Soc= Y e+ Y acC

CECf CECf,@CSQ.Q)\maX CGCf,aC>2.2)\max

and we define

515: Z 80

CECf ,aCSQ-QAmax

and

SQ L= Z 80

CECy,0C>2.2Mmax

To proceed we will analyze the potential function ®(C) = Y e P(C) were (C) =
max{0,0C — 2.1\p.x}. Right after the computation of the expander decomposition the
cluster decomposition of V; only consists of V; itself (that is, an expander from the expander
decomposition). While computing the cluster decomposition, the algorithm might partition a
descendant C' of V;, replacing it by two new clusters C'; and C5 and making C; and C} its
children in F’. We show next that the sum of the potentials of the two children clusters is at
least (0Amin)/2 smaller than the potential of C'. To do so we analyze three cases:

1. If both €7 and Cj satisfy 0C4, 0Cy > 2.1\ .x, then the total potential changes by:

D(Cy) + D(Cy) — B(C) = IC) — 2.1\ max + ICs — 2.1\ max — OC + 2.1\ max
= —2. 1A max + 20(C1, C2) < —2.1 A max + 2Amax < —0.1 Amax

2. If wlog C and (5 satisfy 0C7 < 2.1A . < 0C5, then the total potential changes by:

@(Cl)—FCI)(CQ)—(I)(C) - 0+802_2-1)\max_80+2-1>\max - 802—80 S _(5)\m1n)/2
where the last inequality follows from Lemma 6.9.10.

3. If both C and (5 satisfy 0C1, 0C5 < 2.1\ ax, then the total potential changes by:

O(Cy) +D(Cy) —P(C) =040 —0C + 2.1 max < —0.9\ax

It follows that the potential drops by at least (0 Ani,)/2 each time when a cluster is split into
two smaller clusters.

We now bound the number of clusters in C; as follows: Since the potential drops by dApin/2
each time a cluster is split, and splitting a cluster only increases the number of clusters
by one, we know that the total number of clusters in Cy is at most 2@({@}) < 2/\8‘? . As

every cluster contributing to S; contributes at most 2.2\,,.y, it follows that S; is at most

max 6>\min 6>\min

For the second sum, Sy, note that if 9C' > 2.2y, then OC = O(®(C)). Recall that the
sum of potentials of the two children of a node in F” is less than the potential of the parent.
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It follows by induction that for any set of descendants of V; such that none is an ancestor of
the other, the sum of their potentials is less than the potential of V;. As the clusters in C}

fulfill this condition, it follows that S, = % cec,  O(2(C)) = O(®({V;})) = O (idmax).
0C>2.2 \max

Summing over all expanders, and using that Apax = O(Apin), we get the result. ]

We now look at the forest I = (F'\ F’) Uleaves(F"). The leaves of F” are the roots of F".
By the lemma above, we know that the sum of the boundaries of the roots of F is at most
O (%) We moreover know that any cluster C' with children in F” satisfies 0C' < 3\ ., and
thus the decomposition is made by fragmenting (Algorithm 6.6.1). This gives the following
lemma, which is a direct consequence of Theorem 6.6.1:

Lemma 6.9.12. The sum of the boundaries of the leaves of F" is at most O (%) where M

is the number of inter-expander edges output by the expander decomposition.

Running Time Analysis

Now we are ready to analyze the running time of the static algorithm.

Definition 6.9.13 (Responsible Vertex). Let u be a vertex. We say that u is responsible
for a cluster S if, in Algorithm 6.9.3, S was cut from its parent cluster after being found by
LocalKCut requested on vertex u.

Lemma 6.9.14. Let u be a vertex. Vertex u is responsible for at most O(%) many clusters
in I.

Proof. The first cut u is responsible for will reduce the volume of the cluster « is in to at most
’\“;%. Then every further cut will reduce this volume by at least \;, as it cuts a at least Ay,
edges out of the cluster. As A\yax/Amin = O(1) the lemma follows. O

This lemma is important, as after checking a node, it is not guaranteed to become unchecked,
as if a boundary-sparse cut of cut-size at least A, is found, a cut is made, but the node stays
unchecked. Hence this bounds how many times a vertex is being checked, that is, how many
times we need to run LocalKCut on any individual vertex. It follows that we can bound the
total number of call to LocalKCut.

Lemma 6.9.15. The total number of calls to LocalKCut in Algorithm 6.9.2 is O (M

= é) , where

M = O(m@) is the number of inter-expander edges.

Proof. A vertex only becomes unchecked when it is incident to an inter-cluster edge. By
Lemma 6.9.12 we have O (%) inter-cluster edges, and, thus, this bounds the total number
of times that a vertex becomes unchecked. From each unchecked vertex u we run a call to
LocalKCut requested on u in Item 1 of Algorithm 6.9.3. As Lemma 6.9.14 shows, after O(é)
such executions of Item 1 vertex u must become checked. Thus the total number of calls to
LocalKCut is as stated in the lemma. O
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We remind the reader of the following constants: ¢ > 0, A\pax < 1.2\ = 90(log™/ 1= n)
5 < 3 with § < 0.04,, ¢ = 2700 M) and 0 = —1___

Let us now discuss the number of recursive calls. Remember that G is the original graph with
m edges. We say that an instance of the algorithm is on level /¢ if it is run on a graph G’
that is obtained from GG by contracting it £ times in Item 10. For example, the instance A, of
original call contracts the graph and calls recursively the instance A;, which calls instance A,
on the same contracted graph with smaller A\, and Ay in Item 9. This instance then calls
instance A3 on another contracted graph, and Aj calls A4 in Item 9. Ay is on level 0, A; and
Ay are on level 1, A3 and A, are on level 2.

We also assign label i to each node in that tree where its A\, parameter is [1.2771].

Lemma 6.9.16. The number of levels of Algorithm 6.9.1 is O(log"/* n).

Proof. Let A be the number of edges input to an instance of the algorithm. Step 7 of the
algorithm creates M = O(A¢) many interexpander edges, as proven in [77]. Lemma 6.9.12
shows that then the number of intercluster edges, which is the number of edges in the input
graph of the ¢ 4 1-th recursive call is O(Agb : 5%) < %/4 for some a € R. Hence, the

9alog

number of edges at the r-th level of the cluster decomposition is at most W% This

shows that after r = %logl/4 n levels, the number of edges drops to less than O(1). [

Lemma 6.9.17. Let A; be an algorithm indexed on i that calls itself recursively, where A;
calls A; each at most once for every 0 < j < i. Overall, a call to A; runs at most 2! many
instances of the algorithm.

Proof. We prove the statement by induction on i. The case ¢ = 0 is straightforward. For the
inductive step, assume that a call to .A; runs 27 many instances of the algorithm for all j <,
and let us prove the statement for the case 7 + 1.

Let us consider a call to A; ;. We thus have a call to all of A; for 0 < j < i+ 1. By the
induction hypothesis, we have that the total number of instances called recursively is at most
Yo<jcit1 2/ = 271 — 1. Adding the instance A;; to that total concludes the proof. O

Lemma 6.9.18. Let us consider an instance labeled © on level ¢. This instance calls overall
at most 2° many instances on level (.

Proof. Remember that a call on such an instance calls recursively on the same graph with
Amin = [1.2°] and Apax = [1.2°71] for all # € Ny with 1.2° < A\,../8. We can ignore all
recursive calls on the contracted graphs, as those will only create calls on higher levels.

Let us look at the tree of recursive calls, Note that any children labeled j of a node labeled i

. . . ; L1-2i+1J 1.2¢+1 1.2¢+1 . .
must satisfy 7 + 10 < ¢ as we have 1.27 < S < =5 < S5 We relax this condition
and note that j + 1 < 4. Then, by Lemma 6.9.17, this creates at most 2! many recursive

calls. O

Lemma 6.9.19. The total number of recursive calls is n°Y).
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Proof. Note that every instance on level ¢ calls immediately exactly one instance on level £+ 1
in the limit of ¢ = O(v/logn) many levels, by Lemma 6.9.16. Moreover, every call on level ¢
and index i generates overall 2° many instances on level ¢, by Lemma 6.9.18.

Therefore, the initial call on level 0 and label i = O(log \) creates at most 2 many instances

on level 0. By induction, it is straightforward to see that there are at most 2/*1) many

instances on level /. Plugging in 1.2° = O(Ayax) We have that the total number of recursive
calls is equal to \O(Viegn) — 90(log'™"n), O

Theorem 6.9.20. The total running time of Algorithm 6.9.1 is O(m!+°(1)).

Proof. Let us first analyze one level of the recursion: Step ? takes O(m!'*°)) as proven
in [77]. It creates M = m¢ inter-expander edges.

Step 7 takes O(m) time.

By Lemma 6.9.15, Step ? runs LocalKCut a total of O (%é) times, each instance taking
, for a total of O(m!'*°())) time overall.

By Theorem 6.6.1, Step ? takes O(n°")) per intercluster edge at most. Steps 7, and ? take
O(m) time (excluding the recursive call).

By Theorem 6.11.1, the rest of the data structure can be maintained in O(m'*°(), as the
number of updates is upper-bounded by m and the volume is n°

By Lemma 6.9.16, the number of levels is n°1) . Hence the claim follows. O

6.10 The Dynamic Algorithm

The dynamic algorithm works as follows: at the beginning, the algorithm runs the static
algorithm, which sets up the data structure. In particular, on each layer, it provides a pre-
cluster decomposition P; and a corresponding cluster decomposition Ps.

We then maintain this data structure on each layer, by realizing that each intracluster edge
insertion and intercluster edge deletion cannot create any (1 — §)-boundary-sparse cut, while
for any other update, only a limited number of calls to LocalKCut suffice to find all newly
created (1 — §)-boundary-sparse cuts.

In fact, we will simply mark a few nodes after each update as unchecked, so as to make sure
that Invariant 6.9.1 holds, and then run the corresponding part of the algorithm again. The
goal is to have after each update a cluster decomposition as in Proposition 6.7.5.

Remember that we set ¢ > 0 My < 1.2\, = 2000g®47n) 5 < 2,\11m with 6 < 0.04.
¢ = 2-6(10g®*n) and o = — L Note that ¢ > 1 and that we assume § < 0.04. We further

polylogn b s
", h = O(log"*m), and p = 200ee"*n),

1/2

set 1) = 2008

For this section, we assume that the data structure we present in Section 6.11 supports our
cluster decomposition.

We describe below the main structure of the dynamic algorithm:
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Algorithm 6.10.1. Data Structure: The data structure is the same as the one of the static
algorithm (Algorithm 6.9.1).

Preprocessing:
noitemsep Run Algorithm 6.9.1

Processing updates:

1. If the graph has O(’\mT;“‘) nodes, run a connectivity algorithm then a static algorithm
([82]) on all connected components, and return the minimum cut found. If the graph
has no edges, output “\ > An.x - In any case, stop this call to the algorithm.

2. Run Algorithm 6.10.2. Algorithm 6.10.2 is the dynamic algorithm that maintains the
pre-cluster decomposition and the cluster decomposition

3. Maintain the contracted graph where each cluster output by Algorithm 6.10.2 is con-
tracted into a node, and call recursively Algorithm 6.10.1 on that contracted graph (as
described in Section 6.11)

4. Qutput the value of the minimum proper cut found among the cut returned by the
recursive call and the mirror clusters, if that value falls in [Amin, Amax]. Store pointers to
the corresponding cut. If the smallest cut found is larger than Ay.x (or no cut is found),
report “A > Ajax

Since the cluster decomposition satisfies the conditions of Proposition 6.7.5 at every point,
this proves correctness.

The subsections below will prove the following lemma:

Lemma 6.10.1. /n Algorithm 6.10.2:

1. The amortized recourse® per updated edge is O (%Amax>

2. At every time step, and every level, if m is the number of edges input on that level, the
number of intercluster edges in P, is at most O (%5;5) and thus the recursive call will
have as input at most O (?—f) edges.

3. The amortized update time is n°") on each level — excluding recursive calls.

Let us now discuss the number of recursive calls. Remember that G is the original graph with
m edges. As for the static algorithm, we say that an instance of the algorithm is on level
¢ if it is run on a graph G’ that is obtained from G by contracting it ¢ times in ltem 10 of
Algorithm 6.9.1. For example, the instance Aq of original call contracts the graph and calls
recursively the instance A;, which calls instance A5 on the same contracted graph with smaller
Amin @nd Apax in Item 9. This instance then calls instance A3 on another contracted graph,

2the recourse is the number of modifications to the edges of the contracted graph
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and Aj calls A4 in ltem 9. Ag is on level 0, A; and A, are on level 1, As and A, are on level
2.

We also assign label 7 to each node in that tree where its A\, parameter is L1.2i+1j.

Lemma 6.10.2. The number of levels of Algorithm 6.10.1 is O(log"/* n).

Proof. Let A be the number of edges input to an instance of the algorithm. By Lemma 6.10.1,
the number of edges on the next level is O (%’5) Hence, the number of edges at the r-th
level of the cluster decomposition is at most W}% for some a € R. This shows that after

r = Llog"*n levels, the number of edges drops to less than O(1). O

T a

Lemma 6.10.3. Let us consider an instance labeled i on level ¢. This instance calls overall
at most 2' many instances on level (.

Proof. Remember that a call on such an instance calls recursively on the same graph with
Amin = [1.2°] and Apax = [1.2°71] for all 4 € Ny with 1.2° < A\ ../8. We can ignore all
recursive calls on the contracted graphs, as those will only create calls on higher levels.

Let us look at the tree of recursive calls, Note that any children labeled j of a node labeled @

. . . ; \_1.2i+1J 1.9i+1 1.9i+1 . .
must satisfy j 4+ 10 < ¢ as we have 1.27 < S < =5 < 5o We relax this condition
and note that j + 1 < 4. Then, by Lemma 6.9.17, this creates at most 2° many recursive

calls. O

Lemma 6.10.4. The total number of recursive calls is n°").

Proof. Note that every instance on level ¢ calls immediately exactly one instance on level £+ 1
in the limit of ¢ = O(v/logn) many levels, by Lemma 6.10.2. Moreover, every call on level ¢
and index i generates overall 2¢ many instances on level /, by Lemma 6.10.3.

Therefore, the initial call on level 0 and label i = O(log \) creates at most 2° many instances
on level 0. By induction, it is straightforward to see that there are at most 2“1 many
instances on level £. Plugging in 1.2 = O(Anax) We have that the total number of recursive
calls is equal to \O(Viegn) — 90(log'™"n) O

Lemma 6.10.5. The amortized recourse computed over all recursion levels is n°(\).

Proof. The total recourse on the i-th level is O ((ﬁ)\max)i_l), as per Lemma 6.10.1. As

63
i = O(logi n) by the lemma above, we get that O ((%Amax)i*1> — 90(log'™n) _ po(l).
Summing over all levels of recursion gives us the desired result. O]

Lemma 6.10.6. The amortized running time over all levels is n°Y) in Algorithm 6.10.2.

Proof. Each recursion level receives an amortized number of n°) updates as per the previous
lemma, and requires n°(") amortized time to process the update, by Lemma 6.10.1. Hence,
on each level, after one update on the top level, the time to process that update is n°().
Summing over all levels gives us the desired result. O]

Lemma 6.10.7. In Algorithm 6.10.2, the total approximation ratio after all calls is 1.
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Proof. Each recursive call degrades the quality of the solution by a factor (1 + 2J) at most,
by Proposition 6.7.5.

Note that since we chose § < # all cuts smaller than \,.x are thus preserved by our
algorithm. This shows that our algorithm is exact on every level, and thus is exact overall. [

6.10.1 Proof of Lemma 6.10.1

In this subsection, we are given a graph with updates, and our goal is to maintain a cluster
decomposition of this graph such that no cluster contains a cut of cut-size at most A« that
is (1 — &)-boundary sparse. As in the static setting the main idea is to maintain a dynamic
expander decomposition which we refine further.

Definition 6.10.8 (Edge incident to a cluster). We say that an edge e = (u,v) is incident
to a cluster C' if either w or v (or both) are in C.

Algorithm 6.10.2 (Maintaining the cluster decomposition). Preprocessing: We run the static
algorithm on the initial graph, with the preprocessing of Theorem 6.3.5 for the expander
decomposition.

Handling updates: We give the next O(’%‘z’) updates to the dynamic expander decomposition
algorithm. Every change output by that algorithm is then processed in the following way:

1. Run UPDATEPARTITION (from Algorithm 6.9.1), which updates the partition P,
and the classification of the clusters as “well-connected”, “poorly-connected” or “frag-
mented”.

2. Mark the endpoints of the updated edges as unchecked.

3. Then, for each affected “well-connected” cluster C' (i.e. containing an endpoint of an
affected edge), find 2\, intercluster edges leaving that cluster whose endpoint in C
is checked, and mark their incident vertices in the cluster as unchecked.

4. While there exists in C (the cluster decomposition) a “well-connected” cluster C' with an
unchecked vertex, we run the Find and Cut subroutine (Algorithm 6.9.3) on C', which
might change C.

5. For every affected “poorly-connected” or “fragmented” cluster C, revert any “frag-
mented’ edges it contains to “intracluster”, and run Algorithm 6.6.1 on C'.

Every O(m?‘ﬁ) updates, we restart from scratch, i.e., we run the preprocessing step on the full
graph.

Rules for Cluster Classification:
1. By default, every cluster is “well-connected”

2. Any cluster C' that satisfies 0C' < 3\ .x becomes “poorly-connected”

3. Any cluster C' that satisfies 0C' > 6.« becomes “well-connected”
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”

4. In Py, any cluster that is the result of the fragmenting algorithm becomes “fragmented
(note that a “poorly-connected” cluster that goes through the fragmenting algorithm
untouched still becomes “fragmented”). This overrides other rules.

We start by showing the correctness of the algorithm.

Correctness

Lemma 6.10.9. Let C € P; be a cluster that satisfies Invariant 6.9.1 at time t. Assume
that between times t and t', C' is subject to updates, and that the Find and Cut subroutine
(Algorithm 6.9.3) is not run in between t and t' on the cluster’. If we mark every node
incident to an edge insertion or deletion as well as the nodes incident to 2\ ... intercluster
edges incident to C' apart from the edges inserted between t and t' as unchecked, then C
satisfies Invariant 6.9.1 at time t'.

Proof. Let S be, at time ¢/, a (1 — d)-boundary-sparse cut in C, with w(S,C\ S) < Apax,
and Vol(5) < ’\7;“ We need to show that S contains an unchecked vertex at time t'. We
have multiple cases:

Case 1: S contains an unchecked vertex at time t¢:

In that case, the same vertex is still unchecked at time #'. Indeed, since the Find and Cut
subroutine was not run between ¢ and t', no unchecked vertex becomes checked between the
two times.

Case 2: There is an edge with at least one endpoint in S that was inserted or deleted. That
update causes the corresponding endpoint to become unchecked. Since the Find and Cut
subroutine was not run between ¢ and ¢, this endpoint is still unchecked at time t'.

Case 3: If all vertices of S were checked at time ¢ and no edge update was incident to S
between ¢ and t: It follows by Invariant 6.9.1 that S was either:

label=(a) Not (1 — §)-boundary sparse at time ¢, or
Ibbel=(b) w(S,C \ S) > Amax at time ¢, or

lcbel=(c) Vol(S) > AmTf" at time ¢.

As at time t’ we have that w(S,C'\ S) and no edge update was incident to S between ¢ and
t', case (b) is impossible.

As at time t’ we have that Vol(.S) < A"j% and no edge update was incident to S between ¢
and t/, case (c) is impossible.
Let us thus look at case (a): Attime ¢, w(S,C\S) > (1—4§)-min{w(S, V\C),w(C\S,V\C)}.

Since no edge update was incident to S between ¢ and ¢/, we have that w(S,V \ C) and
w(S,C'\ S) remain unchanged between ¢ and ¢'.

3This can either be because the cluster is poorly-connected, fragmented, or because #' is the first time
after t where an update is incident to C'
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At time t/, by boundary sparseness, we have that w(S,C\ §) < (1 — §)w(S,V \ C). This
inequality also holds at time ¢, and since S is not (1 — §)-boundary sparse at time ¢, we must
have that at time ¢: w(S,C'\ S) > (1 —0)w(C'\ S,V \ C).

But, as we are not in case (b), at time ¢, we have that Ap.x > w(S,C'\ S) > (1 —d)w(C\
S,V \ C). Therefore w(C'\ S,V \ C) < 155 Amax < 2Amax as 6 € [0, 3.

We have two cases: (i): E(C,V \ C) contains at least 2\, many edges. As at least 2\«
many edges in E(C,V \ C) have their endpoints in C' unchecked, and there are strictly less
than 2\, in E(C\ S,V \ C), at least one edge in E(S,V \ C) has its endpoint in C
unchecked. That endpoint is in .S which concludes the proof.

(ii): E(C,V \ C) contains at most 2\, many edges. Since all of those edges have their
endpoints unchecked, it remains to show that one of them has an endpoint in S. This
is straightforward as S is boundary sparse at time ¢/, which implies that w(S,V \ C) >
=w(S,C\S) > 0. O

Remark 6.10.1. One can apply Lemma 6.10.9 for exactly one update between t and t’, which
is what we do when the cluster is “well-connected” both before and after the update.

Corollary 6.10.10. Assume that Invariant 6.9.1 holds at some time t. Assume the graph is
subject to t' — t updates. Then, in the partition Py maintained by Algorithm 6.10.2 at time t’
no “well-connected” cluster C' contains a cut S that is (1 — §)-boundary-sparse and such that
w(S,C\'S) < Apax and Vol(S) < ’\mT;*" In other words, Py is a pre-cluster decomposition.

Proof. This is a direct consequence of Lemma 6.9.6 and Lemma 6.10.9, as since there are
no cuts at time ¢’ in GG that are strictly smaller than A.;,, and Algorithm 6.10.2 ensures no
unchecked vertex remains in any “well-connected” cluster. O

Lemma 6.10.11. The partition P, maintained by the algorithm is a cluster decomposition
associated to the pre-cluster decomposition P; .

Proof. By Corollary 6.10.10, P; is a pre-cluster decomposition. As we rerun the fragment-
ing algorithm on any cluster that has been modified in P;, this ensures P, is the cluster
decomposition associated to P;. Il

This, together with Proposition 6.7.5 shows correctness.

Bounding the number of intercluster edges

We now take a look at the number of intercluster edges just before a new rebuild, and aim
to bound that number. For that, as for the static algorithm we build below a forest of all the
clusters that existed since the last rebuild, and analyze carefully the number of intercluster
edges at each node of this forest.

Formally, let M be the initial number of interexpander edges (after running the first static
expander decomposition) and R (for recourse) be the number of changes output by the dynamic
expander decomposition. We aim to bound the number of intercluster edges after all of the
updates before the next rebuild.
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For that, let T" be a time after an update. We build a forest F' of all the clusters ever created
between the last rebuild before T and time 1. The parent of each cluster is the cluster it
was cut off from when it was created. The roots are the expanders as output by the static
expander decomposition. We will denote by ¢(C') the time of cluster C, that is, the update
at which C' was split (if it is an internal node), or T" otherwise, and dC(t) the boundary of
cluster C' after update . Let w;(A, B) be the number of edges between A and B at time ¢.
Here, we assume that each update corresponds to one change output by the dynamic expander
decomposition.

For each cluster C' let L(C') be its boundary-size when it was split into two (if it is an internal
cluster) or its boundary-size at time 7" (if it is a leaf).

We will then, for the analysis, add marks to each cluster in P; as follows: A cluster C' that is
a root gets mark @ if L(C') > 3A\nax and ©® otherwise. Then, in BFS fashion, each cluster C
whose parent is marked @& gets marked @ if L(C') > 3Anax, and © otherwise. If its parent is
marked ©, it gets marked @ if L(C') > 6\ yax, and © otherwise

Intuitively, a @ labeled node is a cluster that is “well-connected” at the time it is split in two
or at time 7', and a ® is a “poorly-connected” cluster at time 7.

The goal is to show that the sum of the labels of the leaves is at most O(%). As M =

O(m¢) and R = O(ma), this will yield at most O(™%) many intercluster edges, which is
crucial for bounding the recourse, as well as the running time (which depends on the number
of intercluster edges).

We look at the following potential:
O(C) = max{0,0C(t(C)) — 2.1\ max }

and the total potential:

e{C} =2 2(C)

ceC

Let Cy be a node of F' that is marked & that is either a root of F' or has a parent labeled ©.
We start with C = {Cy} and at each step, we will replace one element from C marked @& with
its two children until all elements of C = C; are either leaves of F' or marked ©.

Lemma 6.10.12. Let C be a node in F' marked @ and S, C'\ S its children, where S is (1—0)-
boundary sparse in C. Then we have that OC(t(C)) > max{9dS(t(C)),d(C \ S)(t(C))} +

§>\min
2 .

Proof. In this proof, all quantities are considered at time ¢(C').

Since S is a (1 — ¢)-boundary-sparse cut, we have that w(S,C \ S) < (1 — ) min{w(S,V \
C),w(C\ S,V \C)}. Therefore, S = w(S,V\ C)+w(S,C\S) <w(S,V\C)+(1-
Hw(C\ S, V\C)<IC —déw(C\S,V\C).

But w(C'\ S, V\C)+w(C\S,S)=0(C\S) > Apin. Since w(C\S,V\C)>w(C\S,S)
(by boundary-sparsity of S), we have that w(C' \ S,V \ C) > 22 and the result follows by
symmetry for 9(C'\ 5). O
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Lemma 6.10.13. Let C € F be a set in C replaced with S and C'\ S. Let u(C), u(S) and
u(C'\ S) be the number of updates to S and C'\ S respectively for updates between t(C')
(excluded) and t(S),t(C \ S) (included).

Then ®(S) + ®(C'\ §) < (C) — Pmin 4 () + u(C'\ S) + 2u(0).

Proof. Recall that OC (t(C)) > 3Amax, which imply that ®(C) > 0.9\,.x. We then have five
cases:

= if both 9S(¢(9)),0(C \ S)(t(C\ S)) < 2.1\ max:
6 Amax

2(S)+2(C\ §) =0 < B(C) - 3

as @(C) — Pmax > .9\, — Pwax > (),

= if both 9S5(¢(S)),0(C \ S)(t(C \ 5)) > 2.1A\nax, and S is a cut that stems from the
recourse of the expander decomposition or other updates to the partition:

O(5) + &(C\ 5) = 5(t(S)) + AT\ S)(H(C\ 5)) = 2 X 2.1 Amax

2 ASHC)) + DO\ S)HC)) — 2 X 2. Thwe + u(S) + u(C\ )
< C(HC)) + 2wy (S, C\ S) — 2 X 2.1\ max + u(S) +u(C'\ S)

< (I)(C>+2)\max+zu(0)—2.1)\max+u(5)+u(0\s) < (I)(C)—a)\;nax

+u(S)+u(C\S)+2u(C)

Where (i) stems from the fact that between times ¢(C') and ¢(.S), at most u(S) many
edges got added to S and therefore 0S.

= if both 95(¢(5)),0(C \ S)(t(C'\ S)) > 2.1 pax, and S is a (1 — &)-boundary-sparse
cut of cut-size at most A ax:

B(S) + B(C'\ S) = DS(t(S)) + (C\ S)(H(C\ S)) — 2 X 2.1\

2 IS(t(C)) 4+ a(C\ S)(t(C)) — 2 x 2.1\ pax + u(S) + u(C'\ 5)
< IC((O)) + 2wyey(S,C\ S) =2 X 2.1\ pax + u(S) +u(C'\ S)

< B(C) + 2 max — 2-1hmax + u(S) + u(C'\ S) < (C) — 5A;1ax

+u(S) +u(C\S)

Where (i) stems from the fact that between times #(C') and ¢(.5), at most u(S) many
edges got added to S and therefore 0S.

» if wlog 0S(t(S)) < 2.1Apax and O(C'\ S)(t(C'\ S)) > 2.1\ pax, and S is a (1 — 6)-
boundary-sparse cut:

B(S) + D(C\ ) = 04 A(C\ S)(H(C\ S)) — 2. T hmas
<040(C\ S)(H(C)) + u(C\ §) — 2. Ly
< oC(t(C)) — wt(c)<5, V\C)+ wt(c)(S,C \S)+u(C\S) — 2.1\ ax

2 B(C) = e (5, V' \ C) + u(C\ S)
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Where (ii) follows from the (1 — §) boundary-sparsity of S at time ¢(C'). We conclude
using the following claim:

Claim 6.10.14. For any cluster C' and (1 — §)-boundary sparse cut S C C, we have
that w(S,V \ C) > Auin,

Proof. Assume by contradiction that we have w(S,V \ C) < 2z We are going to

show that in that case, 0S5 < A, holds, a contradiction. By boundary sparsity, we
have that w(S,C\ S) < (1 — &)w(S,V \ C) < (1 — 6)2z=, and therefore, 0S5 =
w(S,C\S)+w(S,V\C) < Anin. [

= if wlog 0S(t(S5)) < 2.1Amax and O(C'\ S)(E(C'\ S)) > 2.1\ nax, and S is a cut that
stems from the recourse of the expander decomposition or other updates to the partition,
that is not boundary-sparse:

B(S) + D(C\ §) = 0+ (C\ S)(EC\ §)) — 2.1 A
<04+ 0(C\ S)(HE)) + u(C\ S) — 2 e
< 8(](75((])) — wt(c)(S, |4 \ C) + wt(c)(S,C \ S) + U(C \ S) — 2.1 nax
(i)

(C) = 6Amax + 2u(C) + u(C'\ )

Where (i) follows from the the fact that S is non-boundary sparse and thus u(C) >
Wiy (S,C\ S) > (1 = 8)wycy(S,V \ C) and thus u(C) > Aain,

]

Lemma 6.10.15. The sum of all the labels of the leaves of I’ does not exceed O (@).

Proof. Let us consider one cluster Cy be a node of F' that is marked @ that is either a root
of F' or has a parent labeled ®, and we consider all elements of F' that are reachable form Cj
only through paths with innner nodes marked &. We start with ®(Cj) = O(9Cy(to) +u(Ch)),
where %, is the time of the last rebuild. By Lemma 6.10.13, the potential decreases by at
least Pmin — 4 (S) — u(C'\ S) + 2u(C) every time we replace a cluster C' by its children
S and C'\ S. Therefore, after X many replacements each of which increases the number
of clusters by 1, the potential is at most ®(Cp) — X 2min 4 35y u(C) < (Co) +
U(Cy) — X‘”Tm“‘, where F'(Cy) is the component of Cj with inner nodes marked @ in F' and
U(Co) = 3 X cer(cy) u(C). The potential being positive, we have that X = O (M)

6)\min
and thus we have O (W) many clusters descendents of Cj in F' as described above.

Let C;(Cp) be the set of all leaves in the component of Cj in F'. Recall that L(C') = 9C(¢(C).
We then have:

> LOy= > LO+ ) LO)
CECf(Co) CGCf(Co) CGCf(Co)
L(C)<2.2Amax L(C)>2.2Amax
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In the first sum, we know the that the total number of clusters is at most O
For the second sum, note that if L(C') > 2.2\ ,ax, then L(C) = O(®(C)).

<1>(C0)+U(Co))
5>\min ’

<0 (CD(C()) il U<C°>> 22\max + D O(®(0))
Amin CeCys(Co)
L(C)>2.2Amax

<0 <<I>(Co)—gU(Co)> L O(B(CH () = O ((I)(CO);U(CO)>

For the last equality, recall that the sum of potentials of the two children of a node in Fis less
than the potential of the parent to which we add the number of updates made to the children.
It follows by induction that for any set of descendants of Cy such that none is an ancestor of
the other, the sum of their potentials is less than the potential of Cjy+U(C)). As the clusters
in C'(Co) fulfill this condition, it follows that 3= cec;(cy) O(®(C)) = O(®({Co} + U(Ch)).
0C>2.2 max

Summing over all such choices of Cy in F', we get that the sum of the boundaries of all leaves
of F' with a parent marked @ does not exceed O(P({Co} + U(Cy)), where Cy is the set of all
Cy as described in the beginning of this proof.

Let us now estimate ®(Cy). In Cy, we have the roots in F' that are an output from the static
expander decomposition, as well as nodes marked @& whose parents are marked ®. The sum
of the boundaries of the expanders is M initially, and does not exceed M + R when they are
cut. The sum of the boudaries of the nodes marked & whose parents are marked ©® is at most
O(R), as they have ancestors with boundary-size at most 3\ ,,.x while they have boundary-size
at least 6Aax. This boundary increase can only be due to the recourse R.

Therefore ®(Cy) = O(M + R).

Finally, notice that all other leaves of F' have boundary at most O(M + R) as well, as all
nodes that are marked ® who are roots or have a node marked & have boundary at most
O(M + R) by the above analysis. The boundary of their children can only increase due to the
partition changing, which is due to recourse, and thus the boundary-size of their descendents
is at most O(M + R) as well. O

Lemma 6.10.16. The number of intercluster edges in Py is O (%).

The number of intercluster edges in Py (that is, edges labeled “intercluster” or “fragmented”

in our algorithm) is O (M;gR).

Proof. The first statement is immediate from Lemma 6.10.15.

For the second statement, by Theorem 6.6.1, fragmenting a cluster increases its boundary-size
by at most a S%poly log n factor. Applying that on all “poorly-connected” clusters in P; gives
the result. O
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Running time

Lemma 6.10.17. The total number of times, over the O(™2) updates to the input of Algo-

M+R Amax )
6 /-

rithm 6.10.2, we process an unchecked vertex is O~

Proof. Let us first estimate the number of nodes that get marked as unchecked overall (count-
ing a node that has been unchecked multiple times with multiplicity):

We divide the nodes that were unchecked at some point in two categories: nodes that were
adjacent to an edge update, and nodes that we adjacent to an edge that became an intercluster
edge. Any edge that was an intercluster edge and then deleted belongs to the first category.

Nodes that were adjacent to an edge update are at most R many. Nodes that were adjacent
to an edge that was cut are at most O(M+R) many, as there are O(M+R) many such edges in
the decomposition P; by Lemma 6.10.16, and any intercluster edge in a prior decomposition
is either a deleted edge or an intercluster edge in Py, as we do not merge clusters.

In the worst case, all updates are made to a “well-connected” cluster in (&, and thus we need
to add 2\ .. unchecked nodes. Moreover, while processing an unchecked node, we might find
a cut that needs to be split from the original cluster. In that case, we have to process the
node again, but this can happen at most % times as per Lemma 6.9.14. O
Lemma 6.10.18. The total number of times, over the O(m?(f’) updates to the input of Algo-

rithm 6.10.2, we run the fragmenting algorithm is O(M+R).

Proof. Each intercluster edge in P; can result in at most two runs of the fragmenting algorithm
(one the cluster at each endpoint). Moreover, any edge update can also result in at most two
runs of the fragmenting algorithm. Since there are at most O(#£) of these edges, the result
follows. m

Corollary 6.10.19. The total recourse of the algorithm over the O(mT‘b) updates to the input
of Algorithm 6.10.2 is O (" Amax )

Proof. At any given time, there are at most O(mT¢) many intercluster edges in P, by
Lemma 6.10.16. Since P; only gets refined over time, this yields O(de’) recourse.

Moreover, there are at most O(JV[+R) calls to the fragmenting algorithm, and as many re-

versions of whatever changes these calls made. Each of these calls make at most O(%)
changes by Theorem 6.6.1, hence the result. n

Corollary 6.10.20. As A\ = n°Y and ¢ = n=°W, the total running time of Algo-
rithm 6.10.2 between two rebuilds, exc/ud/ng recursive calls, is (M + R) - n°) = mi+ol).

Proof. As per Theorem 6.5.1, amortized update time and request time to LocalKCut is
O (64(/\maxz/)o(5)) with 3 = O(1), and therefore all calls to LocalKCut — outside of the

fragmenting algorithm — need O(234()\,.,v)°P) = (M + R) - n°® time. This is also
an upper bound to the number of nodes that need to be unchecked, as each LocalKCut is
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ran on an unchecked vertex. Furthermore, we need to update the data structure, which takes
amortized time n°Y) per update, by Theorem 6.11.1, as the graph has initial volume m and
is subject to updates of volume m¢ between two rebuilds. O]

This proves the following lemma:

Lemma 6.10.1. /n Algorithm 6.10.2:

1. The amortized recourse* per updated edge is O (5%)\%“)

2. At every time step, and every level, if m is the number of edges input on that level, the
number of intercluster edges in Py is at most O (%ﬁ) and thus the recursive call will

have as input at most O (%’) edges.

3. The amortized update time is n°Y) on each level — excluding recursive calls.

Proof. Item 1. is immediate from Corollary 6.10.19 as we can amortize the recourse over all
updates between two rebuilds.

Item 2. is a direct application of Lemma 6.10.16, where we note that between two rebuilds,
the decomposition is only refined, and thus the number of intercluster edges just before the

next rebuild is an upper bound on the number of intercluster edges at any point since the last
rebuild.

Item 3. is proven in Corollary 6.10.20. [

6.11 Data Structure

This section is dedicated to proving the following theorem:

Theorem 6.11.1. Consider a fully-dynamic graph G, two (dynamic) partitions P, and P
of G. (G can be subject to edge insertions or deletions, and P, can only be subject to splits
(that is, replace a cluster C € Py by C'\ S and S for some S C C'), while in Py, in addition
to splits, clusters of volume at most v (for some parameter v € N, ) are allowed to merge
back to larger clusters. Py and P, are encoded by a labeling of the edges as “intracluster”,
“intercluster”, and “fragmented”, that is, P, is formed by the connected components formed
by looking only at the edges labeled “intracluster” and “fragmented”, while Ps, a refinement
of Py, is formed by the connected components formed by looking only at the edges labeled
“intracluster”. Each vertex, if it is a vertex obtained by the contraction of other vertices, has
a label representing the inner volume of the contracted cluster it represents.

There exists a data structure that maintains the mirror graph Gp, and the contracted graph
G /Py of G. G /Py should have, as vertex labels, the inner volume of the cluster the vertex
represents. Over U many edge updates, it has é(m + Uv) running time (preprocessing +
update handling). Moreover, for any request on a set S C C for C € P, it can output in
time O(Vol(S)) whether or not S is (1 — &)-boundary-sparse. It can also store for each node,
edge and cluster a set of constant size of parameters accessible in constant time.

“the recourse is the number of modifications to the edges of the contracted graph
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We need a data structure that enables us to efficiently compute all the values and get the
correct pointers at all times. This includes, for every cluster C', access to its boundary edges,
and its boundary-size. We should also be able to compute efficiently, for any cut S of volume
at most O(v) inside C, whether or not it is boundary sparse, that is we need w(S,C'\ S) and
w(S,V \ C). We also need for each node to know in which cluster it is, and whether it is
checked or unchecked.

For that, we have the following algorithm:

Algorithm 6.11.1.

Input: A fully-dynamic graph G under edge insertions, deletions, update of vertex and edge
labels.

Maintained variables:

= for each node:

— a pointer to the cluster it is currently in
— a pointer to each of the edges it is incident to

— other node parameters
= for each edge:

— a pointer to its endpoints

— Whether it is an “intercluster”, “intracluster” or “fragmented” edge

— other edge parameters

= for each cluster C' in Py or Py:

a list of the nodes that constitute this cluster

the boundary-size of the cluster

— the inner volume of the cluster

a list of all edges on its boundary

other cluster parameters
= for each cluster C' in Py:
— a mirror cluster C' = G/(G \ C)

= an instance of Minimum Spanning Forest (Theorem 6.5.5) on intracluster and frag-
mented edges which can output whether or not two nodes are in the same P, component
in O(1) time.

= an instance of Minimum Spanning Forest (Theorem 6.5.5) on intracluster edges which
can output whether or not two nodes are in the same Py component in O(1) time.

a contracted graph G /P
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Preprocessing:

1. Instantiate the Minimum Spanning Forests

2. Compute the connected components (or clusters) of the graph G where only edges
labeled “intracluster” or “fragmented” are considered, to get P;.

3. Compute the connected components (or clusters) of the graph G where only edges
labeled “intracluster” are considered, to get Ps.

4. Traverse each cluster in Py, creating its mirror cluster.

5. Create a node to represent each cluster in Py or Py and add pointers from and to all
the nodes it contains.

6. Traverse each cluster in Py to create the contracted graph.
Handling a split (in either Py or Py or both) specified by a set of edges changing their labels:

1. Update the Minimum Spanning Forests

2. Choose an updated edge, explore in lockstep the connected component on each side
of that edge (for both/either Py and/or P;). Once one connected component S is
completely uncovered, stop the exploration.

3. Create a new node for the new (smaller) cluster, and update all the pointers to the
nodes it contains to the new cluster, as well as the edges on its boundary. This also
updates the old cluster into the new bigger cluster.

4. Update the edges in the mirror graph if P, changes.
5. Update the edges in the contracted graph if P, changes.

6. Compute the boundary and inner volume of the smaller cluster, store them and use it
to update the boundary and inner volume of the bigger cluster.

Handling an edge deletion:

1. Update the inner volume of the cluster it is in, and the corresponding label in the
contracted graph.

2. Update the mirror cluster in which the edge is, if necessary
3. Update the Minimum Spanning forest

4. If the two endpoints are now in different connected components of the minimum spanning
forest, run the steps in “Handling a split specified by a set of edges changing their label”.

Handling an “intracluster” or “fragmented” edge insertion in Py, or an “intracluster” edge
insertion in Psy:
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1. In Py, if one of its endpoints is an isolated vertex, add it to the cluster of the other
endpoint, updating the pointers accordingly

2. In Py, look if the two endpoints are in the same connected component. If they are not,
explore in lockstep the connected components of both endpoints. When one component
is completely explored, delete the corresponding cluster and add the vertices to the
cluster of the other endpoint. Update the pointers accordingly.

3. Update the inner volume of the corresponding cluster and that volume in the contracted
graph

4. Update the mirror graph accordingly

5. Update the Minimum Spanning Forest
Handling any other update:
1. Trivially update all data structures related to that update.

We start by arguing that only allowing cluster splits (ignoring merging of components in P
for the moment) allows us to ensure the update time can be amortized to the preprocessing
time. We call the union graph between two updates t, and t, the graph that is the union of
all edges that appears at least once between updates t; and 5, that is, an edge that either
exists already at update ¢, or is inserted at any point between times ¢; and t,.

One main argument that is useful throughout is the fact that if we maintain this data structure
on a decomposition of the graph, such that the only allowed operations are to rebuild from
scratch the whole decomposition or to split a cluster such that splitting a cluster only takes
time proportional to the smaller side of the cut, then the data structure can be maintained
efficiently:

Lemma 6.11.2. Let P be a (dynamic) partition of G, where G has U many updates and
initially contains m edges. Suppose that P starts as P = {V'}, and can be subject to splits
during those updates, that is, an element C' in P can be replaced by C'\ S and S, for some
S C C. Let D be a data structure on G' and P with preprocessing time m1' such that it takes
time T'- min{Vol(S), Vol(C' \ S)} to handle a split, for some T" > 0.

Then over all the updates, maintaining D takes O((m + U)T) time overall.

Proof. Let us consider the union graph over the updates. This graph has m + U edges at
most. For any set X, let Vol"(X) be the volume of X in the union graph. Then, at any point
in time, Vol(X) < Vol*(X).

Let us now consider a split of C' into S and C'\ S, and assume it happens after update t.
Assume that, w.l.o.g., at time ¢, we have that Vol(S) < Vol(C'\ S). Then, at time ¢, we have
that Vol(S) < Vol*(S) and Vol(C'\ S) < Vol*(C'\ 5). In particular, Vol(S) < Vol*(C'\ S)
and thus Vol(S) < min{Vol*(5), Vol*(C'\ S)}.

Hence, if we look at the union graph, each split costs at most the side of the smallest volume
(up to a factor T'). Whenever a split is made, assign to each edge on the smaller side of the cut
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a cost of T', where the sum of all the costs is thus higher than the time spent processing the
split. Consider the half-edges (also called stubs), where each half-edge of an edge is assigned
to one of the incident vertices. Then the volume of a node is the number of half-edges assigned
to it, and the volume of a subset is the number of half-edges assigned to one of its vertices.
Since each half-edge can only be on the smallest side of the split log(m + U) times, each
half-edge is assigned at most cost log(m + U)T. Summing over all half-edges and adding the
preprocessing time concludes the proof. Il

Corollary 6.11.3. Let P be a dynamic partition of G, where G has updates of total volume
U and initially contains m edges. Suppose that P starts as C = {V'} and can be subject to
splits during those updates, as well as merges where the volume of the smaller cluster being
merged is at most v.

Let D be a data structure on G and P that with preprocessing time m’I' such that it takes
time T'- min{Vol(S), Vol(C'\ S)} to handle a split, for some T" > 0. Then, over all updates,
maintaining D takes O((m + Uv)T) time overall.

Proof. Whenever a merge is observed, simply simulate it by deleting the smaller cluster to
merge, and inserting it again inside the cluster it is merged to. Il

Lemma 6.11.4. Algorithm 6.11.1 handles a split of a cluster C' into S and C'\ S with
Vol(S) < Vol(C'\ S) in O(Vol(S)) time.

Proof. Let us first consider that the split is encoded by a change of labels of the edges:

Step 1 takes O(Vol(S)log*n) by Theorem 6.5.5, as there are at most Vol(S) many edges
deleted from the instance. Steps 2, 3 4 and 5 take O(Vol(S)) time as well. In Step 6,
computing the boundary and the inner volume of S takes O(Vol(S)) time, and the inner
volume and boundary-size of the new bigger cluster C'\ S can be computed in O(Vol(S))
time from the values for C' using vol™(C) = vol™(C \ S) + vol™(S) + w(S,C \ S) and
0C =05+0C\ S —w(S,C\S9).

If the split is encoded as an intracluster edge deletion, note that the first three steps take O(1)
time, and the fourth step is the same as the ones analyzed above. O

Lemma 6.11.5. For Py, Algorithm 6.11.1 handles any update other that a split in O(1) time.

Proof. This is immediate as every step takes O(1) time. O

Lemma 6.11.6. For P,, Algorithm 6.11.1 handles any update other that a split in O(v) time.

Proof. This is immediate as every step takes O(1) time, apart from when the update merges
two clusters back together, which takes time O(v) where v is the volume of the smaller of the
two clusters. as v < v, the result follows. O

These three lemmata together with Lemma 6.11.2 prove the running time claimed in Theo-
rem 6.11.1. It remains to show that we can compute whether a cut is (1 — d)boundary sparse
efficiently.
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Lemma 6.11.7. With our data structure, checking whether a cut S in cluster C' is (1 — J)-
boundary sparse takes O(Vol(S)) time.

Proof. We need to compute three quantities: w(S,C\ S), w(S,V \ C) and w(C'\ S,V \ C).
The first two ones can be trivially computed in O(Vol(S)). The third one can be computed
using the value stored at C' as 9C: 0C = w(C'\ S,V \ C) +w(S,V \ C). O

6.12 Dealing with Weighted Graphs

In this section, we will present a way to sample a graph where edges have integer weights.
For that, we extend the weight function described above so that w(e) is the weight of edge e.
Again, we will rely on the edge-sampling approach of Karger [93] to solve the problem.

The idea is as follows: If we estimate the minimum cut to be between \; = 1.1° and \j1; =
1.1""1, sampling for each edge e a binomial random variable X (e) with parameters w(e) and

; = 5421/3” and define G; to be the graph obtained from G by replacing each edge with X(e)
parallel edges. Then, with high probability, every cut in G; has a value that is at most a (1 —¢)
factor away from its expectation.

However, a binomial distribution cannot trivially be sampled efficiently. The naive strategy,
that is, to sample w(e) many Binomial random variables with probability p;, takes O(w(e))
time, which can be too large. Instead, we note that we only need to preserve the cuts whose
value is at most A\y.y in G;. Indeed, for any cut that has value strictly larger than Ay in
G, we do not mind that its value is a (1 — €) factor away from its expected value, we only
need that it stays above \,.. so that our algorithm discards it. Therefore, we only need
to exactly compute Y (e), the random variable defined as follows: Y(e) = X(e)1[X(e) <
Amax) + (Amax + 1)L[Xe > Amax], and define G; to be the graph obtained from G by replacing
each edge with Y (e) parallel edges.

The rest of this section formalizes these ideas.

Definition 6.12.1 (Karger sparsification with integer weights ). In the case of integer weights,
the sampled graph G; is defined as follows. Let p; = 5321;" and Apax = 1.1(1 + €)2422 . For
every edge e € E(G), let X(e) be an independent Binomial random variable of parameters

w(e), p;. DefineY (e) as follows:

¥(e) = X(e) if X(e) <\
Amax T 1 X(€) > Anax

max

Let G; be the graph obtained from G by replacing each edge with X (e) parallel edges, and
G to be the graph obtained from G by replacing each edge with Y (e) parallel edges.

Note that we will only compute Y (e) for every edge e, and thus only compute G;, not G;.
However, GG; and X will be useful for our analysis.

Lemma 6.12.2. In G;, let S be a cut of value ¢ < Ayax. Then, with high probability, its
value in G is in [(1 — €)=, (1 +¢€)-]. Moreover, if S also is the minimum cut of G;, then with
high probability, it is a minimum cut of .
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Proof. If ¢ < Apax, then for every cut-edge e, we have that Y(e) < Amax, and thus X (e) <
Amax- | herefore, the value of the cut is the same in G; and ;. By Theorem 6.2.5, we thus have
that if ¢’ is the value of the cut S in G, then with high probability, (I—€e)pid < e < (1+€)pc.

This translates to ¢’ < - < <S(l+e€ andd > P S(L—e).

In the case where S is also the minimum cut of (G;, note that any other cut S’ falls in one of two
cases: Either all its cut edges e satisfy Y'(e) < Anax and thus 955" = 95,5’ > 0, S = 9,5
Or there exists a cut edge e such that Y(e) = Apax + 1 and thus 955" > X(e) > Apax >
0, S = 0g,S. Therefore S'is also a minimum cut in G, and by Theorem 6.2.5, it corresponds
to the minimum cut in G. O

Lemma 6.12.3. We can sample G; in O(mM2 ) time.

max

Proof. For each edge e of weight w(e), we will show that we can sample Y'(e) in A2 time.
For that, note that:

(w]ie))pzk(l - pz)k |f k S /\max
Amax + 1 otherwise

P(Y(e)=k)= {

kx--x1
in O(k) = O(Amax) time for every k < Apax. Hence, computing every probability P(Y (e) = k)
for k < Amax takes O(\2_ ) time, and P(Y (€) = Apax + 1) can be deduced in O(Ap.y) time.

max

Writing (wl(:)) = wlepex(uwle)=k+l) \ve can see that every (wl(f))pik(l — p;)* can be computed

To sample Y'(e), all we have to do is thus sample uniformly at random y(e) in [0, 1], and set
Y (e) to be the smallest integer j such that >7_ P(Y(e) = k) > y(e). O

We now discuss how to sample G; in the case where real weights are allowed, but no parallel
edges are. First note that any edge of weight at most % can be discarded. Indeed, for any
cut S, at most n? edges cross the cut, and thus at most €\; weight could have been discarded.

This preserves the (1 + €)-approximation.

We then replace each weight with the closest integer multiple of -, where z; = [6 W Indeed,
thIS ensures that the difference between any old weight and newly aSS|gned weight is at most
4. Similarly to before, this ensures that it only affects the cut-size of the cut by a (1 +¢)
factor.

Finally, we multiply each edge weight by x; to get integer weights, sample as above with

;= 524/\1?_ Notice how we reduce p; to correct for the fact that the weights got multiplied

by z;.

Definition 6.12.4 (Karger sparsification with real weights). In the case of real weights, the

sampled graph G; is defined as follows. Define x; = [%W and w;(e) € N such that w’(e) <

w(e) < % Let p; = 5% and Apax = 1.1(1 + €)>82. For every edge ¢ € E(G) let
X(e) be an independent Binomial random variable of parameters w;(e),p;. Define Y (e) as

follows: .
Y(e) = {X(e) if X (e

)S max
Amax T 1 X(€) > A\pax
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Let G; be G with @; as a weight function. Let G; be the graph obtained from G by replacing
each edge with X (e) parallel edges, and G; to be the graph obtained from G by replacing
each edge with Y (e) parallel edges.

Lemma 6.12.5. In G, let S be a cut of value A\,in < ¢ < Anax. Then, with high probability,
its value in G is in [(1 — €)<-, (1 + 6)3p;]. Moreover, if S also is the minimum cut of G;,
then with high probability, it is a (1 + €)?-approximation of the minimum cut of G.

Proof. If ¢ < Apax, then for every cut-edge e, we have that Y(e) < Amax, and thus X (e) <
Amax- | herefore, the value of the cutjs the same in G; and GG;. By Theorem 6.2.5, we thus have
that if ¢ is the value of the cut S in G, then with high probability, (1—e)pid <c<(l+e€)pc.

This translates to ¢/ < - < *(1+¢€) and ¢/ > == > >(1 — ).

Let us now compare ¢’ with ¢”, the value of the cut S in G. There are at most n? cut edges
in S, and thus:
bi(e)+1 _d+n?

© _ > wile) < ) wle)=d"< > i < < — + e

ceE(S,V\S) Vi e€E(S,V\S) ceE(S,V\S) i Li Li

)‘min 2)\1' i 1—€)541 A /
However, ¢ > (1 —€) > AmncAili > ( 6)6254n1§:z % > (1 — €)\z; and thus o2 (I —e)A;.

Hence ¢ < -< < (1 + 1% ). We therefore have:

/

C/I Z L > C (1 _ 6)
Z plx’b
S (1 + 1- 6) - pz$z(1 5)(1 + IL_G) - pzfﬁz(l + 6)

8

In the case where S is also the minimum cut of (G;, note that any other cut S’ falls in one of two
cases: Either all its cut edges e satisfy Y (e) < Anax and thus 95 5" = 0g, 5" > 0q,S = 0, 5.
Or there exists a cut edge e such that Y(e) = Apax + 1 and thus 955" > X(€) > Apax >
0g;S = 0g,S. Therefore S is also a minimum cut in G;, and by Theorem 6.2.5, it corresponds
to the minimum cut in G;. Let ' be the value of the minimum cut C in G, a” the value of
C in G, ¢ the value of S in C?,, and ¢” the value of S i in G. We then have that < a’ with

high probability as S is the minimum cut of G;, ¢/ < < (1 + 1) < (1 +€)? < (1 +€)3.
We also have that a” > ;f— as we round down the welghts to get GZ, which concludes the
proof. O

Observation 6.12.6. Note that Lemma 6.12.3 still holds in the weighted case, as we simply
add a rounding step before applying the same algorithm, and where the value of w(e) for each
edge e does not intervene in the proof.

Observation 6.12.7. Note that after sampling, our graph is unweighted, and thus, in all
other sections, the graph can be assumed to be unweighted.

We now discuss how to find a dynamic algorithm that finds an approximate minimum cut in
weighted graphs, where U and L are respectively the maximum and minimum weight allowed
for the algorithm:
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Algorithm 6.12.1 (Global Weighted Dynamic Algorithm). Define O(log, ,(n?* - ¥)) many

estimates of A: Ao, ..., Ay, | 2.y where N = L - 1.17 for every i € [log, ,(n? - ¥)]. Define

for every i, G;, p; and x; as described in Definition 6.12.4. Run Algorithm 6.10.1 on every G;
with Apin = (1 — 6)254612nn7 Amax = 1.1(1 + €)541nn_

€2

For initialization, initialize the instances in increasing order of index i, and stop whenever an
algorithm reports a value in their range.

Feed every update to every instance in increasing order of index 1, initializing new instances
whenever needed. Stop whenever an algorithm reports a value in their range.

Let j be the smallest i such that the return value of Algorithm 6.10.1 on G; is in [Amin, Amax)-
Return this value multiplied by ﬁ

Lemma 6.12.8. For every i such that \; < ), if the return value of Algorithm 6.10.1 on G; is
smaller than A\n.x, then this value multiplied by ﬁ is at most a (1+ €)* multiplicative factor
away from the minimum cut value in G.

Proof. The argument is as follows: we will show that if \; < A and the return value of
Algorithm 6.10.1 is smaller than A,.., then in G; the minimum cut is of value between A,
and Apax. Thisin turn ensures that the cut found by Algorithm 6.10.1 is a (1+¢)-approximation
of the minimum cut of G;, and the fact that \; < A ensures that p; is large enough — that
is, we sampled enough edges — so that we can ensure with high probability that the found cut
in an approximate minimum cut of G;, which in turn is an approximate minimum cut of G.
Let v be the value of the minimum cut in G;. We have that < Ax; < g+ n? and thus
f> Az —n? > Az — ez > (1 — €)\z;. We have that p; = 2120 > 310 and thus by
Theorem 6.2.5, with high probability the minimum cut in G; is at most a (1 Te)or(1—e)
factor away from p;su, and thus is at least (1 — €)pip > (1 — €)2Ax 222 > N\ i

eNix; —

If moreover Algorithm 6.10.1 finds a cut of value at most \.«, this ensures that the minimum
cut of G; is of cut-size at most Ap.x, and thus ensures that Algorithm 6.10.1 found a (1 + ¢)-
aproximate minimum cut of ;. Multiplying the cut value by ﬁ gives the desired result, by
Lemma 6.12.5. ]
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CHAPTER

What’s Next?

In this thesis, | studied how to compute the edge connectivity of a graph using graph algo-
rithms, and multiple distributed algorithm, in both loosely connected graphs (trees) and highly
connected ones (complete graphs in population protocols). | would like to further my under-
standing on the connectivity of a network: how to compute it, how it structures the network,
and how to harness this understanding to develop distributed algorithms that fully leverages
this connectivity.

7.1 A Better Understanding of Connectivity

The first topic | would like to understand better is connectivity in graph algorithms. | would
like to take a look at two open questions on the minimum cut problem.

7.1.1 Bridging the Gap Between the Subpolynomial and the
Polynomial Regime

The first problem is about expanding the range of our minimum cut algorithm to larger values
of the edge-connectivity.

Problem Definition

Let us remember what the problem at hand is: given an undirected, unweighted graph G =
(V, E), subject to edge updates, either edge insertions or edge deletions, the problem is to
maintain the edge connectivity of the graph, that is, the number of edges one would need to
remove to disconnect the graph.

We have seen that none of the state-of-the-art algorithms are optimal for all possible cases,
and the case distinction corresponds to different values A\ of the edge connectivity. In the
case where ) is unbounded in the number of nodes n, the best algorithms were presented by
de Vos and Christiansen [126], who achieved a O(\>®/n) worst-case update time, Goranci,
Henzinger, Nanongkai, Saranurak, Thorup, and Wulff-Nilsen [75], who achieve a O(m!~/3!)
amortized update time, and Kenneth-Mordoch and Krauthgamer [96], who give a O(n?/\?)
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Figure 7.1: Top: Sketch of the state of the art algorithms for the dynamic minimum cut
problem, completed from [96]. Bottom: Objective of our next work.

update time algorithm. In contrast, my coauthors Henzinger, and Li, and | [58], show that if

the edge connectivity is small, namely if A = 2108”/* ™1 for some ¢ > 0, then the update time

can be reduced to n°®.

As sketched in Figure 7.1, note that the bounds O(A\>?y/n) and n°" do not match when
A = 208" 7°n 35 underlined by the discontinuity in the plot. This raises the question:

Question 7.1.1. Is there a full-dynamic algorithm that solves the minimum cut problem,
works for all values of \, and runs in O(poly(\)) time?

Main Techniques

This problem has been widely studied, and the different results sketched in Figure 7.1, all stem
from different techniques which solve the same problem.

A series of results, including Vos and Christiansen [126], and initiated by Thorup and Karger [125],
rely on greedy tree packings. A greedy tree packing works as follows: given an unweighted
graph GG, make it weighted and set all of its edge weights to 0. Then, find a minimum spanning
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tree, and increase the weights of all its edges by 1. Repeat that last step for a given number
of steps N. The tree packing is the collection of the N trees found during these iterations.

As shown by Thorup and Karger [91, 123], the tree packing has the nice property that if IV is
large enough, then every minimum cut must 2-respect the tree, that is, the tree must have at
most 2 edges intersecting the minimum cut. This proves particularily useful, as maintaining
cuts on a tree makes the problem simpler.

Another useful trick, used namely by Kenneth-Mordoch and Krauthgamer [96], and Goranci,
Henzinger, Nanongkai, Saranurak, Thorup, and Wulff-Nilsen [75], and initiated by Kawarabayashi
and Thorup [94] relies on a contraction of the graph that preserves all non-trivial minimum
cuts, that is, minimum cuts which are not isolated vertices. The contraction of the graph
contains O(n/d) many vertices (where &) is the minimum degree), which translates to at
most O(n) many edges by using Nagamochi and Ibaraki's techniques for sparsifying a graph
while preserving minimum cuts [111]. To maintain the edge connectivity, it is the sufficient to
maintain the minimum degree of the graph, the contracted graph, and run a static algorithm
on the contracted graph on every request.

And finally, the result presented in this thesis, as discussed, relies on the fully-dynamic expander
decomposition by Goranci, Ricke, Saranurak, and Tan [77]. The expander decomposition
decomposes the graph into well-connected subgraphs, leaving few edges between components.
However, the definition of “well-connectedness” of an expander does not match the idea of a
“well-connectedness” of edge-connectivity. Therefore, the expanders have to be refined futher,
into clusters. The cluster decomposition then has the guarantee that every minimum cut
in the graph, can be approximated by by a cut that does not cross any cluster, that is, its
intersection with the cluster is either the whole cluster, or is empty. Hence, one can contract
every cluster, and recurse on the contracted graph.

Ideas for Imporovement

A line of research looks promising: Our result [58] relies on the fully-dynamic expander de-
composition by Goranci, Racke, Saranurak, and Tan [77], which holds for a specific expansion
parameter ¢ = 20(og®*n) "It is fair to assume that the authors went for the largest possible ¢,
as a larger expansion parameter give better-quality expanders, and thus that a wider range of
¢ should be possible. The hope is to find a trade-off, between the quality of the expanders, or
the expansion parameter, ¢, and the number of interexpander edges, which is of the order of
me, similarly to the static/high recourse case [118]. In our case, we can afford to have lower
quality expanders, as our cluster decomposition on top can compensate for this lesser quality.
The gains in the number of interexpander edges would then translate into gains in the running
time, aiming for a O(poly()\)) update time algorithm.

7.1.2 A Dynamic Directed Minimum Cut

The second open problem pertains to the directed case.

Problem Definition

Here, we are given a directed graph G = (V, E), and the goal is to find the directed minimum
cut, that is a partition {V;, V5} of the vertex set, minimizing the number of edges leaving V.
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In 1992, Hao and Orlin [80] presented a O(nm) time algorithm to solve the problem. This
algorithm stayed for long the best known algorithm, until 2021, when Cen et al. [32] gave a
O(nm?3 +n?) time algorithm using blackbox calls to maxflow, and Chekuri and Quanrud [35]
gave a O(nz) algorithm for unweighted graphs. The later improvements on maxflow by Chen et
al. [36] improved the running time of Cen et al’s algorithm down to min{nm?/3+°(1) mi+teinyl/2}
A recent result by Mosenzon [109] was able to bring down the running time in the (1 + ¢)-
approximate setting to m+o@

This series of work opens up the work on the dynamic setting for the directed minimum cut
problem, where very little is known. In particular, the following question arises:

Question 7.1.2. Is it possible to develop an algorithm for the dynamic directed minimum cut
problem, either in the exact or approximate setting, that would run in o(m) update time?

Ideas to Explore

A new result raises the hopes for a dynamic directed minimum cut algorithm: the new dynamic
directed expander decomposition by Sulser and Gutenberg [122].

Indeed, one could hope to mirror our result on undirected minimum cut, by first using the
directed expander decomposition, then finding the correct way to generalise the cluster de-
composition techniques to directed graphs, whether it is the LocalKCut algorithm, or the
(1 — €)-boundary sparseness techniques. As the expander decomposition is only given in the
decremental setting, this would yield a decremental algorithm.

A first step might be to find an alternate algorithm to the one Mosenzon suggests. Indeed, their
algorithm rely on repeated calls to the maxflow algorithm [36], and this in a non-trivial way.
attempts to dynamise this algorithm have resulted in incremental or decremental algorithms [25,
26], however, as the reduction from the directed minimum cut is not immediate, one would need
a fully-dynamic version of this algorithm to deal with either an incremental or a decremental
directed minimum cut. Therefore, it might be best to ask the following question:

Question 7.1.3. Is there an algorithm for the static directed minimum cut problem, either
in the exact or approximate setting, that would run in m'*°") time, and does not call the
maximum flow algorithm?

7.2 Leveraging Connectivity for Distributed Routing

One open problem that relates to distributed computing and connectivity is whether or not
ideal static routing tables exist, and can be computed.

Problem Definition

The goal of static routing tables is to forward messages, or packets, to their destination node
in a network. The added difficulty is that the tables should be resilient to a number ¢ of
failures, given by a set of edges being dropped after the tables have been chosen, that is,
adversarially. On the network, represented by a graph, a static table is installed on each node,
so that, whenever a packet arrives at said node, the node can decide where to forward it next
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depending on the edge it was received from, the packet's destination, and the failing edges
adjacent to the node. In other words, the static routing tables is a function f : (u,v, F') — w,
where u € V is a node of the graph, v, w € N (u) are neighbours of u, and F' C {e € E,u € e}
is a set of edges incident to w.

Feigenbaum, Godfrey, Panda, Schapira, Shenker, and Singla [66] have shown that perfect
resilience is impossible, that is, static tables that are able to handle any number of edge
failures as long as the graph stays connected. Efforts have thus been aimed towards ideal
resilience, where the goal is to find, in a k-edge connected graph, static routing tables resilient
to { = k — 1 many edge failures.

Chiesa, Nikolaevskiy, Mitrovic, Panda, Gurtov, Madry, Schapira, and Shenker [38] show that

¢ =k — 1 is achievable for up to £ = 5, and for general k, { = FJ This leaves open the

2
question:

Question 7.2.1. Is it possible to find ideal static routing tables? That is, for any given graph
G that is k-edge connected, does a routing scheme resilient to k — 1 many failures exist? Is
it possible to compute it algorithmically?

Standard Techniques

The most successful techniques for solving this problem, all stem from one key idea: packing
arborescences. Indeed, a key result by Edmonds [56] states that in a k-edge-connected graph,
for a given root ¢, there exist k many arc-disjoint arborescences whose root is t.

Given this tool, the routing scheme is as follows. For each possible destination, let that
destination be the root of k arborescences given by Edmonds’s result. Give an arbitrary order
O to these arborescences. For each node u, whenever a packet arrives from node v with
destination x, look up in which arborescence with root x the arc (v,u) exists (only one such
arborescence exists). This arborescence has only one outgoing arc (u,w) from wu. If this edge
has not failed, forward the package along this arc. If it has failed, forward the package along
the next arborescence, according to order O, whose outgoing arc (u,w’) has not failed.

Since an edge contains two arcs (one in each direction), each edge failure can have the effect
of up to two arborescences having a failure in them. Thus, to get all arborescences to fail, one
k

would need [gw edges. Therefore, the routing tables are [ﬂ — 1-resilient.

The arborescence technique proved to be improvable. To get their routing scheme that is EJ—

resilient, Chiesa, Nikolaevskiy, Mitrovic, Panda, Gurtov, Madry, Schapira, and Shenker [38]
improved Edmonds's result:

Theorem 7.2.1 ([38]). For any k-connected graph G, and any vertex t € V', there exist k
arc-disjoint arborescences I', ..., T}, rooted at t such that, Ty, ..., T|x/2) do not share edges
with each other and T\;/2)+1, ..., Ty do not share edges with each other.

Ideas for Improvement

It would be interesting to see if the structural results on k-edge connected graphs, arising from
the graph algorithms studying edge connectivity, can be useful to complement the arborescence
technique.
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In particular, the cactus representation of a graph seems particularly adapted to this problem.
A cactus graph is a connected graph in which every pair of simple cycles share at most one
common vertex. Dinitz, Karzanov, and Lomonosov [44] showed the following structural result:

Theorem 7.2.2 ([44]). Let k be an integer and G = (V, E) a loopless graph for which the
minimum cardinality of a cut is k. There is a cactus C = (U, F') and a mapping ® : V +— U
such that, for every cut of C' with connected sides U, and U,, the preimages ®~'(U;) and
O (U2) are the two sides of a mincut of G. Moreover, every mincut of G arises this way.

In C, all edges contained in a cycle have weight g and all other edges have weight k.

In a cactus graph, computing arborescences together with routing tables that are k — 1 resilient
is straightforward. It stems from two observations:

On a tree, where each edge has weight! k, the k arborescences are exact copies of this tree.
Here, not only the arborescences do not share arcs, they do not share edges. Using the circular
routing described above, the routing is £ — 1-resilient, given that each edge failure can only
make one tree fail.

On a cycle, where each edge has weight k/2 (assume k is even), decompose the graph’s edges
into k£/2 undirected cycles. Each cycle can now support 2 arborescences, one going in each
direction. The ordering of the arborescences for the circular routing must satisfy the property
that the two arborescences from the same cycle are consecutive. For the routing to fail, all
cycles must become disconnected. One needs two failures per cycle to disconnect it, and thus
k overall failures. This makes the routing k — 1 resilient.

The routing scheme on a cactus tree is then a combination of these two ideas, where the
packet travels closer to its destination along tree-like or cycle-like components of the graph,
which are all k-edge connected. This thus raises the question:

Question 7.2.2. Can an arborescence routing scheme given on the cactus representation of
a graph, be lifted into a routing scheme for the graph itself?

Another important structural result is the Gomory-Hu tree representation of a graph, which
encapsulates all st-minimum cuts of the graph.

Theorem 7.2.3 ([74]). For every undirected, possibly weighted graph G, there exists a
weighted tree T' on the same vertex set, such that for every par of vertices s,t in G, the
st-minimum cut in G and the st-minimum cut in T" correspond, both value-wise and vertex-
set wise.

Again, finding a routing scheme in the tree is trivial, and the question remains:

Question 7.2.3. Can an arborescence routing scheme given on the Gomory-Hu tree of a
graph, be lifted into a routing scheme for the graph itself?

1Here, we say and edge has weight k, to mean that there are k parallel edges.
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7.3 Questions in Population Protocols

During my PhD | focused on the plurality consensus problem: given that every agent begins
with an opinion among k many, how can the agents coordinate to find which opinion was the
most popular initially? Two big questions remain to be answered for this problem.

7.3.1 The State Complexity of Plurality Consensus

The state complexity problem asks: what is the minimum number of states per agent required
to solve the Plurality Consensus problem?

Problem Definition

As a reminder, in population protocols, we are given n agents, each with limited memory.
Initially, each agent is given an input among k possible opinions, and their goal is to compute
the majority opinion. Computation happens in rounds, where in each round, a scheduler
chooses two agents for interaction, and these agents see each other's internal state, and
update their state accordingly. The goal is to find a protocol that solves this problem, that is,
an input function that maps each input to a starting internal state, a transition function that
maps two interacting states to their updates states, and an output function that maps each
possible internal state to an output.

In this case, we consider a weakly fair scheduler, that is the most adversarial scheduler that
one could face:

Definition 7.3.1 (Weakly Fair Scheduler). [12]] The weakly fair scheduler is a scheduler that
chooses every pair of agents for interaction infinitely many times.

And the question is then, with a weakly fair scheduler, how many states are necessary to solve
the problem. We have shown, with Breitkopf, Dallot, and Schmid [28, 29], that it can be
solved with k® many states per agent. Natale and Ramezani [114] gave a Q(k?) lower bound.

This brings the question:

Question 7.3.1. With a weakly fair scheduler, what is the minimal number of states one
needs to solve plurality consensus in population protocols? Can we bridge the gap between
the Q(k?) lower bound and the current best k3-states protocol?

Ideas to Explore

Our result, together with Breitkopf, Dallot, and Schmid [28, 29], relies on this simple idea:
imagine a (vertical) bar chart, with k bars, representing the number of agents holding each
opinion. The tallest bar clearly is the bar representing the majority opinion. We develop a
protocol that “deactivate” agents by following this histogram from bottom to top, stopping
when there is only one opinion left in the population. The agents still active then share their
opinion to the inactive agents.

There is a tightness gap in this algorithm: indeed, the memory of some deactivated agents
become useless. Indeed, while some of them are only tentatively deactivated, as it is unclear
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whether or not they might be reactivated in the future, others are definitively deactivated,
and their memory is now only used to store the output. Such a leeway indicates that an
improvement can be made, and some memory can be saved.

7.3.2 A Time-Space Tradeoff

The previous problem strictly looked at the space complexity of the problem, which is the
only meaningful problem when looking at a weakly fair scheduler. However, this is the usual
baseline before considering the time complexity as well, with a different scheduler in mind.

Problem Definition

Here, we look at plurality consensus, this time however, with a random scheduler.

Definition 7.3.2 (Random Scheduler). The random scheduler is a scheduler that chooses,
for every round, two agents uniformly at random among all agents, independently from every
other round.

The question is then about time-space tradeoff: In the case where space is unlimited and agents
have IDs, this problem is as easy as the easiest population protocol problem: Broadcast. It
can thus be solved in O(nlogn) many interactions. We however showed earlier this year
with Elsasser and Schmid [57] that one of the most promising protocols fails to break the
O(kn - logn) time barrier, a barrier none of the protocols with less than n states per agent
was able to break. It would thus be interesting to better understand this barrier:

Question 7.3.2. Is it possible to solve the plurality consensus problem, in o(kn-logn) expeted
time, using o(n) many states?

7.4 Longer Term Questions

The questions discussed above would open up further questions in population protocols, and
beyond.

7.4.1 Population Protocols on an Underlying, Well-Connected
Graph

All the above questions are about complete graphs, that is, the agents are thought to be
vertices of a complete graph, and for each interaction, an edge is chosen by a scheduler, the
endpoints of which are the agents that interact. Thus, the next task would be to understand
population protocols on general graphs, where agents are only able ton interact if they share
an edge. There, techniques will differ substantially, as one cannot rely on any pair of agents
to be able to meet. Most probably, techniques from graph algorithms could prove useful. In
particular, | would be interested in exploring protocols on k-edge connected graphs, applying
my knowledge on edge connectivity algorithms.
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7.4.2 Towards Emerging Behaviour

Beyond information dissemination and population protocols, | would be interested in studying
models of distributed computing where agents are limited in either computing power or commu-
nication bandwidth. Programmable matter and computational biology are an example of this,
where agents have both limited computing power and communication bandwidth, from which
a global behavior emerge from simple interactions. The beeping model is another example,
where agents are limited to only one kind of message they are able to send out. This model
of computation is a strong candidate to explain emerging behavior of cooperative animals.
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