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Full definition
• We have n agents

• Each agent has an input
• Each agent is assigned an initial state according to a function I on the input
• In each round, two agents are selected for interaction according to a a schedule S
• When two agents interact, they update their states according to a transition function T
• Each state corresponds to an output according to a function O
• There must exist a time T after which all agents output the correct answer

• The protocol is given by I, T ,O
• The schedule S is given by a scheduler (random or adversarial)
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The Plurality Consensus Problem
• Input: an element in [k]
• Output: an element in [k], whichever was the most common in the input
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The CIRCLES protocol: Low-Space with a weakly fair
scheduler

• Weakly fair scheduler: adversarial, but all pairs of agents must interact infinitely many times
• Focus on space

[Salehkaleybar , Sharif -
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Golestani 2015]
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Comparison with the Binary Consensus Problem

Figure 2: State of the art of the Binary consensus problem. Figure by [DEGSUS, FOCS’21]
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The CIRCLES protocol
• Input function: Each agent gets two nodes of the bipartite graph: I(i) = {⟨i| , |j⟩}

• The agents encode a matching: each agent is an edge of the matching.
• ⟨j| order of preference: |j + 1⟩ , . . . , |k − 1⟩ , |0⟩ , . . . , |j⟩
• |j⟩ order of preference: |j − 1⟩ , . . . , |0⟩ , |k − 1⟩ , . . . , |j⟩

• Output function: O(⟨i|j⟩) =
{

i if i = j
⊥ otherwise
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Stable Matchings
• There exists a stable marriage

⇒ There exists a stable configuration
• Strategy:

1. Find a stable configuration C
2. Give a potential function
3. Show that any configuration different from C has a larger potential than C, and that its potential can

be reduced by choosing an interaction
• We show that there is only one stable marriage.
• We also give an ordinal potential function to show that this configuration is reachable.
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• This is now set in stone: no interaction will change any of these combinations.



11/16

Finding a stable configuration
• Let us start with a simple case

• This is a Circle!
• This is now set in stone: no interaction will change any of these combinations.



11/16

Finding a stable configuration
• Let us start with a simple case

• This is a Circle!
• This is now set in stone: no interaction will change any of these combinations.



11/16

Finding a stable configuration
• Let us start with a simple case

• This is a Circle!
• This is now set in stone: no interaction will change any of these combinations.



11/16

Finding a stable configuration
• Let us start with a simple case

• This is a Circle!

• This is now set in stone: no interaction will change any of these combinations.



11/16

Finding a stable configuration
• Let us start with a simple case

• This is a Circle!

• This is now set in stone: no interaction will change any of these combinations.



11/16

Finding a stable configuration
• Let us start with a simple case

• This is a Circle!
• This is now set in stone: no interaction will change any of these combinations.



12/16

Finding a stable configuration
• What if the circle is incomplete?

• This is also a Circle
• Adding an element that is already in the Circle does not affect it
• An element not in the circle gets added



12/16

Finding a stable configuration
• What if the circle is incomplete?

• This is also a Circle
• Adding an element that is already in the Circle does not affect it
• An element not in the circle gets added



12/16

Finding a stable configuration
• What if the circle is incomplete?

• This is also a Circle
• Adding an element that is already in the Circle does not affect it
• An element not in the circle gets added



12/16

Finding a stable configuration
• What if the circle is incomplete?

• This is also a Circle

• Adding an element that is already in the Circle does not affect it
• An element not in the circle gets added



12/16

Finding a stable configuration
• What if the circle is incomplete?

• This is also a Circle
• Adding an element that is already in the Circle does not affect it

• An element not in the circle gets added



12/16

Finding a stable configuration
• What if the circle is incomplete?

• This is also a Circle
• Adding an element that is already in the Circle does not affect it
• An element not in the circle gets added



12/16

Finding a stable configuration
• What if the circle is incomplete?

• This is also a Circle
• Adding an element that is already in the Circle does not affect it
• An element not in the circle gets added



13/16

Finding a stable configuration
• Let us add some complexity

• We start with the biggest possible circle

, then the next

• The final circle has one element in it: the majority element



13/16

Finding a stable configuration
• Let us add some complexity

• We start with the biggest possible circle

, then the next
• The final circle has one element in it: the majority element



13/16

Finding a stable configuration
• Let us add some complexity

• We start with the biggest possible circle, then the next

• The final circle has one element in it: the majority element



13/16

Finding a stable configuration
• Let us add some complexity

• We start with the biggest possible circle, then the next
• The final circle has one element in it: the majority element



14/16

Finding a stable configuration
• Switching to a bar chart view

• We have as many circles as the majority element



14/16

Finding a stable configuration
• Switching to a bar chart view

• We have as many circles as the majority element



15/16

Is this configuration unique?

• weight function: w(⟨i| , |j⟩) =
{

k if i = j
(j − i) mod k otherwise (a number beween 1 and k − 1)

• We define the potential function: Given a configuration C, let w1(C),w2(C) . . .wn(C) be the
weights of each agent sorted in increasing order. The potential function is:

g(C) = ωn−1 · w1(C) + ωn−2 · w2(C) + · · ·+ ω · wn−1 + 1 · wn

Where ω the smallest ordinal number greater than all the integers.
• We show that two agents exchange “squares” if and only if the potential strictly decreases.
• We then show that if the configuration does not correspond to the Circles, there exist two agents

that can exchange “squares”
– By looking at the first circle that is incomplete, starting from the base of the histogram

• This shows that every other configuration has potential larger than than the circles configuration,
and is unstable

• The potential function argument also ensures we do not end up in an infinite loop.
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Generalisations and future work

• This gives a O(k3)-states algorithms: k possible values for ⟨i|, k for |j⟩, and k for the output. Can
we close the gap to the Ω(k2) lower bound?

• We can also deal with ties, and we can compute the full ranking!
• Can we use stable marriage with different preferences to compute different functions in

population protocols?
• Interesting result emerge from simple algorithm: is there a relationship to swarm intelligence?
• Explore other problems like partition or counting
• Explore population protocols on graphs, that is, when interactions between agents are restricted

to an underlying graph, where agents are nodes and possible interactions are edges.
• Postdoc?
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